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Preface 



This book arose from a course taught for several years at the Univer- 
sity of Evry-Val d’Essonne. It is meant primarily for graduate students 
in mathematics. To make it into a useful tool, appropriate to their knowl- 
edge level, prerequisites have been reduced to a minimum: essentially, basic 
concepts of topology of metric spaces and in particular of normed spaces 
(convergence of sequences, continuity, compactness, completeness), of “ab- 
stract” integration theory with respect to a measure (especially Lebesgue 
measure), and of differential calculus in several variables. 

The book may also help more advanced students and researchers perfect 
their knowledge of certain topics. The index and the relative independence 
of the chapters should make this type of usage easy. 

The important role played by exercises is one of the distinguishing fea- 
tures of this work. The exercises are very numerous and written in detail, 
with hints that should allow the reader to overcome any difficulty. Answers 
that do not appear in the statements are collected at the end of the volume. 

There are also many simple application exercises to test the reader’s 
understanding of the text, and exercises containing examples and coun- 
terexamples, applications of the main results from the text, or digressions 
to introduce new concepts and present important applications. Thus the 
text and the exercises are intimately connected and complement each other. 

Functional analysis is a vast domain, which we could not hope to cover 
exhaustively, the more so since there are already excellent treatises on the 
subject. Therefore we have tried to limit ourselves to results that do not 
require advanced topological tools: all the material covered requires no 
more than metric spaces and sequences. No recourse is made to topological 
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vector spaces in general, or even to locally convex spaces or Prechet spaces. 
The Baire and Banach-Steinhaus theorems are covered and used only in 
some exercises. In particular, we have not included the “great” theorems of 
functional analysis, such as the Open Mapping Theorem, the Closed Graph 
Theorem, or the Hahn-Banach theorem. Similarly, Fourier transforms are 
dealt with only superficially, in exercises. Our guiding idea has been to 
limit the text proper to those results for which we could state significant 
applications within reasonable limits. 

This work is divided into a prologue and three parts. 

The prologue gathers together fundamentals results about the use of 
sequences and, more generally, of countability in analysis. It dwells on the 
notion of separability and on the diagonal procedure for the extraction of 
subsequences. 

Part I is devoted to the description and main properties of fundamental 
function spaces and their duals. It covers successively spaces of continuous 
functions, functional integration theory (Daniell integration) and Radon 
measures, Hilbert spaces and spaces. 

Part II covers the theory of operators. We dwell particularly on spectral 
properties and on the theory of compact operators. Operators not every- 
where defined are not discussed. 

Finally, Part III is an introduction to the theory of distributions (not in- 
cluding Fourier transformation of distributions, which is nonetheless an im- 
portant topic). Differentiation and convolution of distributions are studied 
in a fair amount of detail. We introduce explicitly the notion of a fundamen- 
tal solution of a differential operator, and give the classical examples and 
their consequences. In particular, several regularity results, notably those 
concerning the Sobolev spaces are stated and proved. Finally, in 

the last chapter, we study the Laplace operator on a bounded subset of 
the Dirichlet problem, spectra, etc. Numerous results from the preceding 
chapters are used in Part III, showing their usefulness. 

Prerequisites. We summarize here the main post-calculus concepts and re- 
sults whose knowledge is assumed in this work. 

- Topology of metric spaces: elementary notions: convergence of sequences, 
lim sup and lim inf, continuity, compactness (in particular the Borel- 
Lebesgue defining property and the Bolzano- Weierstrass property) , and 
completeness. 

- Banach spaces: finite-dimensional normed spaces, absolute convergence 
of series, the extension theorem for continuous linear maps with values 
in a Banach space. 

- Measure theory: measure spaces, construction of the integral, the Mono- 
tone Convergence and Dominated Convergence Theorems, the definition 
and elementary properties of spaces (particularly the Holder and 
Minkowski inequalities, completeness of L^, the fact that convergence 
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of a sequence in implies the convergence of a subsequence almost 
everywhere), Fubini’s Theorem, the Lebesgue integral. 

- Differential calculus: the derivative of a function with values in a Banach 
space, the Mean Value Theorem. 

These results can be found in the following references, among others: For 
the topology and normed spaces. Chapters 3 and 5 of J. Dieudonne’s Foun- 
dations of Modem Analysis (Academic Press, 1960); for the integration 
theory. Chapters 1, 2, 3, and 7 of W. Rudin’s Real and Complex Analysis^ 
McGraw-Hill; for the differential calculus. Chapters 2 and 3 of H. Cartan’s 
Cours de calcul differentiel (translated as Differential Calculus^ Hermann) . 

We are thankful to Silvio Levy for his translation and for the opportunity 
to correct here certain errors present in the French original. 

We thankfully welcome remarks and suggestions from readers. Please send 
them by email to hirsch@lami.univ-evry.fr or lacombe@lami.univ-evry.fr. 

Francis Hirsch 
Gilles Lacombe 
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Notation 



If A is a subset of X, we denote by A^ the complement of A in X. If A C X 
and 5 C X, we set A \ ^ = A n The characteristic function of a subset 
A of X is denoted by 1^. It is defined by 



N, Z, Q, and E represent the nonnegative integers, the integers, the 
rationals, and the reals. If E is one of these sets, we write E*=E\{0}. 
We also write E“^ = {x € E : x > 0}. If a G E we write = max(0, a) 
and a~ = — min(a, 0). 

C denotes the complex numbers. As usual, if G C, we denote by ^ the 
complex conjugate of J 2 ;, and by Rez and Imz the real and imaginary parts 



If / is a function from a set X into E and if a G E, we write {/>«} = 
{x G X : /(x) > a}. We define similarly the sets {/ < a}, {/ > a}, 
{/ < a}? etc. 

As usual, a number x G E is positive if x > 0, and negative if x < 0. 
However, for the sake of brevity in certain statements, we adopt the con- 
vention that a real- valued function / is positive if it takes only nonnegative 
values (including zero) , and we denote this fact by / > 0. 

Let (X, d) be a metric space. If A is a subset of X, we denote by A and 
A the closure and interior of A. If x G X, we write ^{x) for the set of 
neighborhoods of x (that is, subsets of X whose interior contains x). We 
set 




of 2 :. 



B{x,r) = {y e X : d(x,y) < r), B{x,r) = {y € X : d(x,y) < r}. 
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(We do not necessarily have B{x,r) = but this equality does hold 

if, for example, X is a normed space with the associated metric.) If X is a 
normed vector space with norm || • ||, the closed unit ball of X is 

B{X) = {xeX: ||x|| < 1}. 

When no ambiguity is possible, we write B instead of B(X). If >1 is a subset 
of X, the diameter of A is 



d(A) = sup d{x,y). 

x,yeA 

If A C X and B C X, the distance between A and B is 
d{A,B)= inf d{x,y), 

{x,y)eAxB 

and d{x,A) = d{{x},A) for x e X, 

We set K = IR or C. All vector spaces are over one or the other K. If 
E is s. vector space and A is a subset of E, we denote by [A] the vector 
subspace generated by A. If ^ is a vector space, A, B are subsets of E, and 
A G K, we write A A- B = {x y : x e A, y e B} and XA = {Ax : x G A}. 

Lebesgue measure over considered as a measure on the Borel sets of 
E^, is denoted by A^. We also use the notations dXd{x) — dx — dx \ . . . dxd. 
We omit the dimension subscript d if there is no danger of confusion. 

If X G E^, the euclidean norm of x is denoted by |x|. 
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Sequences play a key role in analysis. In this preliminary chapter we collect 
various relevant results about sequences. 

1 Countability 

This first section approaches sequences from a set-theoretical viewpoint. 

A set X is countably infinite if there is a bijection from N onto X ; 
that is, if we can order X as a sequence: 



where (f{n) / (p{p) The bijection (p can also be denoted by means 

of subscripts: (p{n) = Xn- In this case 



A set is countable if it is finite or countably infinite. 

Examples 

1. N is clearly countably infinite. So is Z: we can write Z as the sequence 



Clearly, there can be no order-preserving bijection between N and Z. 
The set is countable. For we can establish a bijection (/? : N 
by setting, for every p > 0 and every n G [p(p+ 1)/2, (p-h l)(p-h2)/2). 



X = {(p(0),(p{l),...,(p(n),...}. 



X — {^Oj ^1 5 • • • ? • • •} — {^n}nGN • 



Z = {0,l,-l,2,-2,3,-3,...,n,-n,...}. 
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This complicated expression means simply that we are enumerating 
by listing consecutively the finite sets — { (7, r) E : g + r = p} , each 
in increasing order of the first coordinate: 

N' = { (0, 1)7(1, 0), (0,2), (M), (2,0), (0, 3), (1, 2), . . . }. 

We see that explicitly writing down a bijection between N and a count- 
able set X is often not at all illuminating. Fortunately, it is usually unnec- 
essary as well, if the goal is to prove the countability of X. One generally 
uses instead results such as the ones we are about to state. 

Proposition 1.1 A nonempty set X is countable if and only if there is a 
surjection from N onto X. 

Proof If X is countably infinite there is a bijection, and thus a surjection, 
from N to X. If X is finite with n > 1 elements, there is a bijection 
<p:{l,...,n}->A’. This can be arbitrarily extended to a bijection from N 
toX. 

Conversely, suppose there is a surjection : N ^ X and that X is 
infinite. Define recursively a sequence (np)p E N by setting no = 0 and 

rip+i = min{n: ip{n) ^ {ip{no),ip{rii), . . . , f{np)}} for p e N. 

This sequence is well-defined because X is infinite; by construction, the 
map p 1-^ ^{rip) is a bijection from N to X. □ 

Corollary 1.2 If X is countable and there exists a surjection from X to 
Yf then Y is countable. 

Indeed, the composition of two surjections is surjective. 

Corollary 1.3 Every subset of a countable set is countable. 

Indeed, if T C X, it is clear that there is a surjection from X to T. 

Corollary 1.4 IfYis countable and there exists an injection from X to 
Yf then X is countable. 

Proof, An injection f : X Y defines a bijection from X to /(X). If 
Y is countable, so is /(X), by the preceding corollary. Therefore X is 
countable. □ 

Corollary 1,5 A set X is countable if and only if there is an injection 
from X to N. 

Another important result about the preservation of countability is this; 

Proposition 1.6 If the sets Xi, X2, . • . , X„ are countable, the Cartesian 
product X = Xi X X2 X • • • X X„ is countable. 
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Proof, It is enough to prove the result forn — 2 and use induction. Suppose 
that Xi and X 2 are countable, and let /i ,/2 be surjections from N to 
Xi,X 2 (whose existence is given by Proposition 1.1). The map (ni,n 2 ) ^ 
(/i (^ 1)5 72 (^ 2 )) is then a surjection from to X. Since is countable, 
the proposition follows by Corollary 1.2. □ 

We conclude with a result about countable unions of countable sets: 

Proposition 1.7 Let {Xi)i^i be a family of countable sets, indexed by a 
countable set I. The set X — (J Xi is countable. 

iei 

Proof If, for each i C /, we take a surjection fi : N Xi, the map 

f : I X N X defined by f{i,n) = fi{n) is a surjection. But / x N is 
countable. □ 

Note that a countable product of countable sets is not necessarily count- 
able; see Example 5 below. 

Examples and counterexamples 

1. Q is countable. Indeed, the map / : Z x N* Q defined by f{n,p) = 
n/p is surjective and Z x N* is countable. 

2. The sets N^, Z^, and (Q -h iQ)^ are countable (see Proposition 

1.6). 

3. E is not countable. For assume it were; then so would be the subset 

[0, 1], that is, we would have [0, 1] = We could then construct a 

sequence of subintervals In = [un, bn] of [0, 1] satisfying these properties, 
for all n G N: 

^n+l C /n, Xn ^ In^ d{In) — 3 

The construction is a simple recursive one: for n = 0 we choose Iq 
as one of the intervals [O, |], l ], subject to the condition xq ^ 

likewise, if In = [urM^n] has been constructed, we choose /n+i as one 
of the intervals [a^, Un + \bn — 3“’^“^, bn], not containing Xn+i- 

By construction, HneN = {^}? where x is the common limit of the 
increasing sequence (a^) and of the decreasing sequence {bn)- Clearly, 
x G [0, 1], but X ^ Xn for all n G N, which contradicts the assumption 
that [0, 1] == {Xn}nGiV. 

More generally, any complete space without an isolated point is un- 
countable; see, for example. Exercise 6 on page 16. 

Note also that if M were countable it would have Lebesgue measure zero, 
which is not the case. 

4. The set ^(N) of subsets of N is uncountable. Indeed, suppose there is 
a bijection (^ : N -> <^(N), and set 

A={nGN:n^(^(n)}G^(N). 
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Since is a surjection, A has at least one inverse image a under We 
now see that a cannot be an element of since by the definition of A 
this would imply a ^ (f{a) = A^ nor can it be an element of N \ A, since 
this would imply a G v?(a) and hence a G A. This contradiction proves 
the desired result. 

This same reasoning can be used to prove that, if X is any set, there can 
be no surjection from X to ^{X), This is called Cantor’s Theorem. 

5. The set ^ = {0,1}^ of functions N -4 {0,1} (sequences with values 
in {0, 1}) is uncountable. Indeed, the map from «^(N) into ^ that as- 
sociates to each subset A of N the characteristic function l>i is clearly 
bijective; its inverse is the map that associates to each function : N -4 
{0, 1} the subset A of N defined by A = (n G N : c/?(n) = 1). 

We remark that and thus also ,^(N), is in bijection with IR (see 
Exercise 3 on the next page). 

6. The set IR \ Q of irrational numbers is uncountable; otherwise R would 
be countable. 

7. The set <^/(N) of finite subsets of N is countable; indeed, we can define 
a surjection / from {0} U Up^N* (which is countable by Proposition 
1.7) onto «^/(N), by setting 

/(O) = 0 and /(ni, . . . ,rip) = {ni, . . . ,Hp} forallpGN*. 

8. The set Q[X] of polynomials in one indeterminate over Q is countable, 
because there is a surjective map from UpeN* (which is countable 
by Proposition 1.7) onto Q[X], defined by 

/(^i) • ■ • )9p) = + ^2^ H \-QpX^ 

We can show in an analogous way that the set Q[Xi, . . . , Xn] of poly- 
nomials in n indeterminates over Q is countable. 

9. If eC/ is a family of nonempty, pairwise disjoint, open intervals in R, 

then is countable. Indeed, let v? be a bijection from N onto Q. For 

J ^ let n{J) be the first integer n for which (p{n) G J. The map 

^ > N that associates n{J) to J is clearly injective, so si/ is countable 
by Corollary 1.5. 

Exercises 

1, Which, if any, of the following sets are countable? 

a. The set of sequences of integers. 

b. The set of sequences of integers that are zero after a certain point. 

c. The set of sequences of integers that are constant after a certain 
point. 

2. Let A be an infinite set and B a countable set. Prove that there is a 
bijection between A and AU B. 
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3. Let ^ = {0,1}'**. 

a. Let f : ^ [0,2] be the function defined by 

n=0 

Prove that / is surjective and that every element of [0,2] has at 
most two inverse images under /. Find the set D of elements of [0, 2] 
that have two inverse images under /; prove that D and are 

countably infinite. 

b. Construct a bijection between ^ and [0, 2], then a bijection between 
^ and E. 

4. Let X be a connected metric space that contains at least two points. 
Prove that there exists an injection from [0, 1] into X, Deduce that X 
is not countable. 

Hint. Let x and y be distinct points of X. Prove, that, for every r G 
[O, d{x, y)] , the set 



Sr = {t £ X : d{x, t) = r} 



is nonempty. 

5. Let A be a subset of E such that, for every a? G A, there exists 7/ > 0 
with (x, X + r/) n A — 0. Prove that A is countable. 

Hint Let x and y be distinct points of A. Prove that, given 7/,e > 0, if 
the intervals (x, x + t/) and (y, y + e) do not intersect A, they do not 
intersect one another. 

6. Let / be an increasing function from I to E, where I is an open, 
nonempty interval of E. Let S be the set of discontinuity points of 
/. If X G /, denote by f{x-^) and /(x_) the right and left limits of / at 
X (they exist since / is monotone). 

a. Prove that S = {x £ I : /(x_) < /(x+)}. 

b- For X G 5, write = (/(x„), /(x_|_)). By considering the family 
{h)xes^ prove that S is countable. 

c. Conversely, let S = {xn}neN be a countable subset of L Prove that 
there exists an increasing function whose set of points of discontinu- 
ity is exactly S. 

Hint. Put f{x) = En:^2-"l[a,„,+oo)(®)- 

7. More generally, a function on a nonempty, open interval / of R and 
taking values in a normed space is said to be regulated if it has a left 
and a right limit at each point of /. Let / be a regulated function from 
I to E. 

a. Let J be a compact interval contained in L For £ > 0, write 
Je = {xe J : max(|/(a:+) - f{x)\, \f{x) - f{x-)\) > e}. 
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Prove that Je has no cluster point. 

Hint. Prove that at a cluster point of Je the function / cannot have 
both a right and a left limit. 

b. Deduce that Je is finite. 

c. Deduce that the number of points x E / where the function / is 
discontinuous is countable. 

8. Let A and B be countable dense subsets of (0, 1). We want to construct 
a strictly increasing bijection from A onto B. 

a. Suppose first that A is the set 

A = {p2~^ : p, 9 ^ N*, p < 2^}. 

i. Prove that A is countable and that, if x is an element of A, there 
exists a unique pair (p,q) of integers such that x = p2~^, with 
q E N* and p < 2^ odd. 

ii. Write B = {xn : n E N} and define the map f : A ^ B induc- 
tively, as follows: 

- For g = 1, set /(^) = xq, 

- Suppose the values /(p2“*) have been chosen for 1 < A: < ^ 
and 1 < p < 2^, We then define /(p2“^~^), for p < 2^+^ odd, 
by setting /(p2~^“^) = Xn, where 

n = min|m e N : /(|^)< < /(|^) } 

(by convention, we have set /(O) ~ 0 and /(I) = 1). 

Prove that f{x) is well-defined for all x e A; then prove that 
/ is a strictly increasing bijection from A onto B. 

iii. Deduce from this the case of arbitrary A. 

9. A bit of set theory 

a. Let I be an infinite set. The goal of this exercise is to prove, using 
the axiom of choice, that there exists a bijection from / to / x N. 
Recall that a total order relation < on a set / is called a well- ordering 
if every nonempty subset of I has a least element for the order <. 
Recall also that every set can be well-ordered; this assertion, called 
Zermelo^s axiom, is equivalent to the axiom of choice. Let < be a 
well-ordering on 7. The least element of I is denoted by 0. If x E 7, 
denote by x + 1 the successor of x, that is, the element of 7 defined 

by 

X -h 1 = min{y E 7 : p > x}. 

Thus, every element of 7, except possibly one, has a successor. A 
nonzero element of 7 that is not the successor of an element of 7 is 
called a limit element If x is an element of 7, we define (if possible) 
an element x -(- n, for integer n, by inductively setting x -h (n -h 1) ™ 
(x H-n) -f 1. 
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i. An example: suppose in this setting that / = and that < is 
the lexicographical order on N^: 

(n, m) < (n', m') 4=> (n < n') or (n = n' and m < m'). 



Check that this is a well-ordering. If (n,m) G /, determine 
(n, m) 4- 1. What are the limit elements of /? 

ii. Let X e I. Prove that x can be written in a unique way as 

X = x' -\-n, where n G N and x' is 0 or a limit element. 

iii. Let be a bijection from N x N onto N. Define a map F from 

/ X N to / by F{x,m) = x' (^(n, m), where x = x' the 

decomposition given in the preceding item. Prove that F is a 
bijection. 

b. Let X be a set and A a subset of X. Suppose there exists an injection 
i \ X A. We wish to show that there is a bijection between X 
and A. 

i. A subset Z of AT is said to be closed (with respect to i) if i{Z) C 
Z. If Z is any subset of X, the closure Z of Z is the smallest 
closed subset of X containing Z. Prove that Z is well-defined for 
every Z C X. 

ii. Set Z = X \ A. Let 'ip : X ^ X he the map defined by 




if X G Z, 
ifxGX\Z. 



Prove that ^ is a bijection from X onto A. 

c. Cantor-Bernstein Theorem. Let X and Y be sets. Suppose there is 
an injection f : X Y and an injection g : Y X. Prove that 
there is a bijection between X and Y. (Note that this result does 
not require the axiom of choice.) 

Hint, /o^ is an injection from Y to f{X), and the latter is a subset 
of y. 

d. Let X and Y be sets. Suppose there is a surjection f : X Y and 
a surjection g : Y — > X. Prove that there is a bijection between X 
and Y. (You can use the preceding result. Here it is necessary to use 
the axiom of choice.) 

e. Let I be an infinite set, let {Ji)iei be a family of pairwise disjoint 
and nonempty countable sets, and set J = Uig/ Prove that there 
exists a bijection between I and J. 



2 Separability 

We consider here a type of “topological countability” property, called sepa- 
rability. A metric space (X, d) is called separable if it contains a countable 
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dense subset; that is, if there is a sequence of points (Xn) of X such that 

for all X G X and e > 0, there is n G N such that d{xn,x) < e. 

It is easy to check that this condition is satisfied if and only if every 
nonempty open subset of X contains at least one point from the sequence 
(xn). Thus, the notion of separability is topological: it does not depend on 
the metric d except insofar as d determines the family of open sets (the 
topology) of X. 

Examples 

1. Every finite-dimensional normed space is separable. Recall that on a 
finite-dimensional vector space, all norms are equivalent, that is, they 
determine the same top>ology. This reduces the problem to that of 

or C^. But it is clear that is dense in and that (Q -h is 
dense in C^. 

2. Compact metric spaces 

Proposition 2.1 Every compact metric space is separable. 

Proof. If n is a strictly positive integer, the union of the balls 5(x, ^), 
over X G X, covers X. By the Borel-Lebesgue property, X can be 
covered by a finite number of such balls: X = It is 

then clear that the set 

D = {x'j : n G N*, I < j < Jn} 



is dense in X. □ 

3. a -compact metric spaces. A metric space is said to be a-compact if it 
is the union of a countable family of compact sets. 

For example, every finite-dimensional normed space is cr-compact. In- 
deed, in such a space E any bounded closed set is compact, and E = 
UnGN will turn out later, as a consequence of the theorems of 

Riesz (page 49) and of Baire (page 22) that infinite-dimensional Banach 
spaces are no longer cr-compact; nonetheless, they can be separable. 

Proposition 2.2 Every a -compact metric space is separable. 

This is an immediate consequence of Propositions 2.1 and 1.7. 

Proposition 2.3 If X is a separable metric space and Y is a subset of 
X, then Y is separable (in the induced metric). 

Proof. Let (xn) be a dense sequence in X. Set 

^ = {(n,p) G N X N* : B{xn, l/p) H F ^ 0}. 



2 Separability 9 



For each (n, p) G , choose a point Xn,p of B{xn , 1 /p)ny . We show that the 
family D = {xn,p, (^,p) (which is certainly countable) is dense in Y. 

To do this, choose x G T and £: > 0. Let p be an integer such that 1/p < e/2\ 
clearly there exists an integer n G N such that d(x,Xn) < 1/p. But then 
X G B{xri’> 1/p) n F; therefore (n,p) G ^ and d{x,Xn,p) < 2/p < e. □ 

Example. The set R \ Q of irrational numbers, with the usual metric, is 
separable. This can be seen either by applying the preceding proposition, 
or by observing that the set D = {qV2 : g G Q} is dense in R \ Q. 

By reasoning as in Example 9 on page 4, one demonstrates the following 
proposition: 

Proposition 2.4 In a separable metric space, every family of pairwise 
disjoint nonempty open sets is countable. 

We will now restrict ourselves to the case of normed spaces. The metric 
will always be the one induced by the norm. 

A subset of a normed vector spaee E is said to be fundamental if 
it generates a dense subspace of E, that is, if, for every x e E and every 
£ > 0 there is a finite subset {xi, . . . , Xn} of D and scalars Ai, . . . , G K 
such that 



Proposition 2.5 A normed space is separable if and only if it contains a 
countable fundamental family of vectors. 

Proof. The condition is certainly necessary, since a dense family of vectors 
is fundamental. Conversely, let D be a countable fundamental family of 
vectors in a normed space E. Let & be the set of linear combinations of 
elements of D with coefficients in the field Q = Q (if K = R) or Q H- iQ 
(if K = C). Then ^ is dense in E, because its closure contains the closure 
of the vector space generated by D, which is E. On the other hand, & is 
countable, because it is the image of the countable set Un6N*(^^ ^ 
under the map / defined by 



Remark. Recall that in a normed space any finite-dimensional subspace is 
closed, since it is complete. It follows that a family of vectors whose span 
is finite-dimensional (in particular, a finite family) is fundamental if and 
only if its span is the whole space. 

A free and fundamental family of vectors in a normed space E is called 
a topological basis for E. 




n 




□ 
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Proposition 2.6 A normed space is separable if and only if it has a count- 
able topological basis. 

Proof The “if’ part follows immediately from the preceding proposition. 
To prove the converse, it is enough to consider an infinite-dimensional 
normed space E. By the preceding proposition, E has a fundamental se- 
quence (xn). Now define by induction 

no — min{n G N : Xn ^ 0} 

and, for every p G N, 

Up+i = min{n € N : x„ ^ [x„o, . . . ,x„p]}. 

Since E is infinite-dimensional by assumption, the sequence (up) is well- 
defined (see the preceding remark). By construction, the family (xnp)peN 
is free and generates the same subspace as (xn)n€N- Therefore it is funda- 
mental. □ 

Exercises 

1. Let X be a metric space. We say that a family of open sets {Ui)i^i of 
X is a basis of open sets (or open basis) of X if, for every nonempty 
open subset U of X and for every x e there exists i G I such that 
xeUiCU. 

a. Let ^ be an open basis of X. Prove that any open set £/ in X is the 
union of the elements of ^ contained in U, 

b. Prove that X is separable if and only if it has a countable open basis. 
Hint. If (xn) is a dense sequence in X, the family 

{B{Xn, l/(P + l)))„,peN 

is an open basis of X. Conversely, if (Un) is an open basis of X, any 
sequence (xn) with the property that Xn G Un for every n is dense 
in X. 

2. Let X be a separable metric space. 

a. Prove that there is an injection from X into M. 

Hint. Let {Vn)n^N be a countable basis of open sets of X (see the 
preceding exercise). Consider the map from X into «^(N) that takes 
X G X to {n G N : X G Ki}* 

b. Prove that there is an injection from the set ^ of open sets of X 
into R. 

Hint Prove the injectivity of the map U ^{N) that associates 
to each open set U \n X the set {n E N : Vn C U}. 

3. Let X be a separable metric space. 
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a. Let / ; X — ^ M be a function, and let M be the set of points of X 
where / has a local extremum. Prove that /(M) is countable. 

Hint Let be the set of points of X where / has a local maximum 
and let be a countable open basis of X (see Exercise 1). Prove 
that there is an injection from /(M+) into 

b. Prove that a continuous function / : E — > IR that has a local ex- 
tremum at every point is constant. 

4. Lindeldf^s Theorem, Prove that a metric space X is separable if and 
only if every open cover of X (that is, every family of open sets whose 
union is X) has a countable subcover (that is, some countable subset of 
the cover is still a cover). 

Hint “Only if’: Let (Ki) be a countable basis of open sets of X (see 
Exercise 1) and let {Ui)i^[ be an open cover of X. Take n G N. If Vn is 
contained in some Ui, choose an element i{n) of I such that Vn C t/i(n); 
otherwise, choose i{n) G I arbitrarily. Prove that the family 
covers X. For the converse, one can work as in the proof of Proposition 
2 . 1 . 

5. Let X be a separable metric space and let ^ be an uncountable family 
of open sets in X. Prove that there exists a point of X that belongs to 
uncountably many elements of 

6. Theorem of Cantor and Bendixon, Let X be a separable metric space. 
Prove that there is a closed subset E' of X, with no isolated points, and 
a countable subset D of X such that X — E\J D and EOD ~ 0. 

Hint One can choose for E the set of points of X that have no countable 
neighborhood. 

7. Let p > 1 be a real number. Denote by the set of complex sequences 
o (<^n) such that the series |«n|^ converges. Give P the norm 




Also, denote by the set of bounded complex sequences, with the 
norm 

||a||oo = sup|an|. 
n€N 

Finally, denote by cq the subset of consisting of sequences that tend 
to 0. 

a. Prove that and £^ are Banach spaces. 

b. What is the closure in £°^ of the set of almost- zero sequences (those 
that have only finitely many nonzero terms)? 

c. What is the closure of £'^ in £°°? 

d. Prove that co, with the norm || • ||oo 5 is a separable Banach space. 

e. Prove that P is separable. 
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f. Prove that is not separable. 

Hint Check that {0, 1}^ C and that, if a, (3 are distinct elements 
of {0,1}^, then ||a — (3\\oo = 1- Then use Proposition 2.4 and the 
fact that {0,1}^ is uncountable. 

g. Prove that the set of convergent sequences, with the II -Hoc norm, is 
a separable Banach space. 

8, Let / be a set. If / ; / — > [0, -f-oo) is a map, denote by 

supreraum of the set of all finite sums of the form where 

J C / is finite. 

a. Prove that, if f{i) < +oo, the set J = {i E / : f{i) ^ 0} is 
countable. 

Hint Check that J = Un>o^«» where, for each positive integer n, 
we set En = {i ^ I : f{ i) > 1/n}. 

b. Let p > 1 be a real number. Denote by £^{I) the vector space con- 
sisting of functions / : / — ^ C such that ^ 

define on i^{I) a map || • \\p by setting 



Prove that || • ||p is a norm, for which £'^(1) is a Banach space, 
c. Prove that £^{I) is separable if and only if I is countable. 

3 The Diagonal Procedure 

In this section we introduce a method for passing to subsequences, called 
the diagonal procedure, and present some of its applications. Recall that a 
subsequence of a given sequence is a sequence of the form (xn^ )fceN , 

where {nk)keN is a strictly increasing sequence of integers. Such a sequence 
k ^ Uk can also be considered as a strictly increasing function ip :N — > N. 
The subsequence (xn^) can then be written {x^p(^k))k€^’ Since the function 
ip is uniquely determined by its image A = <^(N) (for n E N, the value of 
ip(n) is the (n + l)-st term of A in the usual order of N), the subsequence 
i^ip(k))keN is determined by the infinite set A; we can denote it by {xn)n^A- 
We will use all three notations in the sequel. 

Theorem 3.1 Let {Xp,dp)p^fi be a sequence of metric spaces, and, for 
every p E N, let (xn,p)n€N be a sequence in Xp. If, for every p E N, the set 
{xn,p : n E N} is relatively compact in Xp, there exists a strictly increasing 
function (p : N -> N such that for every p E N tfte sequence {x^p(^n),p)n€^ 
converges in Xp. 

Recall that a subset F of a metric space X is called relatively compact 
in X if there exists a compact K of X such that Y C K, or, equivalently, 
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if the closure of F in X is compact. In terms of sequences, V is relatively 
compact if and only if every sequence in Y has a subsequence that converges 
in X (though the limit may not be in F). 

The remarkable part of the theorem is that the function (p that defines 
the different subsequences does not depend on p. 

Proof. Thanks to the assumption of relative compactness, one can induc- 
tively construct a decreasing subsequence (An) of infinite subsets of N such 
that, for every p G N, the sequence {xn,p)neAp converges in Xp. The diag- 
onal procedure consists in defining the map (f by setting 

(fi{p) = the (p -h l)-st element of Ap. 

Thus p(p-h 1) is strictly greater than the (p-h l)-st element of Ap_^i, which 
in turn is greater than the (p -f l)-st element of Ap, which is <p(p). Thus (p 
is strictly increasing. Moreover, for every p G N the sequence (a^(p(n),p)n>p 
is a subsequence of the sequence {xn,p)neAp^ because, if n > p, we have 
(p{n) G An C Ap. Therefore the sequence (Xy,(n),p)n€N converges. □ 

Consider again a sequence (Xp, dp)peN of metric spaces (where dp is the 
metric on Xp). Put 

x = Y[x„ 

pGN 

recall that this product is the set of sequences x = (xp)peN such that 
Xp G Xp for each p G N. It is easy to check that the expression 

+00 

d{x,y) = ^2~*’min(dp(xp,yp), l) 

p=0 

defines a metric d on X; this is called the product distance on X. For 
this metric, a sequence (x^)neN of points in X converges to a point x E X 
if and only if limn->oo Xp = Xp for every p G N. 

If the metric spaces {Xp,dp) are all equal to the same space (Y,5), we 
write X = Y^. Then X is the set of sequences in X, or, what is the same, 
the set of maps from N into Y, with the metric of pointwise convergence. 
One can then rephrase Theorem 3.1 as follows: 

Corollary 3.2 (Tychonoff’s Theorem) //(Xp)peN a sequence of com- 
pact metric spaces and X = HpGN product space (with the product 

distance) j X is compact. 

This follows immediately from the definition of the product metric, from 
Theorem 3.1, and from the characterization of compact sets by the Bolzano- 
Weierstrass property. 
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Example. The space ^ = {0, 1}^, with the product distance 

- 1-00 

y) = 1 ^” “ 

n=0 

is compact. It is easy to see that the map ^ — > [0, 1] defined by 

-}-oo 

/(x) = 2 5^3-"-‘x„ 

n=0 

is a continuous injection, whose image is the Cantor set (which is therefore 
homeomorphic to ^). 

Precompactness 

We now give another application of the diagonal procedure. We start with a 
definition. A subset A of a metric space is precompact if, for every e > 0, 
there are finitely many subsets Ai, A 2 , . . • , of A, each of diameter at 
most €, such that A == A^. 

Remarks 

1. Clearly, every precompact subset is bounded. The converse is false, as 
can be seen from the example of the unit ball in an infinite-dimensional 
normed vector space (compare Theorem 1.1 on page 49). Precompact 
sets are also called totally bounded. 

2. Unlike relative compactness, which is a relative property, precompact- 
ness involves only the intrinsic (induced) metric of the subspace. 

3. Unlike compactness, precompactness is not a topological notion. It de- 
pends crucially on the metric; see Exercise 2 below, for example. 

4. Each of the following two properties is equivalent to the precompactness 
of a subset A of a metric space X: 

- For every e > 0 there exist finitely many points xi, . . . , Xn of A such 
that A c 

- For every e > 0 there exist finitely many points xi, . . . , Xn of X such 
that A c U^=i B{xj,e). 

The proof is elementary. 

Theorem 3.3 Let X be a metric space. Every relatively compact subset 
of X is precompact. The converse is true if X is complete. 

Proof. The first statement follows directly from the definitions, from the 
Borel-Lebesgue property of compact sets, and from the fact that A C X 
implies A C [j^ex B{x,s) for every £ > 0. 
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Now suppose that X is complete and that A C X is precompact. Let 
(^n)nGN be a sequence of points in A. To prove that it has a convergent 
subsequence, it is enough to find a Cauchy subsequence. For every p E N, 
let Aj, . . . , A^ be subsets of A of diameter at most l/(p + 1) and covering 
A. We will construct by induction a decreasing sequence (^p)peN of infinite 
subsets of N such that, for every p E N, there is an integer j < Np for which 

{^p}peBp C A^. 

Construction of Bq'- since all terms of the sequence (xn)n€N (of which 
there are infinitely many) are contained in A, which is the union of the 
finitely many sets Aj, . . . , A^^^ there is at least one of these sets, say A^^, 
containing infinitely many terms Xn* (This is the pigeonhole principle.) We 
then set Bq = {n eN : Xn € 

To construct Bp^i from Bp, the idea is the same: the terms of the sub- 
sequence {xn)neBp are all contained in the union of the finitely many sets 
. . . , therefore at least one of the sets contains infinitely many 

terms of the subsequence. We define Bp^i as the set of indices of these 
terms. 

Having constructed the Bp, we define a strictly increasing function (f : 
N — N by setting 



ip{p) ~ the (p + l)-st element of Bp. 



Then, for every p E N and every integer n > p, we have <p(n) E Bp. By the 
construction of the Bp, we see that 






1 

P+1 



for all n, > p. 



Thus the sequence (a:(^(n)) is a Cauchy sequence. 



□ 



Exercises 

1. Let (Xp,dp)p^n be a sequence of nonempty metric spaces, and let X be 
the product space with the product metric. 

a. Prove that {X,d) is separable if and only if each space (Xp,dp) is 
separable. 

b. If n E N, a; E X and r > 0, write 

U{x,n,r) — {y ^ X : dp{Xp,yp) < r for all p < n}, 

and define ^ — {U{x,n,r) : x E X, n E N, r > 0}. 

i. Show that all the sets U{x, n,r) are open in X. 

ii. Take x E X and r > 0. Prove that if 0 < p< r/2, there exists 
an integer n E N such that x E U{x,n,p) C B{x,r). 

iii. Show that "2^ is a basis of open sets of X (see Exercise 1 on 
page 10). 
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iv. Let £> be a dense subset of {X,d). Prove that the set 

1/q) : X G n € N, g G N*} 

is a basis of open sets of X. Prove that, if D is infinite, there 
exists a surjection from D onto 

Hint When D is uncountable, one must use Exercise 9a on 
page 6. 

2. If X and y are real numbers, we write d{x^y) = \x — y\ and S{x^y) = 
|arctanx — arctanyj. Prove that 5 is a metric on R equivalent to the 
usual metric d; that is, the two metrics define the same open sets. Show 
that (R,5) is precompact, but (R,d) is not. 

3. Prove that every precompact metric space is separable. 

4. Prove that a metric space X is precompact if and only if every sequence 
of elements in X has a Cauchy subsequence. 

5. Helly^s Theorem, Let (/n) be a sequence of increasing functions from a 
nonempty interval / C R into R, such that for every x G / the sequence 
ifnix)) is bounded. 

a. Prove that there is a subsequence (/<^(n))n6N such that, for every 
X G Q n /, the sequence (/<p(n)(^))n6N converges. For such values of 
X, set g{x) = lim„^,oo U{n){x)- 

b. Extend g to all of I by setting, for x e / \ Q, 

g{x) = sup{g{y) : y e Q n / and y < x}. 

Prove that g{x) is well-defined for all x G / and that the function g 
is increasing on I. 

c. Let C be the set of points of I where g is continuous. We know from 
Exercise 6 on page 5 that the set D = / \ C is countable. Prove that, 
for every x G C, the sequence {f(p{n){^)) converges toward g{x). 
Hint Let x G C. Prove that, if y,z E Qnl with y < x < z, we have 

g{y) < liminf(/,^(„)(x)) < limsup(^(„)(x)) < g{z). 

n->oo n^oo 

d. Using the diagonal procedure again, prove that there exists a subse- 
quence (/<^(^(n))) such that, for every xG/, the sequence {f<p{ 7 p{n)){^)) 
converges. 

6. a. Let X be a complete metric space, nonempty and with no isolated 

points. We will show that X contains a subset that is homeomorphic 
to the set ^ = {0, 1}^ with the product distance. 

i. Let B be an open ball in X with radius r > 0. Prove that there 
exist disjoint closed balls B\ and B 2 , of positive radii at most 
r/2, and both contained in B. 
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ii. Let ^0 = UnGN* finite sequences of Os and Is. 

Let = (uo,ui,...,Un-i) e {0,1}^ andu = • • • , ^m-i) ^ 

{0, be elements of ^o- We say that u is an initial segment 
of u if n < m and Ui = Vi for all i < n. We say that u and v are 
incompatible if u is not an initial segment of v and v is not an 
initial segment of u. 

Prove that one can construct a map u Bu that associates to 
every u G a closed ball of X, of positive radius, satisfying 
these properties: 

- If u is an initial segment of u, then By C Bu- 

- If u and V are incompatible, ByCiBy = 0. 

- If u has length n, the radius of By is at most 2“^. 

Hint. One can start by defining 5(o) and B(i), then work by 
induction on the length of the finite sequences: suppose the By 
have been constructed for all sequences u of length at most n, 
and give a procedure for constructing the By for sequences u of 
length n + 1. 

iii. If a G define the set 

= U 

u an initial segment of a 

(Naturally, we say that a finite sequence (uq, . . . ,Un-i) is an 
initial segment of a if u* = for all i < n.) Prove that Xa 
contains a single point, which we denote Xq. 

iv. Prove that the map x : a h-> is a continuous (and even Lip- 
schitz) injection from ^ into X. 

V. Deduce that ^ and x{^) are homeomorphic. 
b. Prove that every complete separable space is either countable or in 
bijection with R. In particular, this is the case for every closed subset 
of M. 

Hint. One can use Exercise 2 on page 10, the Cantor-Bendixon The- 
orem (Exercise 6 on page 11), Exercise 3 on page 5, and Exercise 9b 
on page 7. 

7. Prove that the space ^ = {0, 1}^, with the product distance, is homeo- 
morphic to ^ X 

Hint. One can show that the map 

(^n)n€N ^ ((^2n)n6N j (^2n4-l)n€N) 

is a continuous bijection between ^ and ^ x^. 

8. Let A be a subset of a normed vector space E. Prove that A is pre- 
compact if and only if A is bounded and, for every e > 0, there exists 
a finite-dimensional vector subspace of E such that d{x,Fe) < e for 
all x ^ A. 
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9. Let be a normed space. 

a. Let ^ be a nonempty subset of E. Prove that there is a (unique) 
smallest closed convex set containing A. This set is called the closed 
convex hull of and we will denote it by c(A). 

b. Let be a precompact subset of E. 

i. Set M = sup^,^^ ||x|| and, for every e: > 0, define a subset of 

Ae — {x e E : llx|| < M and d{x,Fe) < e}, 

where is a finite-dimensional vector space such that d(x, F^) < 
e for every x £ A (see Exercise 8). Prove that, for every e > 0, 
the set As is a closed convex set containing A. 

ii. Set Aq = rio<£<i^e* Prove that the set is convex, closed, 
and precompact. (Use Exercise 8.) 

iii. Deduce that c{A) is precompact. 

c. Suppose that E is a Banach space. Prove that if ^ is a relatively 
compact subset of £?, then c{A) is compact. 



4 Bounded Sequences of Continuous Linear Maps 

We now use the denseness and separability results given earlier, together 
with consequences of the diagonal procedure, to study bounded sequences 
of continuous linear maps. We start with some notation. 

Notation. Let E and F be normed vector spaces over the same field K. 
We denote by L{E,F) the space of continuous linear maps from E to F. 
In general, we use the same symbol || * || for the norms on F, on F and on 
L(F, F). The latter norm assigns to T G F(F, F) the number 

||T|| - sup{llTx|l : X E F and ||x|| < 1}. 

Recall that, if F is a Banach space, so is F(F, F). We use also the following 
notations: L{E) = L(F, F), and F' = F(F,K); we call F' the topological 
dual of F. 

Recall also that in a normed space F, a subset A is said to be bounded 
if it is contained in a ball; that is, if the set of norms of elements of A is 
bounded. 

The first proposition deals with the case where F is a Banach space. 

Proposition 4,1 Consider a normed space F, a fundamental family D 
in F, and a Banach space F. Consider also a bounded sequence {Tn)neN of 
elements o/F(F, F). If for every x G D, the sequence (T^x)neN converges 
in F, there exists an operator T G L(F, F) such that 

lim TnX = Tx for every x G E. 

n— >+oo 
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Proof. Let M > 0 be such that \\Tn\\ < M for all n G N. It is clear 
that the sequence (Tnx) converges for any element x of the vector space 
[D] generated by D. Now take x e E and e > 0. Since D is a fundamental 
family, there exists y G [D] such that ||a;-2/|| < e/{3M). The sequence (Tny) 
converges; therefore there is a positive integer N such that \\Tny — Tpy\\ < 
s/3 for all n,p > N. By the triangle inequality we deduce that, for any 
n^p > iV, 



\\TnX - Tpx\\ < \\TnX - Tny\\ 4- \\Tny - Tpy\\ + \\Tpy - Tpx\\ < e. 

Thus (Tnx) is a Cauchy sequence in F, and therefore convergent. For every 
X G E we then set Tx = lim^-^oo TnX. The map T thus defined is certainly 
linear, and, since \\Tx\\ < M||x|| for all x G E, it is also continuous. □ 

Corollary 4.2 (Banach- Alaoglu) Let E be a separable normed space. 
For every bounded sequence {Tn)neN E' ^ there are a subsequence {Tnk)k€N 

and a continuous linear form T G E' such that 

lim = Tx for all x G E. 

k-^cx) 

Warning: the sequence (Tn^) does not necessarily converge in F'; that 
is, \\Trik — T\\ does not in general tend toward 0. 

Proof. Choose M > 0 such that ||Tn|| < M for every n G N, and let {xp)p^fi 
be a dense sequence in E. For every positive integer p, we have 

\TnXp\ < M||xp|| for all n G N. 

Therefore the set {TnXp}n€N is relatively compact in K. By Theorem 3.1, 
there exists a subsequence {Tn^) such that, for every p, the sequence of 
images converges in K. Now apply Proposition 4.1. □ 

This is not necessarily true if E is not separable; see, for example. Exer- 
cise 3 below. 

A weaker result than Proposition 4.1 holds when F is any normed space: 

Proposition 4.3 Consider normed spaces E and F, a fundamental set 
D in E, a bounded sequence (Tn) in L{E,F) and a map T G L{E,F). If 
the sequence (Tnx) converges toward Tx for every point x G D, it does also 
for every x G E. 

Proof. By taking differences we can suppose that T = 0. Set 

M = sup IITnll 

nGN 

and take x G E. For every y G [D], we have 

l|T„x||<M||x-y|| + ||T„j/||. 
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Since TnV — > 0, we get limsup„_^oo ll^n^ll ^ This holds for every 

ye [D], and [D] is dense in E; therefore 

lim \\Tnx\\ =0. □ 

n— >oo 



Exercises 

1. Consider normed spaces E and F, a bounded sequence (Tn)neN in 
L{E,F), and an element T G L{E,F). Prove that, if limn->+oo Tno; = 
Tx for every x e E, the limit is uniform on any compact subset of E. 

2. Consider a normed space F, a Banach space F, and a bounded sequence 
(Tn)nEN in L(F, F). Prove that the set of points x e E for which the 
sequence (Tnx) converges is a closed vector subspace of E. 

3. Consider the space E — of Exercise 7 on page 11. Prove that the 
sequence (T^) of E' defined by Tn{x) = Xn has no pointwise convergent 
subsequence in E. 

4. Let F be a separable normed vector spaee, and let (xp)peN be a dense 
sequence in F. Denote by B the unit ball of F', that is, 

F = (T G F' : \T{x)\ < |lx|l for all x G F}. 

For T and S elements of F, we define the real number 

j-OO 

d{T,S) = ^2-Pmin(|T(xp) - S(xp)\, l). 

p=0 

a. Prove that d is a metric on F. If (Tn) is a sequence of elements of F 
and if T G F, prove that 

d(Tn, T) -> 0 Tn{x) T{x) for all x e E. 

b. Prove that the metric space (F, d) is compact. 

5. Riemann integral of Banach- space valued functions. Let [a, b] be an in- 
terval in M and let F be a Banach space. We want to define the integral 
of a continuous function and, more generally, of a regulated function 
from [a, b] into F. 

a. Integral of staircase functions. A staircase function from [a, b] to F 
is one for which there is a subdivision xq = a < Xi < - •< Xn = b 
of [a, b] and vectors Ui, . . . , Vn-i in F such that, for every i <n — 1 
and every x G (xi,Xi^i), we have /(x) == Vi. The integral of such a 
function / over [a, b] is defined by 
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We denote by § the vector space of all staircase functions on [a, 6], 
with the uniform norm: ||/||oo == 5] \\f{x)\\. Check that I is 

a continuous linear map from S' to E, with norm b — a. Check also 
that, if / G Chasles's relation holds for arbitrary a, /?,7 G [a,b]: 



b. Prove that a function from [a, 6] to E is regulated (Exercise 7 on 
page 5 ) if and only if it is the uniform limit of a sequence of staircase 
functions. 

Hint “Only if” part: Let / be a regulated function from [a, 6] to E, 
and choose ^ > 0 . Prove that there is a subdivision a = Xq < Xi < 
••’<Xn = bof[a,b] such that, for every i and every x,y £ {xi, Xi^i), 
we have \\f{x) — f{y)\\ < e. Deduce the existence of a staircase 
function g such that \\f{x) — g{x)\\ < e for every x G [a, 6]. 

“If” part: Since E is complete, / has a left limit at a point x if and 
only if, for every £ > 0, there exists g > 0 such that \\f{y)~ f{z)\\ < e 
for all y,z e {x - g, x). 

c. i. Let c^b([a, 6], E) be the space of bounded functions from [a,b] 

into E, with the uniform norm: ||/||oo = sup^^^^^^j ||/(a:)||. Prove 
that c^6([a, b],E) is a Banach space, 
ii. Let be the set of regulated functions from [a, b] into E. Prove 
that is a closed subspace of ^b{[a,b], E). Thus, with the 
uniform norm is a Banach space. 

d. Integral of a regulated function. Prove that I can be uniquely ex- 
tended into a continuous linear map J on all of of norm b — a. 
(One can use the theorem of extension of Banach-space- valued con- 
tinuous linear maps.) For every / G the image of / under the 
map is of course denoted by 



e. Check that Chasles’s relation (see item (a)) holds for all regulated 
functions. Check also that, if F is a continuous linear form on E and 
if / G then F o / is a regulated function from [a, b] into IK, and 
that 




where, by convention, we set 




f{x) dx = — I f{x) dx ii u> v. 



‘U 
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f. Prove that, for every function / in 

||y f(x)dx^ < J ||/(a:)||cte. 

g. If A = (aro, . . . , Xn) is a subdivision of [a, 6], and if ^ = (^o, . . • j^n-i) 
is such that E [x^, xj^i] for 0 < j < n - 1, we set 

Prove that, if (Ap,^^) is a sequence of subdivisions whose maximal 
step size tends to 0, and if / is any function in then 5 (Ap,^^)(/) 
converges to f{x) dx. 

Hint. One can start with the case of a staircase function /, then use 
Proposition 4.3. 

6. The Baire and Banach-Steinhaus Theorems. Let X be any metric space. 
Two players, Pierre and Paul, play the following ^^game of Choquef: 
Pierre chooses a nonempty open set Ui in X, then Paul chooses a 
nonempty open set Vi inside [7i, then Pierre chooses a nonempty open 
set U 2 inside Vi, and so on. At the end of the game, the two players 
have defined two decreasing sequences (Un) and (Ki) of nonempty open 
sets such that 



Un^Vn2 Un-\~i for evcry n G N. 

Note that HneN “ Hn^N we denote this set by U. Pierre wins 
if U is empty, and Paul wins if U is nonempty. We say that one of the 
players has a winning strategy if he has a method that allows him to 
win whatever his opponent does. Therefore, the two players cannot both 
have a winning strategy; a priori^ it is possible that neither does, 

a. Prove that, if X has a nonempty open set O that is a countable 
union of closed sets Fn with empty interior, Pierre was a winning 
strategy. 

Hint. Pierre starts with U\ = O and responds to each choice Vn of 
Paul's with \ 

b. Prove that, if X is complete, Paul has a winning strategy. 

Hint. If (Fn) is a decreasing sequence of closed sets in X whose 
diameter tends to 0, the intersection of the Fn is nonempty. 

c. Application: Baire Theorem. Let X be a complete space. Prove 
that an open set of X cannot be the union of a countable family of 
closed sets with empty interior. 

d. Corollary: The Banach-Steinhaus Theorem. Consider a Banach space 
F, a normed vector space F, and a family (Tn)ncN of elements of 
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L{E^F) such that, for every x e the set {||T„(x)|| : n G N} is 
bounded. Prove that {||T^|| : n G N} is bounded. 

Hint Show that there exists k eN such that the set 

Fk = {xeE: ||T„(x)|l < k for all n € N} 

has nonempty interior, and therefore contains some open ball B{a, r); 
then show that, for every n G N, 

I1T„|| <i(sup ||T„(a)||+fc). 

e. Prove that an infinite-dimensional Banach space cannot have a count- 
able generating set. For example, R[X] cannot be made into a Ba- 
nach space. 

Hint If this were not the case, the space would be a countable union 
of closed sets with empty interiors. 

f. Let (Tn) be a sequence of continuous linear operators from a Banach 
space E into a normed vector space F, having the property that, 
for every x E E, the sequence (Tn{x)) converges. Prove that the 
map T : E F defined by T{x) = \imn-^ooTn{x) is linear and 
continuous. 

g. i. Let / be a function from R to M. Prove that the set of points 

where / is continuous is a Gs-set in R, that is, a countable in- 
tersection of open sets in R. 

Hint Define, for each n G N*, the set Cn consisting of points 
X G R for which there exists an open set V containing x and 
such that \f{y) - f{z)\ < 1/n for all y,z eV. Prove that the sets 
Cn are open. 

ii. Prove that Q is not a G 5 in R. 

Hint If it were, R would be a countable union of closed sets with 
empty interior. 

iii. Prove that there is no function from R to R that is continuous 
at every point of Q and discontinuous everywhere else. 

iv. Prove that there exist functions from R to R that are discontin- 
uous at every point of Q and continuous everywhere else. 

Hint Use Exercise 6c on page 5. More directly, if {xnlnGN is an 
enumeration of Q, the function / defined by /(x) = 0 if x 0 Q 
and f{xn) = 1/ (^H- 1) for every n G N has the desired properties. 

7. An invariant metric on a vector space F is a metric d on E such that 

d{x, y) = d{x-y^ 0) for all x^y E E. 

If d is an invariant metric on F, we set \x\ ~ d(x,0) for a; G F. (Note 
that the map | • | thus defined is not necessarily a norm on F.) A vector 
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space with an invariant metric d is said to have Property (F) if the 
metric space {E^d) is complete and, for every A: G K, the map x kx 
is continuous from E to E. For example, every Banach space with the 
norm-induced metric has Property (F). 

Let E he a. vector space having an invariant metric with Property (F). 
Let F be a normed vector space, with norm || • ||. 

a. Let iif be a family of continuous linear maps from E to F such that, 
for every x G F, the set {T(x)}TeH is bounded. Prove that, for every 
e > 0, there exists J > 0 such that 

||T(x)|| < £: for all x G F with |x| < 6 and for all T e H; 

in other words, limx->o = 0 uniformly in T G F. 

Hint. Take s > 0 and, for each A: G N*, set 

Ffc - {x G F : ||T(x/A:)|| < e for all T G F}. 

Using Baire’s Theorem (Exercise 6), prove that at least one of the 
Fife, say FfcQ, contains an open ball F(a, r). Then use the fact that Fk^ 
is a symmetric convex set {symmetry here means that —FkQ = F^q) 
and the continuity of the map x 2kox. 

b. Let (Tn) be a sequence of continuous linear maps from F to F such 
that, for every x G F, the sequence (T„(x)) converges. Prove that 
the map from F to F defined by 

T(x) — lim Tn(x) 
n— J -+00 

is linear and continuous. (This generalizes Exercise 6f above.) 

We will be able to apply this result to sequences in dJlc{X) (Exercise 
10 on page 92) or in for 1 < p < oo (Exercise 12 on page 168). 
See also Exercises 1 on page 147 and 1 on page 163. 
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FUNCTION SPACES 
AND THEIR DUALS 



1 

The Space of Continuous Functions 
on a Compact Set 



Introduction and Notation 

We will consider throughout this chapter a compact, nonempty metric space 
(X, d), and we will study the IK- vector space (for IK = M,C) of continu- 
ous functions from X to K, which we denote by C^(X), or simply C{X) 
when no confusion is likely. We give C{X) a commutative multiplication 
operation: for f,gEC{X) the product fg is defined by 

= f{x)g{x) for all x e X. 

The constant function 1 is the unity element for this multiplication. We 
say that C{X) is a commutative algebra with unity. 

The space C®(X) also has an order relation < , defined by 

f < g f{x) < g{x) for all x e X] 

it is only a partial order, of course. For any f,g ^ C®^(X), there exist a 
least upper bound and a greatest lower bound for / and g: 

s\xp{f,g){x) = max{f{x),g{x)) \ ^ ^ 

inf(/,ff)(a;) = min(/(x),ff(x)) j 

That the functions thus defined are continuous can be seen, for example, 
from the following equalities: 



sup(/,5) = 5(/ + 3+|/-5|), inf(/,5) = i(/ + 5- 1/-5I). (*) 
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We denote by C^{X) the set of continuous functions from X to R'*'. If 
/ G C^{X), we write — sup(/, 0) and f~ = — inf(/, 0) (note that we 
use the same symbol for a constant function and its value). We therefore 
have 

/■•■(x) = (/(o;))"^, f-{x) = {f{x)y, / = /+-/-, 1/1=/+ + /-. 

1 Generalities 

We give C{X) the uniform norm over X, denoted by || • || and defined by 

ll/ll =m^|/(x)| 

Xt A 

The corresponding topology is called the topology of uniform conver- 
gence, since a sequence in C{X) converges to / G C(X) in this norm if 
and only if it converges uniformly to / on X. 

Clearly, \\fg\\ < ||/|| H5II and || |/| || = ||/|| for all f,g € C{X). 

Proposition 1.1 C{X) is a separable Banach space. 

Proof. The reader can check that C{X) is a Banach space. We show sepa- 
rability. Since X is precompact, for every n G N* there exist finitely many 
points Xj , . . . , x'%^ of X such that X = U^i ? V^)* We therefore set, 
for j < Nn, 

_ {l/n-d{x,x])y 

From the choice of the points x^, we see that the denominator does not 
vanish for any x e X. Therefore, ifnj € C^{X), 

Nr, 

= I5 and = 0 if d(x, x^) > 1/n. 

j=i 

The set {(fnj : n G N* and 1 < j < Nn} is certainly countable. We will 
show that it is a fundamental family in C(X); this suffices by Proposi- 
tion 2.5 on page 9. 

Take / G C(X) and £: > 0. Since X is compact, the function / is uni- 
formly continuous on X. Take 7/ > 0 such that, for all x,y E X with 
d(x,y) < 7], we have |/(x) — f{y)\ < e. Let n G N be such that 1/n < rj. 
For every x G X, 

Nr, 

J=1 

i=i 



Nr, 



5^(/{a:) - /(x"))¥>„,j(x) 



j=i 
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Since ipn,j vanishes outside the ball B{xp 1/n), and so outside B{xj, rj), we 
see that, for every x G X, 

\f{x) - /(a;^)| <fn,j{x) < 

Thus, for every x E X, 



fix) 



J2f{x^)'Pn,jix) 



J=1 



Nr, 

<e'^^n,j{x) = e. 
j=i 



It follows that 



Nr, 



J=1 



which concludes the proof. 



< 



□ 



We recall a sufficient criterion for uniform convergence (and therefore 
convergence in C(X)) that is often convenient: 

Proposition 1.2 (Dini’s Lemma) Let{fn)neN be an increasing sequence 
in C®^(X) (this means that fn < /n+i for all n). If the sequence (fn) con- 
verges pointwise to a function f E C{X)y it also converges uniformly to f. 

Proof Take s > 0. For every n E N we set fin — ^ X : /n(x) > 

/(x) — e}. Clearly, (fin) is an increasing sequence of open subsets in X 
whose union is X. By the Borel-Lebesgue property, there is an integer N 
such that f^iv = X, so that /iv(x) > f{x) — 6 for all x E X. Thus, for every 
integer n > iV, we have /(x) — e< fn{x) < /(x) for all x E X. This proves 
that 11/ - /nil < 5. □ 



Remarks 



1. Clearly, one can replace “increasing” by “decreasing” in the statement 
of Dini’s Lemma. 

2. The assumption that the pointwise limit / is continuous is essential. For 
example, the decreasing sequence (fn) of continuous functions on [0, 1] 
given by /n(x) = x^ converges pointwise, but not uniformly, on [0, 1]. 

Example. Define by induction on n a sequence of polynomial functions 
(Pn) on [—1,1], as follows: 

Po=0, 

Pn-i-i(x) = Pn(x) 4- |(x^ - P^(x)) for all n E N. 

We check that, for every n E N, we have 0 < Pn{x) < Pn+i(x) < |x| for all 
X E [—1,1]. For n — 0 this is clear; suppose by induction that it is true for 
some n > 0. Then, for all x E [—1,1], 

0 < Pn+i{x) < Pn+ 2 {x) = |x| - (|x| -P„+i(x)) (l - i(la;| +P„+i(a:))) < |x|. 
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Then the sequence (Pn)n€N is increasing and bounded, and therefore it 
converges pointwise to a function /. For x C [—1,1], we see that 0 < 
f{x) < |x| and /^(x) == by taking to the limit the defining recursive 
relation of the Pn- Therefore f{x) = |x|, and Dini’s Lemma applies. This 
proves that the polynomial sequence (Pn) converges uniformly to |x| on 
[- 1 , 1 ]. 

We will generalize this result in the next section, demonstrating that 
every continuous function in [—1, 1] is the uniform limit of a sequence of 
polynomial functions (Weierstrass’s Theorem). 

Exercises 

1. Show that there exists a sequence (Pn)n€N in L{C{X)) such that, for 
all n G N, the map Pn has finite rank (that is, Pn{C{X)) is a finite- 
dimensional vector space), has norm 1, is positive (that is, Pn{f) ^ 0 
for all / > 0), and satisfies 

lim Pnf = f for all / € C(X). 

n— >--4-00 

2. Let p be a bounded, strictly increasing continuous function from M to 

E. Set p{—oo) = \imx-^-ooP{x) and p(-foo) = lima;->+ooP(^)- Also set 
X — [— oo, -hoo] = R U {— oo, -hoc}, and define a map dp : R by 

dp{x,y) = \p{x) — p{y)\. Prove that dp is a metric on X, that the metric 
space (X, dp) is compact, that dp induces on R the usual topology, that 
R is dense in (X, dp), and that (R,dp) is precompact. Prove also that 
the topology thus defined on X (that is, the family of open sets defined 
by dp) does not depend on p. 

3. Let (/n)nGN* be a sequence of continuous functions on R"*” defined by 

1 0 if X > n. 

Prove that the sequence (/n) converges uniformly in [0, -f oo) to the 
function / : x e~^ . 

Hint Extend the functions fn to have the value 1 on [— oo,0] and 
the value 0 at -hoc. Then apply Dini’s Lemma in the compact space 
[— oo, -hoo] introduced in Exercise 2. 

4. A generalization of DinVs Lemma. Consider a compact metric space 
X, and elements / and {/n}n€N of C{X). Assume that there exists a 
constant C > 0 such that 

|/-/p+,|<C|/-/p| forallp,gGN. 

Prove that if the sequence {fn) converges pointwise to /, it converges 
uniformly to /. (One can look at the proof of Dini’s Lemma for inspi- 
ration.) 
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5. Ideals in C{X). Let X be a compact metric space and J an ideal in 
the ring (C(X), + , • ). Denote by Z the set of points x m X such that 
g{x) = 0 for all g e J. 

a. Prove that, if Z is empty, J contains a function g such that g{x) > 0 
for all a: G X. Deduce that J = C{X), 

b. For a G X, set Ja = ^ C'(X) : g{a) = 0}. Prove that Ja is 

a maximal ideal; that is, the only ideal that strictly contains Ja is 
C{X). 

c. Conversely, prove that, if J is a maximal ideal, there is a unique 
point a of X such that J = Ja. 

d. Prove that J = «[/ g C{X) : /(x) = 0 for all x G Z}. 

Hint Let / G C(X) vanish everywhere in Z. To find an element of 
J that is 2e-close to /, one can do this: 

i. Let K be the set of points x of X for which l/(x)l > e. Prove 
that there exists g £ J such that g{x) > 0 for all x G X and 
g{x) > 0 for all X G X. 

ii. Prove that, for all large enough n, the function fn defined by 



fn — f 



ng 

l-\-ng 



is in J, and that \\fn — /H < 2e. 



2 The Stone-Weierstrass Theorems 

We now state denseness criteria for the subspaces of C(X). These criteria 
are consequences of this fundamental lemma: 

Lemma 2.1 Suppose X has at least two elements. Let H he a subset of 
C^(X) satisfying these two conditions: 

a. For all u^v £ H, the functions sup{u^v) and inf(u, t;) also lie in H. 

b. //xi,X 2 are distinct points in X and ai,Q 2 are real numbers, there 
exists u e H such that u{xi) = a\ and u{x 2 ) = ot 2 - 

Then H is dense in C^{X). 

Proof. Take / G C®(X) and e > 0. We want to find an element of H that 
is e-close to /. First fix x G X. By assumption b, for every y ^ x there 
exists Uy e H such that %(x) = /(x) and Uy{y) = f{y). 

For y ^ X, set Oy = {x' G X : %(x') > /(x') - e}. This is an open 
set that contains y and x; therefore X = \Jy^^ Borel-Lebesgue 

property, X can be covered by finitely many sets Oy \ X = Uj=i with 
yj ^ X for all j. Now set Vx = sup{uy^,. . .,Uy^). A simple inductive argu- 
ment, using assumption a, shows that Vx G H. On the other hand, 

yx{x) = f{x) and Vx{x') > f(x^) — e for all x' G X. 
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Now make x vary and set, for eaeh x G X, 

^x = {x' e X : Vx{x') < f{x') -h s}. 

Thus fix is an open subset of X containing x; a new application of the 
Borel-Lebesgue property allows us to choose finitely many points xi , . . . , Xp 
of X such that ftx ^ , . . . , flxp cover X. Finally, set v = inf(va;i ? • • • ? ^xp)- 
Then v G H and f — €<v<f-\-e; that is, ||/ — v\\ < e. □ 

A subset H of C{X) is called separating if, for any two distinct points 
x, 2 / of X, there exists h G H with h{x) ^ h{y). A subset H of C^(X) is 
called a lattice if, for any f,g G H, the functions sup(/,^) and inf(/, 
also lie in H. Notice that a vector subspace of C^{X) is a lattice if and 
only if, for every element h of iJ, the function \h\ is in if as well (the “only 
if” part follows from the relation \h\ = sup(/i,0) — inf(/i, 0), and the “if” 
part from equations (*) on page 27). 

We can then deduce from Lemma 2.1 the following theorem: 

Theorem 2.2 If H is a separating vector suh space of C^{X) that is a 
lattice and contains the constants, then H is dense in C^{X). 

Proof If X has a single element, the result is clear. Suppose X has at least 
two elements; we just need to check assumption b of the lemma. Let x\ and 
X 2 be distinct elements of X. Since H is separating, there exists h G H such 
that h{xi) / h{x 2 ). If and 0:2 are real numbers, the system of equations 

{ Ah(xi) + /X = oi 
Xh{X2) +/X = 02 

clearly has a unique solution (A,/i) G R^. For such (A,/x), we see that 
(A/i + p){xi) — a\ and (A/i -h p){x 2 ) = 02 ; moreover, \h-G y G H, since H 
is a vector space containing constants. □ 

Example. Let H be the set of Lipschitz functions from A to R, that 
is, the set of functions h from X to R for which there is a constant C > 
0 (depending on h) such that \h{x) — h{y)\ < Cd{x,y) for all (x,y) G 
X^. Such a C is called a Lipschitz constant for /i, and h is said to be 
(7-Lipschitz. Clearly, H is a. vector subspace of C^{X) containing the 
constant functions. H is also a lattice: the absolute value of a Lipschitz 
function is Lipschitz as well, since 

Finally, H is separating since, for x ^ y, the function h : z ^ d(x, z) is 
Lipschitz with constant 1 and satisfies 0 — h{x) h{y). Therefore H is 
dense in C®(X). 
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We now deduce from Theorem 2.2 another denseness criterion, where the 
assumption that if is a lattice is replaced by an assumption of closedness 
under multiplication. More precisely, we assume we have a vector subspace 
H of C{X) that is a subalgebra of C(X); this means that fgeH for 
f^g e H. Since fg = ^ ((/ + g)^ ~ P ~ this condition is equivalent to 
H being a vector space such that the square of every element of if is in if . 

Theorem 2.3 (Stone-Weierstrass Theorem, real case) Every sepa- 
rating suhalgebra ofC^{X) containing the constant functions is dense in 
C^{X). 

Proof. If if is a separating subalgebra of C^{X) containing the constants, 
so is its closure H. Therefore it suffices to show that H is a lattice and to 
apply Theorem 2.2. Thus, let / be a nonzero element of H. We saw in the 
example on page 29 that there exists a sequence {Pn) of polynomials over 
M that converges uniformly on [—1, 1] to the function x \x\. But then the 
sequence of functions {Pn{f /\\f\\)) converges uniformly to |/|/1|/H, so |/| is 
the uniform limit of the sequence (||/|| Pn{f /\\f\\))- Since ^ is a subalgebra 
of C^(X), all terms in this sequence are in H; therefore so is their uniform 
limit |/|. This shows that H is a lattice. □ 

Examples 

1. The set of Lipschitz functions from X to E satisfies the assumptions of 
Theorem 2.3. 

2. Suppose X is a compact subset of E^, and let if be the set of polynomial 
functions (in d variables) from X to E: 

H={x^P{x):PeR[Xi,...,Xd]}. 

Clearly, H \s a, subalgebra of C®(X) containing the constants; on the 
other hand, if x and y are distinct points in X, they differ in at least 
one component: for example, Xj ^ yj. But then the polynomial Xj takes 
different values at x and at y. Thus if is separating and hence dense in 
C^(X). 

In the particular case where d = 1 and X is a compact interval [a, b] 
in E, this result is known as Weierstrass’s Theorem. In fact, there 
are several explicit methods to associate to an element / G C^[[a,b]) 
a sequence of polynomials {Pn) that converges uniformly to / on [a, 6]; 
see, for example. Exercises 3 and 2 below. 

Note that, as a consequence of Weierstrass’s Theorem, the set of mono- 
mials {1 ^ X ^ X ^ m • • ^ X 9 * * .}, considered as functions on [a, 6] (for a <b) 
forms a topological basis of C([a, 6]). (We thus recover, in particular, 
the fact that (7^ ([a, 6]) is separable.) 

Remark. In the preceding theorem, one cannot replace C^(X) by (7'^(X), 
as the following example shows. Set U = { 2 ;gC:| 2 ;|== 1 }, and let H be 
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the set of polynomial functions from U in C: 



H = {z ^ P{z) : P G C[X]}. 



H is certainly a separating subalgebra of C^(U) (the function Z : z ^ z is 
an element of H, and Z{z) ^ Z{z') if z ^ z'), and it contains the constants. 
But H is not dense in C*^(U). Indeed, since 

27T 

= 0 

for every n G N, we get 




e^d9 = 0 



for all h G H. By taking uniform limits, we conclude that the same equality 
holds for h G H. On the other hand, the function Z : z z is an element 
ofC^(U), yet 

27T 

Z{e'^)e^d9 = 27 t . 

Thus Z ^ H, and H is not dense in C^(U). 



Thus, in the complex case an additional assumption is necessary. We will 
suppose in this case that the subset H of C'^{X) is self-conjugate; this 
means that h G H implies h G H, where the conjugate h of h is defined by 
h{x) = h{x). 



Theorem 2.4 (Stone-Weierstrass Theorem, complex case) Every 
separating subalgebra H of C^(X) that is self- conjugate and contains the 
constant functions is dense in C^{X). 

Proof Set F/k — {h G H : h{x) G R for all x G X^ Clearly, is a 
subalgebra of C^{X) containing the constants. Now, if f G H, the real 
and imaginary parts of / lie in if®, since H is self-conjugate and Re / = 
(/ + /)/2, Im/ = (/ — f)/{2i). If xi and X 2 are distinct points in X, there 
exists by assumption h G H such that h{x\) ^ h{x2)> Therefore there exists 
g G such that g{x\) ^ g{x2)’ just take g = Be h or g = \mh as needed. 
It follows that is separating, hence dense in (7®(X), by Theorem 2.3. 
Since C^{X) = C^(X) + and H contains -f ii^R, the proof is 

complete. □ 



Examples 

1. The set of Lipschitz functions from X to C is dense in C^{X). 

2. If X is compact in R^, the set of functions from X to C defined by 

complex polynomials in d variables is dense in C*^(X). In particular, if 
[a, b] (with a < 6) is a compact interval in R, the set of restrictions to 
[a, b] of the monomials 1, a:, . . . , . . . forms a topological basis of 

C'C([a,6]). 
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3. If X is a compact set in C^, the set H defined by 

H = {zeX^P{z,z):PeC[Xi,...,Xd,Yi,...,Yd]} 
is dense in C‘^(X). 

In the particular case where d = 1 and X = U = {z € C : |z| — 1}, we 
see that H is the vector space generated by the functions : 2 2 ^, 

with p G Z. Indeed, if 2 G U we have 2 = Thus, the family (Z^)p^z 
(which is clearly free) is a topological basis of C^(U). 

4. Let Cf^ be the set of continuous functions from M to K that are periodic 
of period 27 t, with the uniform norm on R, namely, 

ll/ll = 

Lemma 2.5 The map from C^(U) to that associates to (p E 
C^(U) the function f given by f{0) ~ for every real 0 is a sur- 

jective isometry. 

Proof. Only the surjectivity requires proof. For 2 G U, denote by argz 
some real number such that = 2. We know that argz is defined 

modulo 27 t and that there exist choices of arg 2 that vary continuously 
in the neighborhood of a given point (for example, if zq G U and 2 G U 
with \z - Zq\ < 1, we can take arg 2 arg zq + Arccos Re{z/zo)). Thus, 
if / G CJttj the function ip defined by ip{z) — /(arg 2) is well-defined 
and continuous in U, and f{0) ~ «p(e*^) for all 0 G R. □ 

It follows from the preceding example that the family (e„)nez of ele- 
ments of defined by en{0) = is a topological basis of By 
taking the real and imaginary parts of the functions Cn, we deduce that 
the set B — {1} U {c^, Sn}neN, with Cn{x) = cosnx and Sn{x) = sinnx, 
forms a topological basis of and thus also of A linear combi- 
nation of functions of B is called a trigonometric polynomial. 

Note that one can explicitly determine a sequence of trigonometric poly- 
nomials that converges toward a given function / G Cf^ (see Exercise 2 
below) . 

5. Let X and Y be compact metric spaces. We denote by C(X)(8)C(T) the 
vector subspace of C{X x Y) generated by the functions f(^g : (x, y) 1 -^ 
f{x)g{y) with / G C(X) and g G C'(T). It is clear that C(X) < 2 ) C{Y) is 
a subalgebra of C(X x F) containing the constants and, when K = C, 
self-conjugate. It is also separating: if (xi,yi) ^ (x 2 ,j/ 2 ) we have, say, 
Xi ^ X 2 , and then the function d{ ■ , Xi) 0 1 : (x, p) d{x, xi) (where d 
is the metric on X) is an element of C'(X) (8) C{Y) separating (xi,yi) 
and (x 2 ,p 2 )- Thus C{X) (8> C{Y) is dense in C{X x F). 
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Exercises 

1. Let D be a dense subset of C^{X). Prove that, for all / C C®(X), there 
exists an increasing sequence of elements of D that converges uniformly 
to /. 

Hint. For each positive integer n, prove that there is an element fn of 
D such that / — 2~^ < fn ^ f — 

2. Dirac sequences 

a. Let ((/?n)n€N be a sequence of continuous functions from to K, 
with nonnegative values, and satisfying these properties: 

- f^m ^n{^)dx = 1 for every integer n. 

- For every e > 0, limn-^+oo where | • | denotes 

a norm on 

Let / be a bounded, continuous function on R"^. Prove that the 
sequence {(pn* f) converges to / uniformly on every compact subset 
of R^. Recall that * / is defined by 



i. Prove that the sequence {(fn) satisfies the hypotheses of part a. 
ii. Deduce that every continuous function on [0, 1] is the uniform 
limit on [0, 1] of a sequence of polynomial functions. 

Hint. Deal first with the case of a function / satisfying /(O) = 
/(I) = 0, by showing that, if / is the extension of / having 
the value 0 outside [0, 1], then (fn * f coincides in [0, 1] with a 
polynomial function. 

c. Fejer’s Theorem. Let / be a continuous function from R to C, peri- 
odic of period 27 t. Let Dn and Kn be the functions defined by 




b. For each n G N, set — x‘^)^dx^ and let (pn be the function 

from R to R defined by 




71 - HI — A 

Unix) = Y, Km(x) = - E 



n ^ m—l 




H h,g e we write 




(this equals g * h{x)). 



2 The Stone- Weierstrass Theorems 37 



i. Prove that Kj^{2kir) = n for fc 6 Z and that, for all x ^ 27tZ, 

, 1 — cos nx 

Kn{x) = -7- r. 

n(l — cosx) 

1 r 

Show also that — / Kn(x) dx = I and that, for all e G (0, tt), 
lim / Kn(x)dx = 0. 

n^+oo 

ii. Prove that the sequence of functions (Kn*f) converges uniformly 
to / on E. 

iii. Express Dn + /, then Kn * /, in terms of the partial sums of 
the Fourier series of /, which, as we recall, are given by 



n 

Sn{x) = ^ Cfce*''", 

k—~n 



with Cfe = 



27T 




dt. 



iv. Deduce that every continuous function periodic of period 2tt is 
the uniform limit of a sequence of trigonometric polynomials. 

3. Another demonstration of Weierstrass^s Theorem: Bernstein polynomi- 
als. The functions in this exercise are real- valued (K = E). 
a. Korovkinas Theorem. For i G N, we denote by X* the element of 
C{[0, 1]) defined by X^{x) - o:\ We also set 1 = and X = 

Let {Tji) be a sequence of positive elements in L(C'([0, 1])) (positivity 
here means that / > 0 implies Tn{f) > 0, or again that f < g 
implies Tn{f) < Tn{g)). Assume that, for i = 0, 1,2, the sequence of 
functions converges to uniformly on [0, 1]. We want 

to show that, for all / G C([0, 1]), the sequence (T^/) converges 
uniformly to / on [0, 1]. 

i. Let / be a continuous function on [0, 1]. Define the modulus of 
uniform continuity of / as the function cof : E"*“* E“*" whose 

value at ?7 > 0 is 

^fiv)= sup |/(a;) -/(j/)|. 

(a;,y)G[0,lp 

\x-y\<Tt 

Check that ujf{rf) is well-defined for all r/ > 0, and that u;/(r/) 
tends to 0 as 7/ tends to 0. Now fix 7/ > 0. 
ii. Prove that, for all x, y G [0, 1], 



|/(a;) -/(y)| < w/(?7) + 2(a;-2/)2^. 



(One can deal separately with the cases |x— y| < t] and |x— y | > 77 .) 
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iii. If x,y 6 [0, 1], set gy{x) = (x - j/)^. Prove that, if x, j/ e [0, 1], 
we have, for every n 6 N, 

|(T„/)(x) - /(y)T„(l)(x)| < ujf{r,)Tn(l){x) + 2 M (T„gy){x). 

iv. Set hn{x) = {Tngx){x). Prove that the sequence of functions (hn) 
converges uniformly to 0 in [0, 1]. 

Hint TnQxix) = {TnX^ - 2XTnX + X^Tnl){x). 

V. Deduce that limsup^_),_,_QQ ||Tn/ — /|| < Wrap up the 

proof. 

b. Let / be a function from [0, 1] to R. For every integer n > 1, define 
the polynomial Bn{f) by 

Sn(/)(X) = f]C'^/(^)x'=(l - X)"-''. 

fc =0 

i. Prove that 

Bn{Xf) = XBnif) + 

where represents the derivative of the polynomial Bn{f)- 

ii. Compute 5n(l)» Bn{X), and Bn{X‘^) for every n G N. 

iii. Prove that, for every / G C([0, 1]), the sequence {Bn{f)) con- 
verges uniformly to /. 

4. Another proof of Fejer^s Theorem 

a. Let {Tn) be a sequence of positive elements of L(Cf^) (see Exercise 3a 

for the definition of positivity) such that the sequence of functions 
(Tn(/))nGN Converges to / uniformly on R when / is each of the 
three functions x >-> 1, x cosx, and x *->► sinx. Prove that, for all 
/ ^ sequence (T^/) converges uniformly to /. 

Hint Argue as in Exercise 3a, considering the interval [— tt, tt] and 
replacing {x — yYlrf^ by (1 - cos(x-y))/(l — cos 77 ). 

b. Let (K-n) be the sequence of functions defined in Exercise 2c. Take 
/ G . Derive from the preceding question another proof that the 
sequence {Kn * /) converges uniformly to / on R. 

5. Let X be a compact interval in R and let H be the set of elements of 
C{X) defined by polynomial functions with integer coefficients. 

a. Prove that, if X and Z intersect, H is not dense in C{X). 

From now on in this exercise we assume that X C (0, 1). We denote by 
(Pn) the strictly increasing sequence of prime numbers and by (Pn) the 
sequence of elements of C{X) defined by 



Pn{x) = I - - (1 - XY^ , 
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b. Prove that, for every integer n, the function PnlVn is an element of 
if, and that 1/Pn belongs to H, 

c. Prove that, for every fc G Z*, the constant function a; 1/fc is an 
element of H, (You might start with the case of k prime.) 

d. Deduce that H is dense in C{X). 

6. Equidistributed sequences and WeyVs Criterion 

a. Let E be the vector space generated by the functions from [0, 1] to 
C of the form l[a,6]- Prove that every continuous function from [0, 1] 
to C is the uniform limit of functions in E. 

b. A sequence (up)peN of points in [0, 1] is called equidistributed if, for 
every [a, b] C [0, 1] , 

Cardfp < n : Up e [a, 61} , 

lim =b — a. 

n->+oo n 4- 1 

Prove that, if (%)peN is an equidistributed sequence of points in 
[0, 1] and / : R -> C is any continuous function periodic of period 1, 
then 

1 ^ C 

lim = I /(^) dt, 

+ Jo 

Hint Check that this is true if / G then use denseness (compare 
Proposition 4.3 on page 19). 

c. Prove the converse. 

Hint One might start by showing that, if [a, 6] C [0, 1] and e > 0, 
there exist continuous functions / and g from [0, 1] to R such that 

/(O) = /(I). ^/(0) = gO-), f < l[a,b] < 9 and 

f {9{t) - fit)) dt < e. 

Jo 

d. Deduce that a sequence (up)peN of points in [0, 1] is equidistributed 
if and only if, for every A G N*, the Weyl criterion is satisfied: 

lim =0. 

n->oo n \ 

p=0 

e. Example. Take o G R \ Q and, for every p G N, set Up = {po^} = 
pa — [pa\ , where [pa\ denotes the integer part of pa. Prove that 
the sequence (up) is equidistributed, 

f. Same question with the sequence (up) defined by Up = {p"}, where 
OG(0,1). 

Hint. Consider In = dx, for A a fixed positive integer. 

Prove, by change of variables and integration by parts, that In = 
0(n^“"). Next show that 



/r.,- 



p=0 



0(n“). 
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7. Particular cases of the Tietze Extension Theorem 

a. Let F be a metric space and X a nonempty compact subset of Y, 
Denote by Cb{Y) the vector space consisting of continuous, bounded 
functions from y to K, with the norm defined by 

ll/ll = sup|/(y)|. 

yeY 

On C{X) we take the uniform norm, also denoted by ||*||. Now 
consider the linear map ^ : Cb{Y) ^ C{X) defined by restriction to 
X: #(/) = f\x for every / € Cb(Y). 

i. Prove that Cb{Y) is a Banach space. 

ii. Prove that, if / C Cb{Y), there exists / E Cb{Y) such that 
$(/) = $(/) and ll/ll = ||$(/)||. 

Hint If #(/) ^ 0, one can choose 

where x : 11^ K is defined by = o:/max(|xl, 1). 

iii. Prove that im^ is dense in C{X), 

Hint Use the Stone- Weierstrass Theorem. 

iv. Let g be an element of C{X) that is the uniform limit of a se- 
quence (^(/n))- 

A. Prove that one can assume, after passing to a subsequence if 
necessary, that |j^(/n+i) - ^(/n)l| < for every n. 

B. For n E N, choose hn E Cb{Y) such that ^{hn)~^{fn—fn~i) 

and ||hn|| = ||^(/n - fn-i)\\ (where /_i ^ 0 by convention). 
The existence of the hn was proved in ii above. Prove that 
the series converges in Cb{Y). Denote its sum by h. 

C. Prove that ^{h) = g. 

V. Deduce from the preceding facts that every function g e C{X) 
can be extended to a function / E Cb(Y) such that ||/|| — ||^||. 

b. Let (y, d) be a metric space and let A be a nonempty subset of Y. 
Let / be a Lipschitz function from A to R, with Lipschitz constant 
C. Set 

g{y) = inf (/(x) + Cd{x, y)) for all j/ e F. 

Prove that p is a Lipschitz extension of /, also with constant C. 

8. Stone-Weierstrass Theorem in R. We denote by C^(R) (or C'o(R)) the 
space of continuous functions / from R to K such that 



lim f{x) = 

X— >• — c» 



lim /(x) — 0. 

x->+oo 



We give this space the uniform norm: ||/|| = sup 3 .^ 25 [/(x)|. We again 
denote by U the set of complex numbers of absolute value 1, which is 
compact in the metric induced from C. 
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a. i. Prove that Cq(M) is a Banach space. 

ii. Define a map (f from E onto U\{— 1} by setting (p{x) = Cretan x 

Prove that is a homeomorphism between E and U \ {— 1}, the 
inverse homeomorphism being ip{z) = tan(| Argz), where Argz 
denotes the argument of z in the interval (— tt, tt). Check that 
limoj^+oo <p{x) = lim^c^-oo ^{x) = -1. 

iii. Prove that a function / on E belongs to Co(E) if and only if the 
function / defined on U by 



f f{^{z)) if 2 ^ -1, 
1 0 if z — -1, 



belongs to C(U). Prove that the map f ^ f defines an isometry 
between Co(E) and the set of elements of C(U) that vanish at 
-1. 

b. i. Let H be a vector subspace of Co(E) satisfying these conditions: 

A. /2 € if for all feH. 

B. If a: and y are distinct points of E, there exists / G if such 
that f{x) fiy). 

C. For any x 6 E, there exists f £ H such that f{x) ^0. 

D. In the complex case, H is self-conjugate (that is, / 6 if 
implies f E H). 

Prove that if is dense in Co(E). 

Hint. Apply Stone-Weierstrass to the compact space U and to 
the set H consisting of functions of the form / + a, with f E H 
and a G E. 

ii. Conversely, prove that every dense subset if of Co(E) satisfies 
conditions B and C above. 

c. If a G C \ E, we set (fa{x) = (a -h Prove that the family 

{^a}a€C\R IS fundamental in Cq (E). 

Hint Prove first that = l\mh^o{ipa — ifa-\-k)/h in the sense of 
convergence in Co(E). Deduce that the closure of the vector space 
generated by the (pa satisfies conditions A-D of part b above. 

d. Let if be the set of functions from E to E of the form x i-4 e~^ P{x), 
with P G E[X]. 

i. Take r G N and a E (0, 1). For n G N and a: G E, set Rn{x) = 

€~x Prove that the sequence of functions (i?„) con- 

verges uniformly on E to the zero function. 

Hint Prove that if Un = sup^^]R|iin(^)l) then 

lim (Un+i/un) = a. 

n—>co 

ii. Deduce that the function fa^r • x i-> belongs to H. 

Hint One can use Taylor’s formula with integral remainder to 
approximate by polynomials. 
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iii. Prove that the function ^a,r * ^ ^ belongs to H, 

Hint Write Qa,r — (1 + a)“’'/^/o,r(VTTaa:) and use part ii 
twice. 

iv. Applying the facts above to a = y/2 - 1 , show that H is dense 

in C^R). 

e. Denote by Cf{R) or Cc(M) the set of continuous functions / from 
R to K that vanish outside a compact interval in R (that depends 
on /). We assume in the sequel that K = C. 

i. Prove that Cc(R) is dense in Co(R). (Use part b above or give a 
direct proof.) 

ii. For if e Cc(R), set 

ip{x) = f dy. 

Jr 

Prove that 0 e Cq(R). 

Hint Show first that, if a < 6, the function x h-> lies 

in Co(R). Then approximate (f by staircase functions. 

iii. If ip.ijj e Cc(R), define 

{ip*0){x)= / p{x -y)0{y)dy. 

Jr 

Prove that ^ G Cc(R) and that (f * xjj ~ (pip. 

iv. Deduce that the set {<^}yjeCc(R) dense in Co(R). 

Hint To check conditions B and C, one can compute the integral 
and approximate the function 

y l(o,+oo)(2/)^ ^ 
in L^{dy) by functions in Cc(R). 



3 Ascoli’s Theorem 

In this section we present a criterion of relative compactness in C{X). 

Let xq be a point of A. A subset H of C{X) is called equicontinuous 
at xo if, for all e > 0, there exists 77 > 0 such that 

\h{x) — h{xo)\ < 6 for all h e H and all x G A with d(x, xo) < r?. 

H is called equicontinuous if it is equicontinuous at every point of A. It 
is called uniformly equicontinuous if, for all e > 0, there exists 77 > 0 
such that 

\h{x)-h{y)\ < £ for all ft G Ff and all x, y G A with d(x, y) < 77. 

Since A has been assumed compact, these two notions are in fact equiva- 
lent: 
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Proposition 3.1 A subset of C{X) is equicontinuous if and only if it is 
uniformly equicontinuous. 

Proof. It is enough to show necessity. Let H be an equicontinuous subset 
of C(X), and let £ > 0 be a real number. By assumption, for every x ^ X 
there exists r]x > 0 such that \h{y) — h{x)\ < ej2 whenever h e H and 
d{x^ y) <T]x- By the Borel-Lebesgue property, we can choose finitely many 
points Xi,. .. ,Xr such that the balls B{xj, r]xjf2) cover X. Now let r] be the 
smallest of the r]xj2, and let x and y be points in X such that d{x, y) < rj. 
Choosing j such that x G B{xj,rjxj/2), we see that x,y G B{xj,rjxj), so 

\h{y) — h{x)\ < \h{y) — h{xj)\ + \h{x) — h{xj)\ < e for all h e H. □ 
Examples 

1. Every finite subset of C{X) is equicontinuous. 

2. Every subset of an equicontinuous set is equicontinuous. 

3. A finite union of equicontinuous sets is equicontinuous. 

4. Any uniformly convergent sequence of functions in C{X) consitutes an 
equicontinuous set (exercise). 

5. If C is a positive real number, the set of C-Lipschitz functions from X 
to IK is equicontinuous. 

Proposition 3.2 Let {fn) be an equicontinuous sequence in C{X) and 
let D be a dense subset of X. If for all x ^ D, the sequence of numbers 
{fn{x)) converges, the sequence of functions {fn) converges uniformly to a 
function f G C{X). 

(Compare this result with Proposition 4.1 on page 18.) 

Proof. It suffices to show that {fn) is a Cauchy sequence in C{X). To do 
this, take e > 0. By assumption, there exists rj > 0 such that, whenever 
d{x, y) < 7], 

\fn{x) - fn{y)\ < e/5 for all n G N. 

Since X is precompact, il can be covered by finitely many balls of radius g: 
X = \Jj^QB{xj,rj). Since D is dense, each ball B{xj,rj) contains at least 
one point yj from D. Since, by assumption, the sequences {fn{yj))n£N 
are Cauchy sequences, there exists a positive integer N such that, for any 
integer j < r, 

IfniVj) - fp{yj)\ < e/5 for all n,p>N. 

Now let a: be a point in X, and let j be an integer such that x G B{xj,rj). 
Then, for n,p> N, 

\fn{^)~fp{x)\ ^ |/n(^)~/n(^j)| \fn{yj)~fn{^j)\~^ \fn{yj)~ fp{yj)\ 

+\fpiyj)-fpixj)\+\fpi^)-fp{^j)\ < £■ 
Thus, Wfn — fp\\ < € for all n,p > iV, and {fn) is a Cauchy sequence. □ 
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We deduce from this our main result: 

Theorem 3.3 (Ascoli) A subset of C{X) is relatively compact in C{X) 
if and only if it is bounded and equicontinuous. 

Proof For the “only if” part, let H he a, relatively compact subset of C{X). 
Then H is certainly bounded; this is true in any metric space. We must 
show it is equicontinuous. Fix 6: > 0. Since H is precompact, we can choose 
finitely many elements /o, • • , /r in Ff such that the balls B{fj,e/3) cover 
H. Since the finite family {fj)j<r is uniformly equicontinuous, there exists 
rj > 0 such that \fj{x) — fj(y)\ < e/3 for all j < r, whenever d{x,y) < t]. 
It follows that, if / G if and d(x, y) < r/, then 

\f{^) - f{y)\ < \f{x) - fj{x)\ + \fj{x) - fj{y)\ + \fj{y) - f(y)\ < e, 

where j is chosen so that \\f — fj\\ < e/3. This shows that H is equicontin- 
uous. 

For the converse, suppose H is bounded and equicontinuous. X is com- 
pact, hence separable. Thus it contains a countable dense subset D. Let 
(/n) be a sequence in H. For every point x in D, the sequence of numbers 
{fn{x))nen is bounded by sup/^^^ ||^||; thus, by Theorem 3.1 on page 12, 
there exists a subsequence such that (/n^ (^)) converges for all 

X £ D. By Proposition 3.2, we deduce that the sequence {fnk)keN converges 
in C{X). □ 

Remark. The preceding proof also shows that, if H is an equicontinuous 
subset of C{X), the following properties are equivalent: 

- if is bounded. 

- There is a dense subset D of X such that, for all x e D, the set 
{f{x)}f£H is a bounded subset of K. 

(This equivalence can also be proved directly.) 

Example. Consider compact metric spaces X and F, an element K of 
C{X X y), and a Borel measure p onY having finite mass (//(F) < -hoo). 
We define a linear operator T from C{Y) to C{X) by setting 

Tf(x) = j K{x,y)f{y)d(i{y) for all / G C(F) and x € X. 

Recall that B[C(Y)) denotes the closed unit ball in C{Y): 

B{C{Y)) = {feC{Y):\\f\\<l}. 

Proposition 3.4 The image under T of the closed unit ball of C(Y) is a 
relatively compact subset of C{X). 
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We say that T is a compact operator from C(y) to C{X) (see Chap- 
ter 6). 

Proof. It is clear that T(5(C(y))) is bounded by 

On the other hand, K is uniformly continuous on X x Y] in particular, for 
all £, there exists 7 / > 0 such that 

\K{xi^y) — K{x 2 ,y) \ <e for sllyeY and X\,X 2 G X with d{xi,X 2 ) < rj. 

Thus, for all / £ B{C(Y)), we have \Tf{xi) — Tf{x 2 )\ < fJ'{Y)€. There- 
fore the subset T(5(C(y))) of C(A') is equicontinuous, and we can apply 
Ascoli’s Theorem. □ 



Exercises 



1. For each n G N, let fn be the function from [0,1] to M defined by 
fn{x) = x^. At what points in the interval [0, 1] is the family {fn}neN 
equicontinuous? 

2. a. Let X be a metric space and {fn) a sequence in C(X). Prove that, if 

{/n}n€N is equicontinuous at a point x of X, for any sequence (xn) 
of X that converges to x the sequence {fn{x) ~ fn{^n)) converges 
to 0. 



b. Set fn{x) = sinnx. Prove that {/n}nGN is not equicontinuous at any 
point X of R. 



3. 



4. 



5. 



Hint. Consider the sequence {xn) defined by + n/{2n). 

Let X be a compact metric space. Prove that, if H is an equicontinuous 
subset of C(X), the closure 5^ of if in C{X) is equicontinuous. 

Let X be a compact metric space, and let H be an equicontinuous family 
of elements of C'(X). 

a. Prove that the set of points x of X such that the set {f{x) : f G H} 
is bounded is open and closed. 

b. Assume that X is connected. Prove that, if there exists a point x € X 
for which {f{x) : f G H} is bounded, fi is a relatively compact 
subset of C(X). 



a. 



For a G (0, 1), let C"([0, Ij) be the set of functions / from [0, 1] to 
R such that 



l/la = sup 

0<a;,y<l 

x^y 



\f{x)-f{y)\ 

\x-y\^ 



is finite (such an / is called a Holder function of exponent a). As 
usual, we denote by || • || the uniform norm. 
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i. Prove that C"([0, 1]), with the norm || • ||a = | * |a + || * II? is a 
Banach space. 

ii. Prove that B(C"([0, 1])), the closed unit ball in C"([0, 1]), is a 
compact subset of C([0, 1]). 

iii. Suppose I > (3 > a > 0. 

A. Take / G C^([0, 1]). Prove that, for all 7/ > 0, 



Deduce that, if (/n) is a bounded sequence in that con- 
verges uniformly to / G then \\fn - /|U 0. 

B. Deduce that 5(C^([0, 1])) is compact in C"([0, 1]). 
b. Let m be a nonnegative integer. We give C"^([0, 1]) the norm defined 

by 



i. Prove that with this norm f7’^([0, 1]) is a Banach space. 

ii. Prove that if m and n are nonnegative integers such that m > 

then B(C’^([0, 1])) is a relatively compact subset of C^([0, 1]). 
(You might start with m = I and n = 0.) Is the ball 1])) 

closed in C^([0, 1]) ? 

c. Take m G N and a G (0,1). Denote by C'^“‘‘"([0, 1]) the vector 
space consisting of functions of C’^([0, 1]) whose m-th derivative is 
an element of C"([0, 1]), and define on this vector space a norm 
II • llm+a by setting ||/||m+o = ll/IU + l/^'"^U- 
i. Prove that (7’^“^"([0, 1]), with the norm || • Hm+a, is a Banach 
space. 

ii. Take p, g G R such that q > p>0. Prove that B[C^{[0, 1])) is a 
relatively compact subset of C^([0, 1]). 

6. AscolVs Theorem in R 

a. Let fn be the function defined for all a; G R by 



Prove that the subset {fn}neN of Co(R) is bounded and equicontin- 
uous (see Exercise 8 on page 40 for the definition of Co(R)), but the 
sequence (/„) has no uniformly convergent subsequence. 

Hint The sequence (fn) converges pointwise but not uniformly to 
the constant function 1. 

b. Let i/ be a subset of Co(R). Prove that H is relatively compact in 
Co(R) if and only if it is bounded and equicontinuous at every point 



l/la < max(|/|/3 7/^ °‘,2\\f\\r] "). 



m 




J min(l 

ll 



n/x) if X ^ 0, 
if X = 0. 
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of E and satisfies that condition that for any 6 > 0 there exists A > 0 
such that 

|/l(x)| < 6 for all h E H and a; G E with \x\ > A. 

Hint Use Ascoli’s Theorem in the space C(U) (refer again to Exer- 
cise 8 on page 40). 

7. A particular case of Peano ’s Theorem, Let / be a continuous function 
from [0, 1] X E to E for which there exists a constant M > 0 such that 

|/(x, ^)| < M(1 + |a;|) for all t G [0, 1] and a: G E. 

a. Let n be a positive integer. We define points xf, for 0 < j < n, by 
setting Xq —0 and 

a;"+i + for0<j<n-l. 

i. Prove that \x'j\ < (1 + Mfny — 1 < — 1 for 0 < j < n. 

ii. Let (fn be the continuous function on [0, 1] that is affine on each 

interval [j/n, (j+l)/n] and satisfies for 0<j< 

n. That is, for 0 < j < n — 1 and t G [j/n, we have 

Prove that for s, t G [0, 1] we have ~ ^n{s)\ < Me^\t — 5|. 

iii. For s G [0, 1], set 

71 — 1 y . .V 

j=o ^ ^ 

Prove that (fn{t) = I 'ipn(s) ds for all t G [0, 1]. 

Jo 

b. i. Show that there exists a subsequence {(fnk)keN that converges 

uniformly on [0, 1] to a function (/? G C([0, 1]). 
ii. Prove that the sequence (V^nfc)fceN converges uniformly on [0, 1) 
to f{s,ip{s)), 

iii. Deduce that (p{t) = f* f(s,(p(s)) ds for all t G [0, 1]; then prove 
that (f is of class on [0, 1] and satisfies the differential equation 

/ ^{i)) for all ^ G [0, 1], 

t ^(0) = 0. 

Is the constructed above the only one that satisfies these con- 
ditions? 
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8. Let X be a compact metric space and H a subset of C{X). 

a. Suppose H is relatively compact. Prove that for all e > 0 there exist 
constants (7 > 0 and B > 0 such that d(/, L^) < e for all f E H, 
where Lq denotes the set of C-Lipschitz functions on X with uniform 
norm at most B, and d is the metric associated with the same norm. 
Hint Use the fact that Lipschitz functions are dense in C{X), 

b. Show the converse. 

Hint Prove that is precompact, and finally that so is H, 



2 

Locally Compact Spaces 
and Radon Measures 



In this chapter we study a representation, in terms of measures, of positive 
linear forms on spaces of continuous functions; this representation leads to a 
description of the topological dual of such spaces. It is useful in applications 
to consider functions defined on metric spaces somewhat more general than 
compact spaces, namely, locally compact ones. 



1 Locally Compact Spaces 

A metric space (X, d) is called locally compact if every point in X has 
a compact neighborhood; equivalently, if for every x E X there exists a 
compact K o^ X whose interior contains x] equivalently, if for every x G X 
there exists r > 0 such that the closed ball B{x,r) is compact. Local 
compactness is clearly a topological notion. 

Any compact space is obviously locally compact. The spaces and 
for d > 1, and more generally all normed spaces of finite nonzero 
dimension yield a first example of locally compact but noncompact spaces. 
The famous theorem of F. Riesz states that, conversely, the only locally 
compact normed spaces are those of finite dimension: 

Theorem 1.1 (F. Riesz) Let X be a normed space, with open unit ball 
B and closed unit ball B. The following properties are equivalent: 

i. X is finite- dimensional. 

ii. X is locally compact. 
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iii. B is compact. 

iv. B is precompact. 

Proof. Property i implies ii because closed balls in a finite-dimensional 
normed space are compact. If ii is true, there exists r > 0 such that 
B(0, r) = rB is compact; this implies iii. That iii implies iv is obvious. 
Thus the only nontrivial part of the theorem is iv i. 

Suppose that B is precompact. Then there is a finite subset A of X such 
that 

Bc\jB{x,^,) = A + ^B. 

Let Y be the (finite-dimensional) vector space generated by A\ then B C 
Y -\-2~^B. One can easily show by induction that, for any integer n > 1, 
we have B CY 2~^B^ and therefore 

Be p)(y + 2-"B). 

n>l 

In particular, if x G B, there exists for all n > 1 a t/n C T such that 
W^—UnW < 2“^^. We deduce that B cY. Since Y is finite-dimensional, hence 
complete, hence closed in X, it follows that B C Y and, by homogeneity, 
X = Y. □ 

We remark that any space with the discrete metric (defined by d{x, y) = I 
if X ^ y and d{x, x) = 0) is locally compact. 

Here is a simple but important consequence of the definition of local 
compactness. 

Proposition 1.2 If X is a locally compact space, there exists for every 
X £ X and for every neighborhood V of x a real number r > 0 such that 
B{x,r) is compact and B{x,r) C V. 

Proof. Just choose r = min(r',r"), where r' and r" are such that B{x,P) 
is compact and H(x, r") dV. □ 

Corollary 1.3 Let X be locally compact. If O is open in X and F is 
closed in X, the intersection Y = OC\F (with the induced metric) is locally 
compact. 

Proof. Take x £ Y. By the preceding proposition, there exists r > 0 such 
that B{x, r) is compact and contained in O. Then B{x, r)C\Y = B{x, r)C\F 
is compact. □ 

In particular, every open set in a finite-dimensional normed space is 
locally compact. 
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Corollary 1.4 Consider a locally compact space X, a compact subset K 
of Xj and open subsets Oi, . . . ,On of X covering K. There exist compact 
sets iiTi, . . . , Kn with Kj C Oj for each j and such that 

n 

Kc\Jki. 

J =1 

Proof. By Proposition 1.2, for all points x o^ K there exists j e {1, . . . , n} 
and a compact set Kx such that x G Kx C Kx C Oj. By the Borel- 
Lebesgue property, K can be covered by finitely many of these interiors: 

p 

Kc\Jk,,. 

1=1 

Now set Kj = [jx^ cOj 1 ^ j < Then 

j=l j=l K^.cOj 1=1 

and, sure enough, Kj C Oj. □ 

The next result is about the separability of locally compact spaces. 

Proposition 1.5 Let X be a locally compact space. The following prop- 
erties are equivalent: 

i. X is separable. 

ii. X is a -compact. 

iii. There exists a sequence {Kn) of compact sets covering X and such that 
Kn C Kn +1 for all n eN. 

Proof. It is clear that iii implies ii. The implication ii i is a particular 
case of Proposition 2.2 on page 8. 

Now suppose that X is separable and let (xn) be a sequence dense in 
X. Set A = {(n,p) G N X N* : B{XnA/p) is compact}; we will show that 
the family ^ = {B{xnA/p)){n,p)eA covers X. Take x e X and let r > 0 
be such that B{x^r) is compact. Then take p G N* such that 1/p < r/2 
and n G N such that d{x,Xn) < 1/p. One sees that x G B{xnA/p) C 
B{x,2/p) C B{x,r). Therefore B{xnA/p) is compact and x belongs to 
some element of This shows that i implies ii. 

Finally, we show that ii implies iii. Suppose that X is cr-compact and 
let (Ln) be a sequence of compact sets that cover X. We construct the 
sequence {Kn) by induction, as follows: set Kq = Lq and, for n > 1, choose 
Kn such Kn-i U Ln-i C Kn (using Corollary 1.4). □ 

A sequence {Kn) of compact sets that covers X and satisfies Kn C Kn-\-l 
for all n is said to exhaust X. 
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Proposition 1.6 Let {Kn) he a sequence of compact sets that exhausts a 
metric space X . For every compact K of X there exists an integer n such 
that K c Kn> 

Proof The open sets Kn cover K. By the Borel-Lebesgue property, K is 
in fact contained in a finite union of sets Kn’. but Uj<n ^3 ~ ^ 



Continuous Functions on a Metric Space 

We now introduce various spaces of continuous functions on a metric space 
{X,d). 

We denote by C^(X), or simply by Cs{X), the vector space over K con- 
sisting of bounded continuous functions / : X -> K; recall that / being 
bounded means that sup^.^;,^ |/(x)| < -hoc. We give Cf{X) the uniform 
norm (or norm of uniform convergence), defined by 

ll/ll = sup|/(a;)|. 

xex 

With this norm, C^{X) is a Banach space. 

We say that a function / : X — > K tends to zero at infinity if for all 
e > 0 there exists a compact subset X of X such that \f{x)\ < e for all 
X ^ K. We denote by C^{X) or Co(X) the vector space over IK consisting 
of continuous functions X — > K that tend to 0 at infinity. It is easy to 
check that Co(X) is a closed subspace of Ch{X)\ therefore Cq{X) with the 
uniform norm forms a Banach space. 

We remark that Dini’s Lemma (Proposition 1.2 on page 29) can be gen- 
eralized to Cq (X): 

Proposition 1.7 Let (/n)neN he an increasing sequence in Cq (X), con- 
verging pointwise to a function f e Cq{X). Then (fn) converges uniformly 
to /. 

Proof We show that the sequence (gn) defined by gn = f — fn converges 
uniformly to 0. Given £ > 0, there exists a compact K such that go{x) < e 
for all X ^ K. By Dini’s Lemma, there exists an integer n such that gn{x) < 
€ for all X e K. Since the sequence {gn) is decreasing, this implies that for 
all p > n and all a: G X we have 0 < gp{x) < e. □ 

The support of a function / : X -> IK, denoted Supp/, is the clo- 
sure of the set {x e X : f{x) ^ 0}. Thus Supp/ is the complement of 
the largest open set where / vanishes, this latter set being of course the 
interior of /~^({0}). We denote by Cj^(X) or Cc{X) the vector space over 
IK consisting of the functions X K having compact support. Clearly 
Cc{X) is a vector subspace of Cq(X), but not in general a closed one; 
see Corollary 1.9 below, for example. Naturally, if X is compact we have 
Ce(X) = Co(X) = Cb{X) - C(X). 
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Finally, we denote by C^{X), C^{X), and C+(X) the subsets of C^(X), 
C^{X), and Cf{X) consisting of functions that take only positive values. 

Proposition 1.8 (Partitions of unity) Let X he locally compact. If K 
is a compact subset of X and Oi , . . . , On are open subsets of X that cover 
Kj there exist functions (fi^...,(pn in Cf{X) such that 0 < < 1 and 

Supp (fj C Oj for each j and 

n 

(Pj (x) = 1 for all X e K. 

j=i 

Proof Let Ki,. ..,Kn be the compact sets whose existence is granted by 
Corollary 1.4. We just have to set, for x e X, 

^ d{x,X\Kj) 

d{x,K)-\-Y:k=id{x,x\kky 

In particular, Supp pj C Kj C Oj. □ 

A family {pi, . . . , pn) satisfying the conditions of the proposition is called 

a partition of unity on K subordinate to the open cover Oi, . . . , On- 

Corollary 1.9 If X is locally compact, Cc{X) is dense in Cq{X). 

Proof. Take / G Cq{X) and £ > 0. Let X be a compact such that |/(x)| < e 
for all X ^ K. Applying Proposition 1.8 with n = 1 and Oi = X, we find a 
p G Cf(x) such that 0 < (p < 1 and p = 1 on K. Then fp G Cc(X) and 
||/-/^||<^. □ 

Corollary 1.10 Let X be locally compact and separable and let O be open 
in X. There exists an increasing sequence {pn) of functions in C^{X), each 
with support contained in O, and such that limn^-i-oo P>n{x) = lo(^) for all 
xeX. 

Proof. O is a locally compact separable space, by Corollary 1.3 above and 
Proposition 2.3 on page 8. By Proposition 1.5 there exists a sequence of 
compact sets (Kn) such that Kn C i^n+i for all n and UneN = O. 
By Proposition 1.8 there exists for each n a map pn G Cf(x) such that 
0 < Pn < I, Pn\Kr, = '^1 and Supp Pn C i^n+ 1 - The sequence (pn) clearly 
satisfies the desired conditions. □ 

To conclude this section, we observe that Cb{X) is a algebra with unity, 
that Cc{X) and Co{X) are subalgebrcis of Cb{X) (without unity if X is not 
compact), and that Cf{X), Cq{X) and C®(X) are also lattices. 
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Exercises 

1. a. Let X be a metric space. Prove that, if there exists a real number 

r > 0 such that all closed balls of radius r in X are compact, then 
X is complete. 

b. Find a locally compact metric space X such that, for all x C X, 
there is a compact closed ball of center x that is noncompact. 

c. Find a locally compact metric space that is not complete. 

d. Find a complete metric space that is not locally compact. 

2. a. Let (Xi,di) and (X 2 ,d 2 ) be locally compact metric spaces. Prove 

that X\ X X 2 , together with the product metric given by d{x,y) = 
d\{xi,yi) +^ 2 ( 2 : 2 ? 2 / 2)5 is locally compact, 
b. Let ((Xp, be a sequence of locally compact, nonempty met- 
ric spaces, and set X = IlpeN product metric d (see 

page 13). 

i. Take x e X and r E (0, 1]. Prove that if n and n' are integers 
satisfying 2“^ < r < 2“^', then 

n n' 

X J] Xp C B{x, r) C n Sp(xp, 2^r) x J] Xp, 

p=0 p>n p=0 p>n' 

where jBp( • , • ) and • , • ) represent open balls in (Xp, dp) and 
(X, d), respectively. 

ii. Prove that (X, d) is locally compact if and only if all but a finite 
number of factors (Xp,dp) are compact. 

3. Let X be a metric space and Y a subset of X. 

a. Prove that B{x, r)nY C B{x, r) C\Y for all x G T and r > 0. Deduce 
that, if B{x^r) Pi F is compact, then B{x,r) nY CY. 

b. Suppose that T, with the induced metric, is locally compact. Show 
that there exists an open subset O of X such that Y = OC\Y. This 
gives a converse for Corollary 1.3. 

4. Show that an infinite-dimensional Banach space cannot be cr-compact. 
Hint. Use Baire’s Theorem (Exercise 6 on page 22). 

5. a. Prove that every metric space that can be exhausted by a sequence 

of compact sets is locally compact, 
b. Find a cr-compact metric space that is not locally compact. 

6. Baire^s Theorem^ continued. Let X be a metric space. Recall from Ex- 
ercise 6 on page 22 the game of Choquet between Pierre and Paul. 

a. Prove that Paul has a winning strategy if X is locally compact. 
Deduce that in X no open set can be a union of a countable family 
of closed sets with empty interior. 

Hint. The intersection of a decreasing sequence of nonempty com- 
pact sets cannot be empty. 
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b. Take X = M \ Q, with the usual metric. Prove that X is neither 
complete nor locally compact (you can use Exercise 3 above, for ex- 
ample), but that Paul nonetheless has a winning strategy, so Baire’s 
Theorem is valid in X. 

Hint Take an enumeration of the rationals, say Q — {rn}neN- Show 
that, whenever Pierre plays Un^ Paul can respond with 14 == /n \Q» 
where In is a nonempty open interval in R such that In\Q C Un, 
d{In) < '^/n, and rn ^ /n- 

7. Alexandroff compactification. Let {X, d) be a separable and locally com- 
pact metric space. Set X = XU {oo}, where oo is a point that does not 
belong to X, We wish to define on X a metric that extends the topology 
of X and that makes X compact. To do this, let (14)nGN be a countable 
basis of open sets in X (see Exercise 1 on page 10), and put 

^ = {(Pj 9) C : 14 C Ig and Vp is compact }. 

This set is countable; let ^ — {(Pn)^n)}neN be an enumeration of it. 
For each n, let be an element of Cc{X) such that 0 < (pn < I 
everywhere and Pn = ^ on Vp^ , and whose support is contained in 
Put </?n(oo) = 0. Then, for x,y e X, define 

+00 

n=0 



a. Prove that 5 is a metric on X. 

b. Let {xj)j^^ be a sequence in X, Prove that limj-^-^oo^{xj,oo) = 0 
if and only if, for any compact if in X, there is an integer J such 
that Xj ^ K for j > J. (In this case we say that the sequence (xj) 
tends to infinity.) 

c. Let be a sequence in X and x a point in X. Prove that 

limj_^.+oo d{xj,x) = 0 if and only if limj^^-oo S{xj,x) = 0. Together 
with the preceding result, this shows that the convergence of se- 
quences in X, and therefore the topology of (X, 5), does not depend 
on the choice of d and 6. 

d. Prove that (Jf , 5) is a compact metric space. 

e. Prove that X is compact if and only if 00 is an isolated point of X. 

f. We now suppose that X = R^. Prove that X is homeomorphic to 

Sd: the (euclidean) unit sphere in that is, 

✓ d-\-l 

5d = i X e = 1 

with the distance induced by the euclidean norm in 
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Hint. Use stereographic projection., the map (p : defined by 

(p{0 , . . . , 0, 1) = 00 and 

= ) for a; ^ (0,..., 0,1). 

g. Prove that Cq(X) can be identified with the space of continuous 
functions on X that vanish at oo. 

h. Deduce that Cq{X) is separable. 

i. Prove that the Stone- Weierstraiss Theorem, stated in Exercise 8b on 
page 41 for R, generalizes to the case where R is replaced by X. 

j. AscolVs Theorem in Cq{X). Prove that a subset H of Cq{X) is rel- 
atively compact in Cq{X) if and only if it is bounded and equicon- 
tinuous and satisfies the condition that for every e > 0 there exists 
a compact subset K o^ X such that |/i(x)| < e for every x E X \ K 
and every h G H. 

8. Let X be a locally compact space. Prove that X is separable if and only 
if Cq{X) contains a function taking positive values everywhere. 

Hint. X is separable if and only if it is cr-compact. 

9. Let (X, d) be a metric space. 

a. Prove that Cb{X) and Cq{X), with the uniform norm, are Banach 
spaces. 

b. Prove that X is compact if and only if every continuous function 
from X into R is bounded. 

Hint. Show that, if X is not compact, there exists a sequence (xn)neN 
in X having no convergent subsequence and a sequence (rn)neN of 
positive real numbers tending toward 0 and such that the balls 
B{xn,rn) are pairwise disjoint. Then consider where 

= (l -rf(x,a;„)/r„)+. 

c. Prove that Cb(X) is separable if and only if X is compact. 

Hint. Suppose that X is not compact and define, for each a e 
{0,1}^, a function fa by setting fa = where the pn 

are as in part b. Prove that fa G Cb{X) and that Wfa-f/sW = 1 if 
a ^ (3. Then use Proposition 2.4 on page 9. (Side question: Among 
the functions fa, how many have compact support?) 

10. Tietze Extension Theorem j continued. Let X be a locally compact 
space, K a compact subset of X, and / a continuous function X ^ K. 
Prove that there exits a function / G C'c(X) such that /|k — / and 
||/|| = maXx€K \f{x)\. 

Hint. Use Exercise 7 on page 40 and Proposition 1.8 above. 

11. Extend the result of Exercise 1 on page 30 to the case where X is 
separable and locally compact and C{X) is replaced by C'o(X). 

Hint. One can use Exercise 7 to reduce the problem to the one covered 
by the original result. 
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12. Topology of uniform convergence on compact sets. Let X be a separa- 
ble, locally compact metric space and {Kn) an exhausting sequence of 
compact sets of X. Let C{X) be the vector space consisting of continu- 
ous functions from X into K. For each element f of C{X) define a real 
number q(f) as 

+ 00 

?(/) = 

n=0 

where || • ||iCn represents the uniform norm on Kn- 

a. Prove that the map d : {f^g) ^ g{f—g) is a metric on C{X). 

b. Let {fk)kef^ ^ sequence of elements of C{X) and let / be an 
element of C(X). Prove that (fk) converges to / uniformly on every 
compact of X if and only if limfc_>+oo d(/fc, /) = 0. 

c. Prove that the metric space (C{X),d) is complete. 

d. For n G N, let {^n,p)peN be a dense sequence in C{Kn)- We know by 
Exercise 10 above that we can extend each (pn,p to a function (fn,p ^ 
Cc{X). Prove that the family {Tn,p)(n,p)eN^ i^ dense in (C(X),d). 

e. Deduce that the metric space (C{X), d) is separable and that Cc{X) 
is dense in (C(X),d). 

f. Deduce that (Cb{X)^d) and (Co(X),d) are complete if and only if 
X is compact (see Exercise 9b above). 

g. Ascoli’s Theorem in C{X). Let be a subset of C{X). Prove that 
H is relatively compact in {C{X),d) if and only if it satisfies the 
following conditions: 

- H is equicontinuous at every point of X. 

- For every point x of X, the set {h{x)}heH is bounded. 

Hint. Carry out the diagonal procedure using Ascoli’s Theorem on 
each compact Kn- 



2 Daniell’s Theorem 

This section approaches integration from a functional point of view. We as- 
sume the reader is familiar with the set-theoretical approach to integration, 
where a measure is defined as a cr-additive function on sets. 

Notation. Let X be any nonempty set. We denote by ^ the vector space 
over R consisting of all functions from X to R. This space, with the usual 
order relation, is a lattice: If / and g are elements of 

(sup(/,g))(x) = max(/(a;),p(x)) and (inf(f,g))(x) = min(f(x),g(x)). 

If (fn) is a sequence in and / is an element of we write /n / to 
mean that the sequence (fn) is increasing and converges pointwise to /; 
the meaning of fn \ f is analogous. 
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As before, we use the same symbol for a constant function and its value. 

If m is a measure on a cr-algebra of X, we denote by ^ (m) the subspace 
of ^ consisting of m-integrable functions. As usual, we denote by L^(m) 
the quotient vector space of by the equivalence relation given by 

equality m-almost everywhere, endowed with the norm defined by ||/|| = 
/ I/I dm (we use the same symbol / for an equivalence class and one of its 
representatives). The normed space L^(m) is then a Banach space. 

During the remainder of this section^ we consider a vector subspace L of 
^ that is a lattice (this is equivalent to saying that f £ L implies |/| G L) 
and satisfies the folloiving condition: 

There exists a sequence {(fn) L such that cpn 1- (*) 

We will denote by a{L) the cr-algebra generated by L, that is, the smallest 
cr-algebra of X that makes all elements of L measurable. Finally, let ^ be 
the set of functions from X to R that are a(L)-measurable. 

Lemma 2.1 is the smallest subset of ^ that contains L and is closed 
under pointwise convergence (the latter condition means that the pointwise 
limit of any sequence in ^ is also in ^). 

Proof It is clear that a minimal set satisfying these conditions exists. Call 
it 



- ^ is a vector subspace of ^ and a lattice y and it contains the constants. 

Proof If A G R, the set {/ G : A/ G contains L and is closed 
under pointwise convergence, so it contains Therefore / G ^ and 
A G R imply A/ G SS. 

Similarly, for every g e L, the set {/ G : / + ^ G contains 
so the sum of an element of L and one of ^ is in Using the same 
reasoning again we deduce from this that, for every / G the set 
{/iG^:/ + /iG contains Thus the sum of two elements of ^ 
is in and ^ is a vector space. 

Since L is a lattice we see by considering the set {/ G ^ : |/| G <^} 
that is a lattice as well. That ^ contains 1 and therefore all constants 
follows from condition (*). □ 

- We now show that ^ Set ^ = {A d X : \a ^ By the 

preceding paragraphs, ^ is a cr-algebra. If / G L and a G R, the charac- 
teristic function of the set {/ > a} is the pointwise limit of the sequence 
(inf(n(/— a)“^, 1)), and so belongs to and {/ > a} G ^ . Thus the 
elements of L are ^^-measurable, which implies that cr{L) C in other 
words, 1 a € for A G (j{L). Since every (j(L)-measurable function is 
the pointwise limit of a(L)-measurable piecewise constant functions, we 
deduce that Jjf C ^ and, by the minimality of that ^ □ 
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Example. Let X be a metric space. Recall that the Borel a-algebra of 
X is the smallest cr-algebra of X that contains all open sets of X, and that 
the corresponding measurable functions are called Borel functions. 

Proposition 2.2 If X is a metric space, the set of Borel functions from 
X to R is the smallest subset of S' that contains all continuous functions 
from X to R and is closed under pointwise convergence. 

Proof. Let L be the set of continuous functions from X to R. Then L 
is a lattice and satisfies (*), since 1 G L. On the other hand, let ^ be 
the Borel o--algebra of X. Certainly every continuous function on X is 
measurable, so o’(L) C Conversely, every open set of X is contained 
in cr{L): to see this, note, for example, that U is the inverse image of the 
open set R* under the continuous function / defined by f{x) = d{x,U^). 
Thus ^ C cr(L), which implies ^ = (t{L). Now apply Lemma 2.1. □ 

Remark. One should not confuse with the set of pointwise limits of 
sequences in L, which is generally strictly smaller that . In the situation 
of the preceding example, this smaller set is called the set of functions of 
first Baire class: see Exercise 4. 

The rest of this section is devoted to the proof of the following result: 

Theorem 2.3 (Daniell) Let pi he a linear form on L satisfying these 
conditions: 

1. p is positive, that is, if f £ L satisfies / > 0 then pi{f) > 0. 

2. If a sequence (fn) in L satisfies fn \ 0, then limn->-i-oo P'ifn) = 0. 

Then there exists a unique measure m on the a-algebra (t{L) such that 

L C and p{f) = / f dm for all f e L. 

Uniqueness of m. Suppose that two measures m\ and m 2 satisfy the stated 
properties. Let {<pn) be a sequence satisfying condition (♦) on page 58. For 
every n G N and every real A > 0, the set 

|/ e ^ : J Xipn) dmi = j inf{f^,Xipn)dm‘ 2 ^ 

equals by the minimality of (proved in Lemma 2.1) and the Domi- 
nated Convergence Theorem. Making n go to infinity, then A, we conclude 
by the Monotone Convergence Theorem that f f^ dm\ = J f^ dm 2 for all 
/ G Therefore mi = m 2 on cr(L). □ 

Existence of m. The proof of existence is rather long and is carried out in 
several steps. First of all, let ^ be the set of functions from X into R that 
are pointwise limits of increasing sequences of elements of L. The measure 
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m is constructed by first extending the linear form ^ to ^ (steps 1-3), 
then to the space defined in step 6 below. Some properties of and of 
/i are established in step 7, allowing us to conclude the proof in step 8. 

1. The set ^ contains the positive constants , is closed under addition and 
multiplication by nonnegative reals, and for any pair (/, g) of elements 
of ^ , we have sup(/, p) G ^ and inf(/,^) G ^ . Moreover ^ is closed 
under pointwise convergence of increasing sequences. 

Proof Only the last assertion requires elaboration. Let (fn) be an in- 
creasing sequence in ^ converging toward an element / of By 
assumption, there exists, for any n G N, a sequence (^n,m)m6N in L 
that is increasing and converges to /„. For each m G N, set hm — 
supo<n<m Pn,m- dear that (hm)meN is an increasing sequence in L 
and that pn,m < /m if > n. Making m go to infinity in this 

inequality, we get fn < limr^_).^-oo hm < f] then making n go to infinity, 
we get hm f, which shows that / G □ 

2. Let (fn) and (gn) be increasing sequences in L, converging pointwise to 
elements f and g of ^ , respectively. If f < g, then 

lim p(fn) < lim p(gn) < -hoc. 

n->+oo n— >-+oo 

Proof. By linearity and positivity, the linear form p is increasing on L 
{f < g implies L(f) < L(g)). On the other hand, for each n G N, we 
have mi{fn,gm) /" fnS&m goes to infinity, so linim_y+oo /x(inf(/„,pm)) 
— g'(fn), by assumption 2 of the theorem applied to the sequence 
(/„ - inf(/„,pm))m- It follows that /i(/„) < limm-H-ooM(ffm) for all 
n G N, and this shows the result. □ 

3. We extend /i to by setting p(f) = limn->+oo ^(/n), where / G ^ 
and (fn) is an increasing sequence in L that converges to / pointwise. 
By step 2, /i is well-defined and increasing on and it takes values 
in (— 00 , H-oo]. Moreover, p is additive (that is, p(f + g) = p(f) + p(g) 
toT f,g G and, for all / G and every nonnegative real A, we 
have p(Xf) = Xp(f), with the usual convention 0-oc = 0. Now, if (fn) 
is an increasing sequence in ^ that converges to f G pointwise, 
Kf) = lim„^.+ooM(/n)- 

Proof. By step 1, / is in Using the same notation as in the proof of 
that step, we can write 

p(f) = lim p(hm) < lim p(fm)\ 
m^-foo m-^-foo 



the reverse inequality is a consequence of the fact that p is increasing 
in □ 
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4. We now extend /i to by setting /i(— /) = ~m(/) for / G This 

gives no rise to inconsistencies: if / E ^ n (— "^), then / + (— /) = 0 
and therefore /i(/) + = 0 and /i(/) = — /^(— /)• It is also clear 

that 

Kg — h) = Kg) ~ if ^ ^ and h E — 

In particular, if p E and h E — then h < g implies //(ft) < 

5. Let be the set consisting of elements / E such that there exist 

g E ^ and ft E — with Kg) finite and h < f < g. For 

/ E y, we put 

/i*(/) = inf{Kg) :g and g> f} eR, 

A^*(/) = sup{/x(ft) : ft E — ^ and ft < /} E M. 

The following properties follow easily from steps 3 and 4: 

- For every f £ y and every nonnegative real A we have //♦(/) < 

M*(/), M*(-/) = = '^/^*(/). and M*(V) = A/x,(/). 

- For every pair (/i,/ 2 ) of elements of we have + f 2 ) < 

M*(/i) + /^*(/ 2 ) and /i,(/i + / 2 ) > A**(/i) + /i.(/ 2 )- 

- For every pair (/i,/ 2 ) of elements of y such that /i < / 2 , we have 
M*(/i) < Kif 2 ) and /i*(/i) < /i*(/ 2 ). 

6. We extend // to the set = {f e y : K{f) = A^*(/)} putting 
^(/) = //*(/) = //*(/), for / E LL This definition is clearly consistent 
with the ones given in steps 3 and 4 for elements of ^ and — Note 
that is a vector space containing L and that // is a positive linear 
form on 

7. Some properties of and p 

a. The vector space is a lattice. 

Proof. Notice first that an element / of belongs to if and only 
if for all 6: > 0 there exist ^ E ^ and ft E such that h < f < g 
and p{g) - //(ft) = Kg — h) <e. 

Now take / E and e > 0, and choose ^ E ^ and ft E as 
just described. Then g'^ and h~ are in and and ft“‘" are in 
— furthermore, g~ < |/| < ft“ -f On the other hand, 
//(ft- + 5 f+) - //(ft+ + g~) == p{g -h) <€. □ 

b. Let {fn) be an increasing sequence in that converges pointwise to 
a function f. In order that / E zHs necessary and sufficient that 
liuin-^^oo p{fn) < +00 and that there be an element g of ^ such 
that f <g> If this is the case, Kf) — fiui^-^+oo A^(/n)- 

Proof. The condition is clearly necessary; we show sufficiency. Since 
/ > /o, there exists ft E such that //(ft) is finite and h < f. 
At the same time, //*(/) > limn->-foo Kfn)- Now take € > 0. There 
exists a sequence {g^) in ^ satisfying /o < po? A^(5'o) < A^(/o) + ^/2 
and, for all n E N*, 

fn ~ fn—l ^ gn Und //(^n) ^ Kfn ~ fn—l) +2 
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Set I = 9p,g)- Then I e hy step 1; also, I > f and 



+00 

< YlKgp) < lim ^l{fn) + £ 

' n^-foo 

p=0 

(see step 3). It follows that f £ f and 

M*(/)=M*(/)= lim M(/n)- □ 

n— >-|-oo 

c. Let {fn) be a sequence in converging pointwise to f. If there exists 
an element g of y such that \fn\ < g for all n G N, then / G I/^ and 
//(/) = limn->+ooM(/n). 

Proof Clearly f e y and, for all n, the function hn defined by 
hn ~ lim inf fk 

p->+oo n<k<p 

belongs to y . Moreover, hn f. We deduce, by an application of 

7a and two of 7b, that f e and /x(/) < liminffc_^ 4 .oo One 

shows likewise that p{f) > lim supfc_^_|_oo Kfk)- □ 

d. If g e and / G satisfy 0 < f < g, then f e L^. 

Proof Assume g G satisfies g >0. The set 

{/e^;inf(/+,5)€L^} 

contains L, by steps 6 and 7a; by step 7c, it is closed under point- 
wise convergence. Therefore it contains .if, by Lemma 2.1. This im- 
plies the desired result: if / G .if and 0 < f < g, then f = f~^ = 
inf{f-^,g) e L^. □ 

8. Definition of the measure m. For A G cr(L), we set m{A) = p{Ia) if 
1a ^ L^ and m{A) = -foo otherwise. All that remains to do is prove 
that m satisfies the properties stated in the theorem. 

- cr-additivity of m. If A and B are disjoint elements of cr(L), there 
are two possibilities: either 1^ and 1b are both in L^, in which 
case m{A \j B) = m{A) -f m{B)\ or one of 1a and 1 b is not in 

in which case neither is Iaub (by step 7d), and we still have 
m{A U B) = m{A) -}- m{B), Now let (An) be an increasing sequence 
of elements of cr{L), with union A, If all the 1 a„ are in L^, we have 
lim^i^+oo = m{A) by step 7b; otherwise, by 7d, we have 

1a ^ L^ and 1 a„ ^ L^ for large enough n, and limn-^-i-oo m(An) = 
+00 = m{A). 

- Finally, take / G nj^ with / > 0. The function / is the pointwise 
limit of an increasing sequence of piecewise constant positive func- 
tions that belong to »Sf, and so also to by step 7d. By applying 
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the Monotone Convergence Theorem to the measure m and using 
property 7b for we conclude that / E and f f dm = m(/)> 

and in fact that this equality holds for all / E D and so for 
/ E L since L C C\ . This proves Theorem 2.3. □ 

The next proposition follows quickly from the preceding proof. 

Proposition 2.4 Under the same assumptions and with the same nota- 
tion as in Theorem 2.3, the space L is dense in the Banach space L^(m). 

Proof. We maintain the same notation. It suffices to show that if A is in 
cr(L) and m{A) is finite then for every e > 0 there exists an element (f 
of L such that p[\Ia ~ < £. If £ > 0, there exists *0 E such that 

1a < '0 and < /i(lA) + £/2. Now let (f e L be such that (f < and 

+ £/2. Since |1 a - < ('0 - 1a) + and -0 E by 

step 7b, the desired result follows. □ 

Exercises 

1. a. Let be a set and S a cr-algebra on Q. (recall that the pair 

is then called a measure space). Let L be a vector subspace of the 
space of real- valued E-measurable functions, such that L is a lattice, 
cr(L) = E, and L contains an increasing sequence that converges 
pointwise to 1. 

i. Let mi and m 2 be measures on (fi, E). Prove that, if L C 
Jjf^(mi) n »Sf^(m 2 ) and f fdmi = f f dm 2 for all f ^ L, then 
mi = m 2 . 

ii. Let m be a measure on (ft, E) and h a complex-valued E-mea- 
surable function such that, for all f e L, the product fh is 
in Jjf^(m) and f fhdm = 0. Prove that h vanishes m-almost 
everywhere. 

b. Assume that Q = and that E is the Borel cr-algebra. Let Q be 
the set of subsets of of the form [ai,6i] x ••• x [ad,bd], with 
aj^bj E R and Oj < bj. A Borel function h from R^ to C is called 
locally integrable if \h{x) \ dx < -hoo for all C E Q, where dx is 
Lebesgue measure on R^. Prove that if a locally integrable function 
h : R^ -> C satisfies h{x) dx = 0 for all C E Q, it vanishes 
da?-almost everywhere. 

Hint. Prove that f f{x)h{x) dx = 0 for all / E Cf{R^). 

c. Let m be a Borel measure on R and let h be an m-integrable Borel 
function from R to C. Prove that if 

J e^^'^h{y) dm{y) = 0 for all a: E R, 

then h vanishes m-almost everywhere. 
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Hint. Prove, using Fubini’s Theorem and Exercise 8e on page 42, 
that f f{y)h{y) dm{y) = 0 for all / G Co(M). 
d. Prove likewise that, if m\ and m 2 are Borel measures of finite mass 
on R such that 



then mi = m 2 - 

2. The monotone class theorem. Let be a set. A subset ^ of ^{Cl) is 
called a monotone class if it satisfies the following properties: 

- ft G 3^. 

- If T,5 G ^ and T c 5, then 5\T G 

- For every increasing sequence (Tn)n€N in the set UneN 



Let ^ be a subset of ^{fi) closed under finite intersections (this means 
that the intersection of two elements of ^ is in ^). Show that the small- 
est monotone class containing ^ is closed under finite intersections, and 
therefore is a cr-algebra. 

Hint. Use for inspiration the proof of Lemma 2.1 on page 58. More 
precisely, denote by ^ the smallest monotone class containing ^ ; show 
first that the set of T G ^ such that Tfl A G for all A G ^ coincides 
with ^ . 

3. Let X be a locally compact and separable metric space. 

a. Set L = Cf{X). Prove that L satisfies the assumptions of this sec- 
tion. In the sequel, as in the proof of Theorem 2.3, we will denote 
by ^ the set of pointwise limits of increasing sequences in L. 

b. Take / G Prove that / is lower semicontinuous (which means 
that for all real a the set {/ > a} is open) and that the set {/ < 0} 
is relatively compact. 

c. Let / be a lower semicontinuous function from X to R taking non- 
negative values. 

i. Prove that, for all point x of X, 



ii. Let {Kn) be a sequence of compact sets exhausting X. Prove that 
for every n G N* there exists (fn G C'^{X) such that (fn ^ f and 
^n{^) > f{x) - 1 /^ for all X G Kn- 

iii. Prove that the sequence {(pn) converges pointwise to /; then 
prove that f G^ . 

d. Let / be a lower semicontinuous function from X to R such that the 
set AT = {/ < 0} is compact. 




/(x) = sup </?(x). 
^<f 
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i. Prove that / is bounded below. 

ii. By reducing to the case treated in the preceding question, deduce 
that / E 

Hint. If K is nonempty, consider the function / + with <p G 
(X) such that - inf^cx /(a?) on K. 

e. Deduce that ^ D ~ Cf{X). 

Functions of first Baire class. A function from E to E is of first (Baire) 
class if it is the pointwise limit of a sequence of continuous functions 
from E to E. We denote by ^ the set of such functions. If / is a function 
from E to E, we write ||/|| = sup^-^i^ |/(ar)| (so ||/|| can be +oo). We 
say that a function / from E to E is -measurable if, for every open 
subset [/ of E, the set f~^(JJ) is an that is, a union of countably 
many closed subsets of E. 

a. Prove that the uniform limit of a sequence of functions of first class 
is a function of first class. 

Hint. Let (/n) be a sequence of elements of ^ that converges uni- 
formly to a function /. After passing to a subsequence if necessary, 
we may assume that \\f ~ fn\\ ^ 2"^ for every n G N. Thus / is the 
uniform limit of the series of functions ~ f^-i) (where by 

convention /_i — 0). Prove that there exists, for each integer n > 1, 
a sequence {^Pn)ke^ of continuous functions that converges pointwise 
to fn - /n-i and satisfies \\<Pn\\ S for all k eN. Then prove 

that the sequence of functions {'ipn) defined by 

^ 

converges pointwise to / — /q. 

b. Prove that every function of first class is F^-measurable. 

c. Prove that ^ is not closed under pointwise convergence. 

Hint Let {fm)meN be the sequence in ^ defined by 

/m(^) = lim cos(m!7Tx)^’^. 

n— >+oo 

Prove that it converges pointwise to the function 1 q ; then use Exer- 
cise 6g-ii on page 23 to show that 1 q ^ 

d. Let / be a function of first class from E to E. 

i. Let (C/n)neN he a basis of open sets of E (see Exercise 1 on 
page 10) and, for each n G N, set An — /”^(f^n) \Int(/~^(f/n))- 
Prove that all the An are F^'s having empty interior, and that 
the set of points where / is not continuous is IJneN 

ii. Deduce that the set of points where / is continuous is a G§ (that 
is, the complement of an F(^) and is dense in E. 

Hint. Use Baire’s Theorem, Exercise 6 on page 22. 
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iii. Use this to give another proof that the function 1q is not of first 
class. 

e. Let {Uk)keN be a sequence of open sets in IR and set G = H^gn 
P rove that there exists a function / of first class such that G = 

Hint. Prove that, for every fc G N, there exists a continuous function 
fk such that Uk = Then, for fc G N and a; G M, set gk{x) = 

linin->+oo Prove that the function / = satisfies 

the desired conditions. 

f. Let / be a bounded and -measurable function from R to R. We 
wish to show that / is of first class. Choose (a, h) G R^ such that 
a <h and /(R) C [a, h\. Choose also £ > 0 and a subdivision (ao = a, 

, an = b) of [a, 6] with step at most e (this means that 0 < 
Qi — tti-i < e for 1 < i < n). 

i. Prove that, for each i G {1, . . . , n}, there exists fiG^ such that 
/r'({0}) = {a i-i < f < ai}. In the sequel we will also write 

fo = /n+l = L 

ii. For each i G {1, . . . , n}, set 

i-l 

Vi = 

j=0 

Prove that gi G (Note that is never zero.) 

iii. Set g = ao “ (^i-i)gi- Prove that g G ^ and that 

Up -/II <^- 

iv. Prove that f G 

g. Prove that every measurable function / is of first class. 

Hint. If / is unbounded, consider /=(!-[- 

h. A function from R to R is of second (Baire) class if it is the pointwise 
limit of a sequence of functions of first class. (Earlier we saw an 
example of a function of second class that is not of first class). By 
working as in the preceding questions, prove that a function / is of 
second class if and only if the inverse image under / of every open 
set in R is a countable union of Gs sets. 

5. Infinite product of measures^ a -compact case. Let X = R^ be the set 
of sequences x = {xn)neN in R, endowed with the product distance 
(defined on page 13). Consider a measure p on the Borel cr-algebra 
of R satisfying p{X) = 1 — in other words, a probability measure on R. 
Denote by L the set of functions (p on X for which there exist an integer 
n G N and a function / G C^(R^'^^) such that ip{x) = /(xq, . . . ,Xn). 
Define a linear form ^ on L by setting, for (f{x) = /(xq, . . . , Xn), 

$(^) = f 



n+1 

= n fi’ 



9i — 









, 2 - 



/(xo, . . . , x„) d/i(xo) . . . dn{Xn)- 
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a. Prove that ^ is well-defined on L (note that the representation 
cp{x) = f{xoy . . . , Xn) is not unique). 

b. Prove that the set L satisfies the conditions of page 58. 

c. Let ^{X) be the Borel a-algebra of the space X. 

i. Let D be a countable and dense subset of X, and let be 
the basis of open sets of X defined in Exercise lb on page 15 
(with Xp = R for all p). Prove that C a{L) and deduce that 
^{X) C g{L) (use Exercise la on page 10). 

ii. Prove that all elements of L are continuous functions on X and 
deduce that ^{X) = g{L). 

d. We wish to show that condition 2 of Daniell’s Theorem is satisfied. 

i. Take a G (0, 1 ). Prove that, for all n € N, there exists a compact 

Kn of M such that p{Kn) > 1 — Then put = 0^=0 
and K = Thus, for each n, the set is compact in 

and K is compact in X (by Tychonoff’s Theorem). 

ii. Prove that, for all n G N, 

j' j Xfi) dpi^XQ^ . . . dfl(^Xn^ ^ ~- 

Hint. Check that the set \ is contained in the union of 
the sets (R\Ko) x R^~\ R x (R\Ki) x R^~^ R^ x (R\^ 2 ) x 
R^~^ .... 

iii. Let {(pk)keN be a decreasing sequence in L converging pointwise 
to 0. Prove that, for all fc G N, 

^(^fc) < sup (fk{x) + ||<^fc|| 7 -^, 
xeK i-a 

where || • || denotes the uniform norm on X. Deduce that 
lim ^{(pk) = 0 . 

fc— )-+oo 

(You might apply Dini’s Lemma (see page 29) to the compact 
space K, then make a vary.) 

e. Show that there exists a unique probability measure 1 / on X such 
that 



/ f{xo,...,Xn)dp{xo)...dp{Xn)= / f {x^, . . . ,Xn) du{x), 

Jx 



for all n G N and / G Cf(R^^^). This measure is denoted u = . 

f. More generally, let (Xn)nGN be a sequence of cr-compact metric 
spaces, each Xn having a probability measure /in- Prove that there 
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exists a unique probability measure v on the space X — YlneN 
(endowed with the product distance) satisfying the equality 



/ f{Xo,...,Xn)dflo{xo)...dHn{Xn)= I f{Xo,...,Xn)dv{x) 
JxM Jx 



for all n e N and / G (where = ]l"=o ^j)- 



3 Positive Radon Measures 

In all of this section we consider a locally compact and separable metric 
space X, We denote by ^{X) the Borel cr- algebra of X. A Borel measure 
on X is a measure on ^{X). If m is a Borel measure, the mass of m is, by 
definition, m{X) — f dm < H-oo. The measure m is finite on compact 
sets if m{K) is finite for every compact K of X. 

Proposition 3.1 Let m he a Borel measure on X. There exists a largest 
open set O such that m{0) = 0. 

The complement of this set is called the support of m, written Supp(m). 

Proof. Let ^ be the set of all open sets of X such that m{Q) = 0. This 
set is nonempty since it contains 0. Set O = \Jne‘^ open set, 

which we must prove has m-measure zero. If K is compact and contained in 

0. it can be covered by finitely many elements of Each of these elements 
has measure zero, so m{K) = 0. But O is cr-compact (being locally compact 
and separable), so it too has measure zero, by the cr-additivity of m. □ 

Examples 

1. For a G X, the Dirac measure at a is the measure Sa that assigns 
the value 1 to a Borel set A if it contains the point a, and the value 0 
otherwise. The support of Sa is clearly {a}. 

2. Take X = and let Xd be Lebesgue measure on X (considered as a 
Borel measure). Naturally, the support of Xd is IR^. 

3. Take g e C+(M'^) and let m be the Borel measure on R"^ defined by 
m{A) = f gl A dXd, for any Borel set A. Clearly, every Borel function / 
such that fg is Lebesgue-integrable is m-integrable, and 

J f dm = j fgdXd- 

We now check that the support of m equals the support of g. Using the 
continuity of g one shows easily that an open set Q of R^ has m-measure 
zero if and only if ^ = 0 on this is equivalent to fl G g -1({0}). In 
the notation of Proposition 3.1, this implies that O = Int(^ ^({O}))? so 
the support of m is the same as that of g. 
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A positive Radon measure on X is a linear form on Cf{X) that 
assigns a nonnegative value to every / e Cf{X) such that / > 0 — in 
short, a positive linear form on Cf{X). We denote by ^XIl'^{X) the set 
of positive Radon measures. This set is clearly closed under addition and 
multiplication by nonnegative scalars. On the other hand, by linearity, if 
/i € dJl~^{X) and if f,g e Cf{X) satisfy f < g, then /x(/) < g>{g). As an 
immediate consequence we have: 

Lemma 3.2 If fi is a positive Radon measure on X, 

|M/)|<MI/I) forallfeCfiX). 

If K is compact in X, we denote by C^{X) (or by Ck{X), if no confusion 
can arise) the set of elements of Cf{X) whose support is contained in K. 
Clearly C^(X) is a subspace of C^(X), closed with respect to the uniform 
norm || • || on C^(X). Henceforth these spaces C^(X) will always be given 
this Banach space structure induced from the one on C^(X). 

Proposition 3.3 Let fi be a positive Radon measure on X. For every 
compact set K in X, the restriction of p to C^(X) is continuous; that is, 
there exists a constant Ck > 0 such that 

|M/)|<Cx ll/ll forallfeC^iX). 

(We say that p is continuous on Cf{X).) 

Proof Let K be compact in X. By Proposition 1.8 on page 53, there exists 
(fK ^ such that 0 < (pK < f and cpK — I on K. Then, for all 

f G C^{X), we have |/| < ||/|| (fK, and, by Lemma 3.2, < m(|/|) < 

ll/ll □ 

If m is a Borel measure on X finite on compact sets, one immediately 
checks that the map p defined on Cf (X) by 

p{f) = J f dm for all / G Cf{X) 

is a positive Radon measure. The main theorem of this section states, 
among other things, that all positive Radon measures on X arise in this 
way: 

Theorem 3.4 (Radon— Riesz) For every positive Radon measure p on 
X there exists a unique Borel measure m finite on compact sets and such 
that 

M/) = jfdm for all f eCf{X). 

The map p^ m thus defined is a bijection between 9Jl“^(X) and the set of 
Borel measures finite on compact sets, and it commutes with addition and 
multiplication by nonnegative scalars. 
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Proof. This will follow as a particular case of Daniell’s Theorem. Set 
L = Cf{X). This space satisfies the assumptions stated on page 58: in 
particular, property (+) follows from Corollary 1.10 on page 53. Now take 

C we will show that assumption 2 of Theorem 2.3 is satisfied. 

Let (/n) be a decreasing sequence in L approaching 0 pointwise. Each 
has support contained in the compact set K ~ Supp/o. Thus, by Dini’s 
Lemma, (/„) tends to 0 uniformly on R": in other words, /„ -> 0 in (7^(X). 
By Proposition 3.3, //(/n) 0. 

Next we check that cr{L) — ^{X). Since every continuous function on X 
is a Borel function, the smallest a-algebra that makes all elements of L mea- 
surable is certainly contained in ^{X)\ that is, a{L) C ^{X). Conversely, 
^{X) C a{L) because every open subset O of X is a(L)-measurable. In- 
deed, with the notation of Corollary 1.10, an element x £ X belongs to O 
if and only if there exists n € N with > 0- Thus O is the (countable) 

union of the sets ((0, -hex))) , which are (j(L)-measurable since the func- 
tions ifn are elements of L. Therefore O is a(L)-measurable and we finally 
conclude that cr(L) = ^{X). 

Finally, we see that a Borel measure m on X is finite on compact sets if 
and only if L c It now suffices to apply Theorem 2.3 to derive the 

existence and uniqueness of m. The remaining statements of the theorem 
are easy to check. □ 

In the sequel we will often identify a positive Radon measure /i with 
the Borel measure m it defines. In particular, we use 
interchangeably for the space of m-integrable K- valued Borel functions, 
and L^(/i) or L^(m) for the associated quotient Banach space. As usual, 
we omit the subscript K if no confusion is possible. Similarly, we can write 
Supp// for Suppm, etc. 

As a consequence of the preceding proof and of Proposition 2.4, we get: 

Proposition 3,5 Let he a positive Radon measure. The space Cf{X) 
is dense in the Banach space L^(/x). 

This of course implies that C^{X) is dense in 

We now look at positive linear forms on Cq{X). Denote by (X) the 
set of positive Radon measures /x of finite mass. Note first that a positive 
Radon measure pt of finite mass can immediately be extended to a linear 
form on Cq (X); just set, for all / e Cq (X), 




where, as announced earlier, we make no distinction between the Radon 
measure and the Borel measure it defines. The linear form thus de- 
fined makes sense (since every continuous function bounded over X is /x- 
integrable), and it is clearly continuous: its norm in the topological dual of 
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Cq is at most /i(X). The next proposition asserts essentially that this 
process yields all positive linear forms on Cq{X). 

Proposition 3.6 For every positive linear form m on Cq{X) there exists 
a unique positive Radon measure p of finite mass and such that m = 
or equivalently such that 

m(/) = Jfdn for all f € C^(X). 

Thus the map p is a bijection between {X) and the set of positive 

linear forms on Cq{X). 

Proof The uniqueness of p clearly follows from the inclusion of Cf{X) in 
Cf{X). The important point is existence. 

We first show that m is continuous. If not, there exists a sequence (/n) 
in Cq{X) such that, for all n, ||/n|| < 1 and lm(/n)l > n. By replacing fn 
by l/nl? we can assume that fn G Cq{X) (note that tn(|/n|) > H/„)| > n 
because m is positive). Now set / = this function is in Cq {X) 

because the series converges absolutely. But, for all integer iV > 1, 



N f, . N . 



n=l 



SO tn(/) = -foo, an impossibility. It follows that m is continuous on C^{X). 

Its restriction to Cf{X) is a positive Radon measure p. Let {(pn) be an 
increasing sequence in C^(X) converging pointwise to 1. By the Monotone 
Convergence Theorem, 



/ dp= lim (fndp= lim m((pn) < ||nT||, 

71 — >^-|-00 J 71 — 

where ||m|| is the norm of m in the topological dual of C^{X). Thus p has 
finite mass and m^{f) = m(/) for all / G Cf{X). Since Cf{X) is dense in 
C^{X) and since and m are continuous, we get m = m^. □ 



Remark. The preceding proof also shows that the mass p{X) of /x equals 
the norm of the linear form in Cq{X)'. 

The rest of this section is devoted to examples. 



3A Positive Radon Measures on M and the Stieltjes Integral 

Let a be an increasing function from R to R. We will construct from a an 
integral — in other words, a positive linear form f ^ J f da — generalizing 
the Riemann integral (which will correspond to the case a{x) = x) . 
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First fix a < 6. For / e C®([a, 6]) and A = {xo = a < xi < • • • < a;„ = 6} 
a subdivision of [a, 6 ] with step (5(A) = maxi<j<n(xj — Xj-{), we write 

n— 1 

5'a(/) = V (a(xj+i) -a(a:j)) max f{x) 

x6[Xj, Xji-f ij 

3=0 

and 

n-l 

6a(/) = V (q!(xj+i) - a(xj)) min /(x). 

j=0 

One checks easily the inequalities 

0 < 5a(/) - 6 a(/) < (a(b) - a(a)) m^ |/(x) - /(p)j, 

|x-y|<<5(A) 

ic,2/6[a,6] 

SO lini5(A)->o(5'A(/) - ^a(/)) = 0 since / is uniformly continuous on [a, 6 ]. 
Next, suppose Ai and A 2 are subdivisions of [a, b] with Ai C A 2 , by which 
we mean that every subdivision point of Ai is a subdivision point of A 2 . 
Then 

©Ai(/) < 6 a 2 (/) and 5 a 2 (/) < S'ai (/)• 

It follows from all this that 

sup6a(/) = inf5A(/) = lim 5 'a(/) = Hm Sa(/)- 

^ A 6 (A)— >0 6 (A)— >0 

The common value of these four expressions is denoted by / da. Thus, 




n — 1 
j=o 



uniformly with respect to sequences (^ 0 , • • • 5 ^n-i) such that G [xj, xj^i] 
for 0 < j < n — 1. We deduce that the map from C® ([a, 6]) to R defined by 
/ f da is 8i positive linear form. 

If a < 6 < c and / G C® ([a, c]), Chasles’s relation is satisfied: 



rC rh pC 

/ f da = f da I f da. 
J a da db 



Therefore, if / G C®(R), the expression f da does not depend on the 
choice of an interval [o, 6] containing the support of /. We denote this ex- 
pression by f f da. Thus, the map / ^ / / da is a positive Radon measure 
on R. The associated Borel measure finite on compact sets (Theorem 3.4) 
is written da, and is called the Stieltjes measure associated with a. 
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Lemma 3.7 Let a be an increasing function from R to R. If a and b are 
real numbers with a <b, then 



da((a,6]) = a{b^) - a(a+), 

where and 0{(64-) denote the right limits of a at a and b. 

Proof Let {(pn)n>i be a sequence in Cf{X) such that 0 < (pn < (fn = ^ 
on [a+l/n, 6-1/n], and pn = 0 onR\[a + l/(n4-l), b - l/(nH-l)]. Then 






By passing to the limit, we get 



da{{a,b)) = a(6_) - a(a.)_), 



(*) 



where a{x-) is the left limit of a at x. This is true for any a and b with 
a < b. Applying it to the terms of the sequences (on), {bn) defined by 
an = 6— 1/n, bn = 6+1/n and taking the limit, we deduce that da({6}) = 
a(6+) — o:(6_), which, together with (*), yields the desired relation. □ 

This formula will allow us to demonstrate that, conversely, every positive 
Radon measure on R is a Stieltjes measure. 

Theorem 3.8 Let (i be a positive Radon measure on R. There exists a 
unique increasing right- continuous function a with a(0) = 0 and p = da. 

Proof Uniqueness is clear since, by the preceding discussion, if a is right- 
continuous and vanishes at 0, it is determined everywhere: 






a{x) = < 



0 

/z((0,x]) 



if X < 0, 
if X = 0, 
if X > 0. 



Conversely, define a by these relations. Then a is right-continuous and 
vanishes at 0. Also, for o < 6 we have a{b) — a{a) = ju((a, 6]) (one checks 
the various possible situations of 0 with respect to a and b). 

Now suppose / G C^(R) is supported within [a, 6], and let A = {xj}o<j<n 
be a subdivision of [a, 6]. Then 



n-l 



ffdn=Y^ f 

3=0 

and so, since /x((xj, Xj^i]) = a{xj^i) - a(xj), 

6 a (/)< jfd(i<SA{f). 



74 



2. Locally Compax:t Spaces and Radon Measures 



By taking the limit we deduce that 





which concludes the proof. 



□ 



Remarks 

1. By the same reasoning, if ^ is a positive Radon measure of finite mass on 
R, there exists a unique increasing, bounded, right-continuous function 
a such that limx_}._oo = 0 and fi = da. It is given by a(x) = 
/x((— oo, a:]). In this situation a is called the distribution function 
of the measure /x. For example, the distribution function of the Dirac 
measure Sa is Ya = l[a,+oo)* 

2. Suppose a is an increasing function of class on R. Then 

y*/da = J f{x)a\x)dx for all / e Cf{R). 

In short, da = a' dx. 

Indeed, suppose / G C®(R) is supported within [a, 6] and let A = 
{xj}o<j<n be a subdivision of [a, 6]. By the Mean Value Theorem, for 
each i G {0, . . . ,n— 1} there exists G [xj, xj^i] such that a{xj^i) — 
a{xj) = a^{^j){xj^i ~ Xj). Therefore 

n— 1 n—1 

X) - Xj). 

J=0 j~0 

Now it is enough to use the definition of the Stieltjes integral and that 
of the Riemann integral. 



SB Surface Measure on Spheres in 

For r > 0, we consider the sets 

Br = {x G R"^ : |x| < r}, 5r = {x G R"^ : |x| = r}. 

Here we will denote Lebesgue measure on R^ simply by A. 

Theorem 3.9 There exists a unique family (o-r)reR+^ of positive Radon 
measures on R^ satisfying these conditions: 

1. SuppcTr C Sr for every r > 0. 

2. For all f G (7(R'^) and r > 0, 

y*/(x) d(Tr{x) — J f{ru)(kri{u). 
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3. For all f G C(R^) and r > 0, 

fix) dX{x) = /(^) d(Tpix)^ dp. 

We call (7r, for each r > 0, the surface measure on Sr- 

Proof. Uniqueness. If a family {(Tr)reR+* satisfies conditions 2 and 3, we 
must have, for all / G C(R^), 

^Ib = j fiu)dai{u), 

which determines uniquely the Radon measure ai and thus also the cr^, by 
condition 2. (Note that conditions 2 and 3 are enough to prove uniqueness, 
so condition 1 is a consequence of 2 and 3.) 

Existence. Let ip be the function from R“*“* x Si to (R^)* defined by 
ip{r,u) = ru. Then (p is a homeomorphism and (p~^{x) = [\x\,x/\x\). If A 
is a Borel set in 5i, we write 

A = 1) X A) = {x G R^ : 0 < [xj < 1 and x/\x\ G A}. 

A is a Borel set in R^. We then put 

(Ji(A) = d.A(A). 

Visibly ai is a Borel measure of finite mass on Si , and can also be regarded 
as a Borel measure on R^ with support contained in Si. Next we define, 
for every Borel set A in 5r, 

ar(A) = r^~^(Ji{A/r). 

Likewise, cTr is a Borel measure supported within Sr- The family {(Tr) thus 
defined certainly satisfies conditions 1 and 2; we need only check 3. 

Let A be a Borel set in Si and let ri,r 2 be real numbers such that 
0 < ri < r 2 . Then 

X{^i[n,r 2 ) X A)) = A((p((0,r2) x A)) - A(¥?((0,ri) x A)) 

= A(r 2 A) - A(nA) i(r^ - rf)ai(A). 



On the other hand. 



y (y lv(ln.r2)xA)(a:) dopix^ crp{pA)dp = P'^ ^(Xi{A) dp 



= -^{ri-rf)MA). 
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Therefore 




J ^[ri,r2)(p) 



lA{x/p)dap{x) 



dp, 



and this for all Borel sets A of S\ and for any r\, V 2 with 0 < ri < r 2 - It 
follows that if 0 < a < 6 we have, for all / C C([a, 6]) and all g G C{Si), 



f if ^dx = [ ( f {f <Sig)o(fi ^ dp. 

Jip([aMxSi) Ja \j J 



Since C{[a, 6]) <S>C{Si) is dense in C{[a, b] x Si) (see Example 5 on page 35), 
we obtain, for all / G C[(p{[a,b] x Si)), 






V?([a,6]x5i) 



fdX = 




Since (f[[a,b] x 5i) = Bb\Ba, this proves condition 3. 



□ 



Remarks 

1. Since A is invariant under orthogonal linear transformations, so are the 
(Jr- In particular, the support of dr equals Sr- In fact, up to a multiplica- 
tive factor, (Jr is the unique measure supported within Sr and invariant 
under orthogonal transformations: see Exercise 17 below. 

2. Property 3 generalizes to all positive Borel functions on If / is such 
a function, then 



jfd\= = J p"^ f{px)dai{x)^dp < +00. 

By taking / = 1 bi , we obtain, in particular, 

J d(Ti = d • A(Bi); 

this is the area of Si . Indeed, by the preceding discussion, 

A(Bi) = J = dai{x))dp=^j daiix). 

Also, for any nonnegative Borel function h on M“^, 

J h{\x\)dx= da^ J p^~^h{p)dp < -\-oo 



since / h{\px\) dai{x) = h(p) J dai. 
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Exercises 

Unless otherwise stated, X is a locally compact separable metric space. 



1. Let /i be a positive Radon measure on X. Show that Supp/x is the 
complement of the largest open subset O of X such that any function 
/ in Cf{X) with support contained in O satisfies /x(/) = 0. 

2. Prove that Proposition 3.1 holds when X is any separable metric space, 
not necessarily locally compact. 

Hint. Use the existence of a countable basis of open sets (Exercise 1 on 
page 10). 

3. A particular case of the Vitali-Caratheodory Theorem. Let /i be a posi- 
tive Radon measure on X. Prove that for every ^-integrable and bounded 
function / from X to R and for all £ > 0, there exists an upper semi- 
continuous function u and a lower semicontinuous function v such that 
u < f <v and J{v — u) dp < e. (We say that u is upper semicontinuous 
if — w is lower semicontinuous.) 

Hint. Go over the proof of Daniell’s Theorem (page 59) and use the 
result in Exercise 3 on page 64. 

4. Let /X be a positive Radon measure on X and take / G L^(/x). Prove that 
there exist /x-integrable and lower semicontinuous functions /_|_ and /_ 
with values in [0, H-oo], such that / = /+ — /_ /x-almost everywhere. (As 
in the case of real- valued functions (Exercise 3 on page 64), a function 
g with values in [— oo, -hoc] is called lower semicontinuous if the set 
{g > a} is open for all a G M.) 

Hint. Show that there exists a sequence {(pn) in C®(R) that converges 
to / in L^(/x) and jLt-almost everywhere and such that p[\(pn — Pn-\-i\) ^ 
2“^ for all n G N. Then set f_^ = (p^-\- ~ TnV and /_ = 

To + Yln=oiTn-{-l — ^n) • 

5. Regularity of Radon measures. (This is a sequel to Exercise 3 on page 64.) 
Let /X be a positive Radon measure on X. 

a. Prove that, for every Borel set A of X, 

p{A) = inf hdp : h is lower semicontinuous and h > 1a 

b. Let A be a Borel set in X such that p{A) is finite. 

i. Take e > 0. Let ft be a lower semicontinuous function such that 
h>lA and J h dp < p{A) + £, and set 

U={xeX: h{x) > vj. - 

\ ^ ^ (Ji{A)+2e\ 



Prove that Act/ and that p{U) < p{A) + 2e. 
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ii. Deduce that 

fi{A) = : U is open and U D A]. 

iii. Check that this is still true if ^{A) = oo (this is obvious). A 
measure /i satisfying this equality for all Borel sets A is called 
outer regular. 

c. Let U be an open subset of X. Prove that 

fi{U) = s\ip{fi{K) : K is compact and K C U}. 

Hint. U is cr-compact. 

d. Let A be a Borel set of finite measure /x(A). 

i. Let e > 0. Justify the existence of: 

- an open set U inX containing A and such that fi{U)<^{A)-\-e] 

- an open set V in X containing f/\ A and such that fi(Y) < 2e\ 

- a compact set K in X contained in U and such that fi{K) > 

Finally, set C = K \ V. Prove that C C A and that /x(C) > 
fi{A) — 3e. 

ii. Deduce that 

/i(A) = sup{/i(AT) : K is compact and K C A}. 

iii. Generalize to the case of an arbitrary Borel set A. A measure /i 
satisfying this equality for all Borel sets A is called inner regular. 
Hint. By exhausting X with a sequence of compact sets, prove 
that A is the union of an increasing sequence of Borel sets of 
finite measure. 

e. i. Prove that for every Borel set A of X and all 5 > 0 there exists 

an open set U in X such that A cU and fji{U \A)<6. 
ii. Prove that for every Borel set A of X and all £ > 0 there exists 
an open set U and a closed set F in X such that F C A C U 
and \F) < e. 

Hint. Apply the preceding result to A and X \ A. 

6. Lusin^s Theorem. Let m be a positive Radon measure on X. 

a. Let / be a Borel function on X with values in [0,1]. Prove that, 
for any open set O of finite measure and any £ > 0, there exists a 
compact K C O such that m(0 \K) < e and the restriction /|/c is 
continuous on K. 

Hint. Use Proposition 3.5, Exercise 15 on page 155 and the fact that 
m is inner regular (see Exercise 5d). 

b. Extend the preceding result to all Borel functions / from X to K. 
Hint. First reduce to the case where / takes values in then 
consider / = //(I -f /). 
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c. Deduce that every Borel function / from X to K satisfies this prop- 
erty: 

(L) For every £ > 0, there exists an open set u; in X such that 
m(uj) < e and the restriction of / to X \ u; is continuous. 

Hint Consider an increasing sequence (On)n€N of relatively com- 
pact open sets that covers X. For each n, there exists a compact 
Kn C On for which m{On \ Kn) < s2 ^ and /|/Cn is continuous. 
Now set = \Jn(On \ Kn)- Prove that (X \ a;) fl On C Kn for every 
n; then conclude the proof. 

d. Show that a function / from X to K satisfies Property L if and only 
if there exists a Borel function that equals / m-almost everywhere. 
Hint To prove sufficiently, use the fact that m is outer regular (Ex- 
ercise 5b). 

7. a. Let /x be a positive Radon measure on X, with support F. Let / G 
Oc(X) be such that f{x) = 0 for all x £ F. Prove that J f dfi = 0. 

b. Let A = {an}n<N be a finite subset of X and /x a positive Radon 
measure on X. Prove that the support of /x equals A if and only if /x is 
a linear combination of Dirac measures Sa^ with positive coefficients. 

c. Let A = {un} be a countable subset of X. For / G Cc(X) write 



Prove that /x is a positive Radon measure on X whose support is the 
closure of A. 

8. a. Let F be a closed subset of X. Prove that F is the support of a 
continuous function / from X to R if and only if F coincides with 
the closure of F. 

b. Let /X be a positive Radon measure on X. We denote by »SfiQ^(/x) 
the space of locally fi-integrable functions on X, by which we mean 
Borel functions -0 : X K such that Ik'^ ^ compact 

X of X. (For example, every continuous function on X is locally /x- 
integrable.) Fix a ^ G taking nonnegative values. For / G 

Cc(X), write 



M/) = 5]2-vM. 




Prove that i/ is a positive Radon measure. Prove that 



Supp z/ C ^ 0} n Supp 

with equality if -0 is continuous, 
c. For / G Cc(R^), write 
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Prove that i/ is a positive Radon measure on and determine its 
support. 

Is there a continuous function ^ on R^ such that 
^{f)= / f{x,y)xlj{x,y)dxdy 



for all / G Cc(R^)? 

9. a. Let m be a positive linear form on C®(X). Show that there exists 
a compact K in X such that any / G C^{X) that vanishes on K 
satisfies m(/) = 0. 

Hint. Exhaust X by a sequence (Kn) of compact sets. Show that, if 
there is no iC as stated, there exists a sequence (/n) of elements of 
C~^{X) such that, for each n G N, the function /„ vanishes on Kn 
and m{fn) > 0. Then consider / = ^neN fn/Mfn)^ 

b. Let 5!Jl+(X) be the set of positive Radon measures with compact 
support. To every y, G (X), associate the positive linear form 
on C^{X) defined by 

rn^if) = Jfdn for/eC“(X). 

Prove that the map // is a bijection between 9Jl+(X) and the 

set of positive linear forms on C®^(X). 

Hint. See the proof of Proposition 3.6 (page 71) for inspiration. 

10. Vague convergence. We say that a sequence (/Xn)neN of positive Radon 
measures on X converges vaguely to y £ 9Jl"‘"(X) if 

f^n(f)-^Kf) for all / G Ce(X). 

a. An example. Let (an)n€N be a sequence in X with no cluster point. 
Prove that the sequence (Sa^)neN converges vaguely to 0. 

b. Another example. Suppose X — (0, 1). Prove that the sequence (/in) 
defined by 

^ n-l 

/^n = - ^ ^k/n 
fc=l 

converges vaguely to Lebesgue measure on (0, 1). 

c. Let (/in) be a sequence in 9Jl+(X) such that, for all / G C^(X), the 
sequence (/in(/)) converges. Prove that the sequence (/in) is vaguely 
convergent. 

d. Let /i be a positive Radon measure and A a relatively compact Borel 
set whose boundary hcts /i-measure zero. Prove that, if (/in)neN is a 
sequence in 971'^ (X) that converges vaguely to /i, then 

lim yn{A)=y{A). 
n— >+oo 
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Hint. Show the existence of an increasing sequence in C^{X) that 
converges pointwise to the characteristic function of A, and of a 
decreasing sequence in (X) that converges pointwise to the char- 
acteristic function of A. Then consider the lim sup and lim inf of the 
sequence (/i^(A)). 

e. Let (fin) be a sequence in such that 

sup / f dfin < +00 for all / G C^(X). 

n€N J 

(Check that this condition is satisfied if and only if sup^^p^ A^n(^) is 
finite for every compact K of X.) 

Prove that the sequence (/Xn) has a vaguely convergent subsequence. 
Hint. Exhaust X by a sequence of compact sets (Kp) and apply 
Corollary 4.2 on page 19 to each of the separable Banach spaces 
Ck,(X). 

11. a. Let (/n) be a sequence of increasing functions from E to M such that 
the series fn converges pointwise on E to a function /. Prove that 
the series Yln=o^fn converges vaguely to df (see Exercise 10). 

Hint. Consider if G C^(E), a compact interval [a, b] in E containing 
the support of ip^ and a subdivision {xj}o<j<n of [a, 6]. Prove that, 
for every integer Z G N, 



n— 1 +00 

j=0 fc=/+l 

l n— 1 

SEE ^(3:j){fk{xj+i) - fk{xj)) 

fc =0 j =0 
n— 1 

j=o 

b. Example. Let (a^) be a sequence in E and (c^) a sequence in E'^ such 
that YlneN < +00* Prove that the series of measures Y^n>o ^n^an 
converges vaguely to a positive Radon measure whose distribution 
function is / = where Ya„ = l[a„,+oo)- 

12. Narrow convergence. We say that a sequence (/Xn)nGN of positive Radon 
measures of finite mass on X converges narrowly to /i G 9Jl^(X) if 

Pnif) ^i{f) for all / G Cb(X). 

Every narrowly convergent sequence is vaguely convergent (Exercise 10). 
a. A counterexample. Let (an)neN be a sequence in X with no cluster 
point. Prove that the sequence (<5a„)n€N does not converge narrowly 
to 0. 
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b. Let /z be a positive Radon measure of finite mass and A a Borel 

set whose boundary has ^-measure zero. Prove that, if (/Xn)n€N is a 
sequence in that converges narrowly to /z, then 

lim fin(A) = fi(A). 

n->+oo 

Hint Work as in Exercise 10 above. 

c. Let (fin) be a sequence in Tl'j{X) and suppose fji G 901^ (X). Prove 
that the sequence (/Zn) converges narrowly to /z if and only if it 
converges vaguely to and lim„_^_^-cx) M'n(X) ~ ^{X), 

Hint For the “iP part, fix / G C^{X) and £ > 0. Show that there 
exists a function a G C^{X) such that a < 1 and f(l~a)d/ 2 < e; 
then write 

Mn(/) - M/) = Mn(a/) - M(a/) + Mn((l-a)/) - /t((l-a)/). 

d. Theorem of P. Levy. If i/ is a positive Radon measure of finite mass 
on R, we denote by 0 the function defined on R by 

i>(x) = j 

Let (/z„)neN be a sequence in OT^(R) and an element of 97lj^(R). 
Prove that (/z^) converges narrowly to /z if and only if the sequence 
of functions (/zn) converges point wise to /z. 

Hint Prove that if (/in) converges pointwise to /z, then (f dfin) con- 
verges to f dfi and there exists a dense subspace H in Cq (R) such 
that 

lim / hdun = / hdu for all /z G 

n->-|-oo J J 

(see Exercise 8e on page 42). Conclude with Proposition 4.3 on 
page 19. 

13. a. Let /z be a positive Radon measure on X. Suppose the support K 

of /z is compact. Show that there exists a sequence (/Zn) of Radon 
measures of finite support contained in K that converges narrowly 
to /z (see Exercise 12). 

Hint. Take n G N*. Construct a partition of K into finitely many 
nonempty Borel sets (^n,p)p<Pn of diameter at most 1/n. Then, for 
each p < P/v, choose a point Xn,p in Kn,p and set 

P<Pn 

b. Generalize to the case of any positive Radon measure of finite mass. 

14, Let ^ be a Borel function on R taking nonnegative values and locally 
integrable (see Exercise lb on page 63). Let a be a real number. Consider 
the function G on R defined by G{x) = g{t)dt. 
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a. Prove that 



jfdG^ jf{x)g{x)dx for all / G Cf (K), 
where dx is Lebesgue measure on M. 

Hint If [a, b] is an interval containing the support of / and {xj}o<j<n 
is a subdivision of [a, 6], and if we take for eaeh j G {0, . . . , n — 1} a 
point G [xj^ then 



j=o ^ 



Now use the Dominated Convergence Theorem, 
b. Prove that the equality of the preceding question holds when / is 
any positive Borel function. 

15. Recall that e~^ dx — y/n. For all real ^ > 0, put 




x^ ^dx. 



Let Sd be the area of the unit sphere in that is, the mass of the 
surface measure of the unit sphere in R^. Prove that Sd = 27T^/^/r(d/2). 
Deduce the Lebesgue measure of the unit ball in R^. 

Hint Compute dx in two ways. 

16. Let (7i be the surface measure of the unit sphere S\ in R^. 

a. Suppose d = 2. Prove that, for any Borel function / from R^ to R“*", 



/ |•27^ 

f^,=l 



f{cos6, sin6)d6. 



Hint Use polar coordinates. 

b. Suppose d = 3. Prove that, for any Borel function / from R^ to R"*", 



/ r27T pTT/ 

fckri= / 

Jo J — 7T 



2tv /•tt/2 
/2 



f{cos0cos(p, sin 0 cos sin ^p) cos (p dO d(f. 



Hint Use spherical coordinates. 

17. Let (7 be a positive Radon measure on R^ whose support is contained 
in the unit sphere S\. Assume a is invariant under orthogonal linear 
transformations; that is, for any orthogonal endomorphism O of R^ and 
an,/€C(R-), 



J f{Ox) da{x) = J f{x) da(x). 
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a. Show that there exists a function h^j from to C such that 

J e^'^ ydaiv) = ft<,(|u|) for all u G 

where u • y \s the scalar product of u and y in We define 
analogously, starting from the surface measure a\ on 5i. 

b. Prove that, for all t G R"*”, 

jK(t\u\)dai{u) = J K, {t\y\)da{y), 



c. 



and so that h(j{t) = hai(t)(f da)/(f dcTi). 
Deduce that 



a = 



(da 

fdai 



Hint Generalize to R^ the result of Exercise Id on page 64. 
18. Infinite product of measures j compact case. Consider the space 



X = [0, 1]^ = {x = (a:n)neN : Xn € [0, 1] for all n G N}, 



and give it the product metric 



oo 

2 /) = 53 - VnV 

n=0 



With this metric, X is compact, by Tychonoff’s Theorem. Consider also 
a sequence {mn)neN of probabitity measures — that is, Borel measures 
of mass 1 — on [0, 1]. 

a. Show that, for each n G N, the function that maps x G X to Xn ^ 
[0, 1] is continuous (in fact, Lipschitz). 

b. For n G N, denote by Fn the set of functions from X to R of the 
form 

X i-> f{Xo,...,Xn), 

with / G C® ([0, 1]^+^). Prove the following facts: 

i. Fn is a vector subspace of C^{X) for all n G N. 

ii. Fn C Fn-\-i for all n G N. 

iii. F — UnGN ^ dense vector subspace of C^(X) with the 

uniform norm || • ||. 

c. For each n, we define a linear form pn on Fn by associating to the 
element 

(p:x^ /(xo,...,Xn) 

of Fn the real number 

= f- f f { 3 : 0 , ■■■,Xn) dmo{xo) ■ ■ ■ dm„(x„). 



3 Positive Radon Measures 85 



Prove that, if G then = !in{}p) for all p>n. Deduce the 
existence of a linear form p on F such that 

/i(</?) = Pn{(f) for all n G N and <p G F^. 

Then show that, for G F, we have \p{(f)\ < 1|<^H and (p>0 implies 

fj.{ip) > 0 . 

d. Prove that the linear form /x extends in a unique way to a positive 
Radon measure on X. 

e. More generally, let {Xn)neN he a sequence of compact metric spaces 
and, for each n G N, let rrin be a probability measure on Xn- Let 
X = rinGN be the product space, with the product metric. By 
working as in the preceding questions, prove that there exists a 
unique probability measure fi on X satisfying 

/ f{xo,...,Xn)dmo{xo)...dmn{Xn) = f{xo,...,Xn)dn{x) 

JxM Jx 

for all n e N and all / € where = rii=o^r (We 

thus recover the result of Exercise 5 on page 66 in this particular 
case.) 

19. Haar measure on a compact abelian group. Let X be a compact metric 
space having an abelian group structure. We assume that addition is 
continuous as a map from to X. 

We denote by B the set of continuous linear forms on C^{X) of norm 
at most 1. We recall from Exercise 4 on page 20 that B can be given a 
metric d for which d{pni /x) 0 if and only if 



lim Hn{f) 

n— >+c» 



/x(/) for all / G C(X), 



and that the metric space (F, d) is compact. One can check that the set 
P of positive Radon measures of mass 1 on X is a nonempty, convex, 
closed subset of F, and that the topology induced by d on F is that of 
vague convergence. 

a. Markov-Kakutani Theorem. Let X be a nonempty, compact, convex 
subset of (B,d). 

i. Let ip he a. continuous affine transformation from X to X [affine 
means that for any (/x,/x') G X^ and any a G [0,1] we have 
(f{ap + = a(f{p) + (1 — a)(p{p')). Prove that (p has 

at least one fixed point in X — in other words, there is a point 
A G X such that </?(A) = A. 

One can work as follows: Let /x be any element of X and, for any 
n G N, set 



1 ^ 
i=0 
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A. Check that C K for each n C N. 

B. Let (/irifc) be a subsequence of the sequence (//n) that con- 

verges (with respect to rf) to A G K. Prove that, for each 
integer fc, we have (1 + C 2B. 

C. Deduce that <^(A) = A. 

ii. Let be a family of continuous affine transformations of K such 
that any two elements of ^ commute. For each G denote 
by the set of fixed points of (f. 

A. Prove that all the F^p are nonempty, compact, convex subsets 
of (B,d). 

B. Suppose ^ Prove that ^'{F^p) C F^. Deduce that 

if and (p' have a common fixed point. 

C. Now make no assumption on Prove that all the elements 
of ^ have at least one common fixed point. (Start with 2^ 
finite, then use compactness.) 

b. For /z G and x G X we denote by Txfi the positive Radon 

measure on X defined by Txfi{f) = / f{x 4- y) d/i{y). 

i. Prove that Tx{P) C P for all x G AT. Deduce that there exists 
fjL G P such that TxfJi — /i for all x G X. 
ii. Prove that there exists a Borel measure fj, on X such that fi{X)=l 
and 



We call /i a Haar measure on X. 

c. Uniqueness of Haar measure. Let and v be Haar measures on X. 
Prove that fj, = u. 

Hint. Take / G C{X). Using Fubini’s Theorem, compute in two 
ways the integral 



4 Real and Complex Radon Measures 

The framework here is the same as in the previous section. A real Radon 
measure on X is by definition a linear form /i on Cf{X) whose restriction 
to each space C® (X), for K compact in X, is continuous; that is, such that 
for any compact X of X there exists a real Ck ^ 0 such that 




for all / G C(X) and x G X. 



///(X + y)dfi{x)du{y). 



|M/)| <<^k||/|| for all / e C^(X). 
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We denote by the set of real Radon measures. We also call the 

elements of this set linear forms continuous on Cf{X); for an equivalent 
definition of this notion of continuity, see Exercise 5. By Proposition 3.3, 
C Conversely, every real Radon measure is the difference 

of two positive Radon measures: 

Theorem 4.1 Let ^ he a real Radon measure on X. For each f G (X), 
put 

= sup{n{g) : g £ C+(X) and g < /}, 

M“(/) = - {^) o-nd g < /}. 

Then and fL~ can be uniquely extended to positive Radon measures and 

fi = li+ -n~. 

Proof 

1. We first check that the definition of given in the statement makes 

sense. If / G C^{X) has support K, then for all g G C^{X) such that 
g < f we have g G C^(X), so 

fJi{g)<\n{9)\<CK\\9\\<CM. 

Thus is well-defined and 0 < /i‘‘‘(/) < C'kH/II- It is also clear 

that for A real and nonnegative we have = A/i+(/). 

2. The essential point is the additivity of on C^{X). Take /i ,/2 C 

C+(X). That 4- / 2 ) = M'^(/i) 4- will follow from the set 

equality 

{9 GC+{X):g<f,+f 2 } 

= {ge C+(X) :g<h} + {9e C+{X) : g < h}. 

One of the inclusions is obvious and the other can be checked quickly: 
Suppose g G C^{X) satisfies g < /i + f 2- Put gi = inf( 5 ,/i) and 
92 = g - gi= sup(0, g-fi). We see that 0 < 51 < /i, 0 < 32 < f2, and 
9 = 91+ 92- 

3. The same properties hold for gT . On the other hand, if / € C'^(X), 

- 9-U) = sup{/i (3 - f): 9 (X) and g < f} 

= - inf{/i(/ -g):g£C^ (X) and g < f} 

= - inf{g{h) : h € C+{X) and h < f} = g-(f). 

Therefore g{f) = g+{f) - g-{f). 

4. We now extend and g~ to C®(X) in the only possible way; Given 
h G C'f(X) we take /, g G C^{X) such that h — f - g (for example, 
f = and g = h~). Since must be linear on G®(X), we must set 

/i+(h) = g+{f) - g+{g). 
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This definition does not depend on the choice of a decomposition for h. 
For if h ~ f - with f\g' > 0, then / + 5' — f^+9 and, by the 
additivity of on C^{X), we have 

One can easily see that the defined in this way is indeed linear and 
so belongs to 971"^ (X). We extend similarly, and we use item 3 to 
show that ~ - fx~. □ 



1 . The decomposition ~ ~ fi~ defined in Theorem 4.1 is minimal in 

the following sense: If g. ~ fii — g ,2 with C there exists a 

positive Radon measure on X such that //i ~ -\-u and fi 2 — -f- y. 

Indeed, it is clear, in view of the definition of that for 

all / G C'^{X). One easily deduces from this that the Radon measure 
on X defined by — /xj — is positive. (And of course 1 / = fi 2 ~ fjt~ 
as well.) 

2. Using the same construction, we obtain an analogous decomposition for 
continuous linear forms on a normed space E that has an order relation 
making it into a lattice and satisfying the following conditions, for all 
f^gEE and all A € 

- 0 < < / implies ||p|| < ||/||; 

- / > 0 implies A/ > 0; 

“ / < ^ if and only if ^ - / > 0. 

A bounded real Radon measure on X is by definition a linear form 
on Cf{X) continuous with respect to the uniform norm on Cf (X); that 
is, one for which there exists a constant C > 0 such that 



We denote by 971^ (X) the set of bounded real Radon measures on X; this 
is clearly a vector subspace of 971^ (X). 

Since Cf (X) is dense in the Banach space Cq (X) with the uniform norm, 
every bounded real Radon measure extends uniquely to a continuous linear 
form on Cq (X); this allows us to identify 97l|^(X) with the topological dual 
ofCo®(X). 

Proposition 4.2 Every bounded real Radon measure is the difference of 
two positive Radon measures of finite mass. More precisely , if p E 97lj(X), 
the Radon measures and p~ defined in Theorem 4.1 have finite mass 
and 



Remarks 



|M/)l<C'||/|| for all / 6 Cf (X). 




where ||/x|| is the norm of p in the dual o/Cq (X). 
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Proof. We first see that, for any / € C+(X), 

+ Ai'(/) = sup{n{g-h) :g,h£ C+(X) and g,h< f} 

= snp{fi{ip) : (p e Cf{X) and \p\ < /}. 

In particular, fJ.'^if) + M~(/) ^ IImII ll/ll- Applying this inequality to all 
terms of an increasing sequence of functions in Cf' (X) that converges point- 
wise to 1, we get f dy& + f dp~ < ||/x||. Conversely, if / £ Cf{X), then 

|M/)1 = |m+(/)-m-(/)| <M+(I/I) + M-(1/I) < (/ dn+ + j d/i-) ll/ll. 

(Here we used Lemma 3.2.) □ 

Remark. The decomposition /i = with /x“*~, /x“ G 97l'^(X) is unique 

if we insist that \\fi\\ = f d/x+ + f d/i~. Indeed, if /x = /xi — /X 2 is a second 
decomposition of this form, the Radon measure = /xi — /x"^ = /X 2 — /i“ is 
positive (see Remark 1 above) and f d/xi + f d/X 2 = f d/x"^ + f d/x“ +2 f dv. 

Finally, we define complex Radon measures and bounded complex 
Radon measures by substituting C for R in the preceding definitions. 
We denote by 9Jl‘^(X) and 9Jlj(X) the corresponding spaces. In particu- 
lar, can be identified with the topological dual of Cq{X). Since 

C^{X) = Cf{X) + iCf{X), a real Radon measure gives rise in a unique 
way to a complex Radon measure, which we also denote by /x, as follows: 

nif) = n{Re f) + in{lm f) for all / € Cf (X). 

Then 9Jl®(X) C Tf{X) and 9Jl^(X) C 9Jl^(X). Actually, 

9Ji^(x) = 9ji“(x) + ispt®(x), an^(x) - mj{x) + mj{x). 

For, if/x€9JlC(X), we define Re /x by setting 

Re p(/) = Re(M(/)) for all / G Cf (X) , 

and likewise for Im/x. Then /x = Re/x -f xlm/x. Such a decomposition is 
unique. 

For /X G mj{X), we define the integral of a bounded Borel function / 
on X as follows: 

- If R = R, put / /d/x = / /d/x+ - / fdfi~. 

- If K = C, put J f dfi = J f d(Re /jl) -{-ij f d(Im /x); that is, 

jfdi 2 = J f d{RefJi)^ - J f d{Refi)~ -{-ij f d{lmfji)'^ -i Jfd{lm^ji)~. 

We define the Borel measure of a subset A of X as /x(A) = f 1 a dfi. 
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Exercises 

Throughout this set of exercises, X is a locally compact separable metric 
space. 

1. Prove that with the order relation defined by 



is a lattice. 

Hint. Show first that if /i G and we write |/i| = /i~*" -f- /x“ in the 

notation of Theorem 4.1, then \^\ = sup(/i, — /i). 

2. a. Fix /i G Show that there exists a largest open set O such 

that any / G C^(X) whose support is contained in O satisfies fi{f) = 
0. (Use partitions of unity.) The complement of this largest open set 
is called the support of p, and is denoted Supp/i. By Exercise 1 on 
page 77, this definition coincides with the one introduced earlier for 
positive measures. 

b. Prove that if // G then Supp/x = Supp/x"^ U Supp/x“, in the 

notation of Theorem 4.1, and that if /x G then 



3. a. Fix /X G and extend /x to a linear form on Cf(X). Prove 

that |m(/)1 < K\f\) for all / € Cf (X). 

Hint. Let a be a complex number of absolute value 1 such that 
«m(/) = ImC/)!- Prove that |/x(/)| =/i(Re(a/)). 



b. Let /X be a bounded real Radon measure. By reasoning as in the 
previous question, show that /x has the same norm in the topological 
duals of C^{X) and of C^{X). 

c. Fix /X G DJlJ{X). Prove that |/x(A)| < ||/x|| for any Borel set A of X. 

Hint. In the case K = C, put u = (Re/x)*^ + (Re/x)~ -f (Im/x)+ -h 
(Im^)“ and consider a sequence {fn)neN of Cc{X) that converges 
to 1a in and such that 0 < /n < 1 for all n G N. Prove that 

p{A) = limn-^+oo A^(/n) and wrap up. 

4. Let /X be a positive Radon measure on X and take 'll; G L^(/x). Prove 
that the relation 



defines a bounded Radon measure on X and that \\u\\ = f dp. 

Hint. Let s be a function defined on X such that sjp = I'lpl and s = 0 
on {-0 = 0}. Prove that, for all 5 > 0, there exists a ^ G Cc{X) such 
that f\ip\ |g - s\dij, < € and that, in addition, g can be chosen so that 
iidii < 1. Now estimate J \'ip\ dp — i^{g)- 



p<v 1/ — /X G 



Suppp = Supp(Re/x) U Supp(Im/x). 
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5. We say that a sequence (/„) in Cc{X) converges in Cc{X) to f e Cc{X) 

if it converges uniformly to / and there exists a compact subset K 
of X containing the support of every /n- Let ^ be a linear form on 
Cf{X). Prove that fi e if and only if the image under /i of 

every sequence of functions in Cc{X) that converges to 0 in Cc{X) is a 
sequence that converges to 0 in K. 

6. We say a sequence (//„) in converges vaguely to C if 



a. Let (//„) be a sequence in such that, for all / G Cf{X)^ the 

sequence (Mn(/)) converges. Prove that the sequence {^n) converges 
vaguely. 

Hint. Let (Kp) be a sequence of compact sets that exhausts X. Ap- 
ply to each space the result of Exercise 6f on page 23. 

b. Let (fin) be a sequence in SDt(A') such that, for all / G C'c(A'), 



Prove that the sequence (fin) has a vaguely convergent subsequence. 
Hint. Work as in Exercise lOe on page 81, using the Banach-Stein- 
haus Theorem (Exercise 6d on page 22) . 

7. We say that a sequence (//„) in SPt/(A) converges weakly to /i G OT/(X) if 



a. Let (firi) be a sequence in SOI/ (X). Prove that a sufficient condition 
for it to converge weakly is that, for all / G Co(X), the sequence 
(/ fdfin)neN should converge. 

Hint. Use Exercise 6f on page 23. 

b. Prove that any bounded sequence (//„) in 97l/(X) (one for which 

WfinW < -l-oo) has a weakly convergent subsequence. 

Hint. The space Cq{X) is separable by Exercise 7h on page 56, so 
it is enough to use the Banach-Alaoglu Theorem, page 19. 

c. Prove that a sequence (/Xy^) in ^)Jlf{X) converges weakly if and only 
if it converges vaguely (see Exercise 6) and is bounded, 

d. Find a sequence (/Xn) in 901^ (X) that converges weakly but not nar- 
rowly (see Exercise 12 on page 81). 

8. Let fjT be a relatively compact subset of 971/ (X) (we identify this space 
with the topological dual of Co(X)). Prove that there exists a positive 
Radon measure A of finite mass on X such that any A G ^(X) having 
A-measure zero also has /x-measure zero for all E H. (The measures 
II E H are then said to be absolutely continuous with respect to A.) 



lim Mn(/) = M/) for all / e CfCX). 
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Hint. Define A = SneN* Si=i where the /x^ are elements 

of H chosen so that, for every n G N"*", the balls 1/^)? •••5 

1 /n) cover H, and where we write, for ^ e OT/(X), v{ii) — 
/x"^ + /i~ if K = R and v{^) — (Re/x)'*' + (Re/x)“ -h (Im/x)"^ + (Im/x)“ 
if R = C. You might use Exercise 3c. 

9. Prove that the topological dual of Cq{X) is separable if and only if X 
is countable. 

Hint. Prove that, if X = {iCn}nGN 7 the family {^^nlncN is fundamental 
in {Co{X)y. For the “only if’ part, you might show that ||(5a — Sb\\ = 2 
for any two distinct points a^b E X^ and then use Proposition 2.4 on 
page 9. 

10. Give C{X) the metric d of uniform convergence on compact sets, defined 
in Exercise 12 on page 57. Prove that the topological dual of (C(X), d) 
can be identified with the space d)lc{X) of Radon measures with com- 
pact support (the support of a Radon measure was defined in Exercise 
2 above). 

Hint. Argue as in Exercise 9 on page 80. 

11. Let L be a continuous linear form on Cq{X) and let (/n) be a bounded 
sequence in Co{X). Prove that if (/n) converges pointwise to f e Cq{X) 
then limn->+oo L{fn) = L{f). 

Hint. Use the Dominated Convergence Theorem. 

12. Two Borel measures /xi and ^2 of finite mass on X are called mutually 
singular if there exists a Borel set A in X such that fi\{A) = /xi(X) 
and /X 2 (A) = 0. Let /[x be a bounded real Radon measure on X and let 
/xi and ^2 be positive Radon measures of finite mass on X such that 

^ = /Xi -/X 2 . 

a. Assume that /xi and /X 2 are mutually singular. Prove that ||/x|| = 
/Xi(X)+/X 2 (X). 

Hint. Let 6 > 0. Write (p = 1 a — 1x\a- Prove that there exists a 
function / G Cf{X) such that ||/ - f 

function defined on X by 



Check that / G C^(X), then show that /x(/) > /xi(X) -f /lx2(X) — e. 
Deduce that ||/x|| > /xi(X) -f /X2(X). The opposite inequality is easy, 
b. Prove the converse. 

Hint. Suppose ||/x|| = A^i(X) + /X2(X). Let (/n) be a sequence of 
elements of Cf{X) such that /x(/n) ||/x|| and \fn\ < L Prove that 



Deduce the existence of a subsequence {fn^) that converges /xi- 
almost everywhere to 1 and /X 2 -almost everywhere to 0. Conclude. 




fix) if|/(a:)|<l, 

sign/(x) otherwise. 
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c. Let /i be a bounded real Radon measure on X. Show that there 
exists a unique pair (/ii,/i2) of mutually singular positive Radon 
measures of finite mass such that /i = /xi — //2; show that fii = /i"^ 
and fi 2 = 

13. Functions of hounded variation. Let / be a real- valued function on an 
interval [a, b] of M. If A = {^j}o<j<n is a subdivision of [a, 6], we write 

j=0 

we also write V{f,a,b) = sup^V'(/, A). We say that / is of bounded 
variation on [o, b] if V (/, a, b) is finite. We say that a function / : R ^ E 
is of bounded variation on R if the expression 

V(f)= sup V{f,a,b) 

(a,6)€K^ 

a<b 

is finite. 

a. Let / be a monotone function on [a, b]. Prove that / is of bounded 
variation on [a, 6] and compute F(/,a,6). 

b. Prove that the set BV (a, 6) of functions of bounded variation on 
[a, 6] is a vector space and that / i-^ V{f,a,b) is a seminorm on 
BV{a,b). Prove that for / G BV{a,b) we have V{f,a,b) = 0 if and 
only if / is constant on [a, 6]. 

c. Let BVo{a^b) be the space of functions / of bounded variation on 
[a, 6] such that /(a) = 0. Prove that / i-^ F(/,a, 6) is a norm on 
BVo{a^ b) with respect to which this space is complete. 

d. Take / G BV (a, 6). Prove that for a < c < d < e < 6 we have 

i. F(/,c,d) + F(/,d,e) = y(/,c,e), 

ii. \m-f{d)\<v{f,c,d). 

Deduce that the functions x ^ V{f, a, x) and x V{f, a, x) — f{x) 
are increasing functions from [a, 6] to R“^. 

e. Take / G BV{a,b). Prove that if / is right-continuous at a point 
c G [a, 6), so is the function x V{f,c,x). Likewise, if / is left- 
continuous at c G (a, 6], so is a; 1-^ V{f, c, x). 

Hint. If X V (/, c, x) is not right-continuous at c, there exists a 
real number rj > 0 such that V{f,c,x) > 77 for all x G (c, 6]. Now 
construct by induction a sequence (x^) such that, for all n G N, 
c < Xn+i < Xn < b and F(/, Xn+i,Xn) > rj; then deduce that 
V (/, c, 6) — +00, which is absurd. 

f. Prove that a function / from [a, 6] to R is of bounded variation if 
and only if there exist two increasing functions g and h from [a, 6] to 
R“^ such that f — g — h. Prove that if / is right-continuous at a point 
c G [a, 6), then g and h can be chosen to satisfy the same condition. 
An analogous statement holds for left-continuous functions. 
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14. We resume the notation and terminology of Exercise 13. Let / and g 
be real- or complex- valued functions defined on an interval [a, 6] of R. 
If A = {^j}o<j<n is a subdivision of [a, 6] and if c = (cq, . . . , Cn-i) is 
such that Ci e [xi, Xi^i] for alH < n — 1, we write 



n— 1 

S'a,c(/,5) = - g{3:i))- 

i=0 



If, as 5(A) approaches 0, the sequence (5 a, c(/,^)) has a limit uniform 

with respect to c, this limit is denoted by f dg. 

a. Prove that, if / is continuous and g is increasing, f dg is well- 
defined and coincides with the definition given on page 72. Prove 
that, if ^ G BV (a, 6), the linear form L on C([a, b]) defined by L{f) = 
fa f^9 continuous and has norm at most V{g,a,b). 

b. Integration by parts. Let / and g be real- or complex- valued functions 

from [a, 6] to R or C. Prove that f dg is defined if and only if 
fa ^hat in this case 

f fdg+ f gdf = f{b)g{b)- f{a)g{a) 

J a J a 

(use summation by parts on the finite sums S^^c{f^9))' 

c. Second Mean Value Theorem. Let / be an increasing function from 
[a, b] to R~^ and let ^ be a Lebesgue-integrable function from [a, b\ 
to R. Show that there exists ^ G [a, b] such that 



J fit) 9 (t)dt = f(b) J g{t)dt. 



This is called the Second Mean Value Theorem. 

Hint. One can assume that /(a) = 0. Set G{x) = g{t) dt. Prove 
that ^ b b 

[ f{t)g{t)dt = - ( fdG= f Gdf. 

Ja Ja da 

d. Let / be a function of bounded variation on R. Suppose that f{x) 
tends to 0 both as x — > H-oo and as x -> — oo. Show that there exists 
a constant C > 0 such that, for every nonzero real number t. 





15. We continue with the notation and terminology of Exercises 13 and 14. 
A function / of bounded variation on R is called normalized if it is right- 
continuous and lim^^-oo f{x) = 0. We denote by NBV{R) the vector 
space consisting of normalized functions of bounded variation from R 
to R. 
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a. Prove that every element of NBV (R) can be written as the difference 
of two increasing and right-continuous functions that approach 0 at 
— 00 . 

b. Prove that the map f ^ V{f) is a. norm on NBV{M.). 

c. If / G NBV{R), we define a linear form /i/ on Co(R) by 

/ CL 

(f df for all (f G Co{X). 

-a 

Check that /i/ is well-defined, that /x/ G 9K/(R), and that ||/i/|| < 
y(/), where ||/x/|| is the norm of /i/ in Co(R)'. 

i. Suppose /,^ G iV5P(R) satisfy fif = ^g. Prove that f = g. 
Hint Using part a above, prove that /(a) = /x/ ((— oo, a]) for all 
CL G R. 

ii. Let / G NBV{R) be increasing. Prove that V{f) = ||m/H. 

iii. Take / G NBV{R). Prove that there exist bounded, increasing, 
right-continuous functions /+ and /_ such that f = f^ — f- and 
IIm/II = V(f+) + V{f-). Deduce that V(f) < \\fj.f\\. 

iv. Prove that the linear map L : / i-^ /x/ is a bijective isometry 
from NBV{R) onto the topological dual of Co(R). 
d. Prove that NBV (R) is a nonseparable Banach space. (That it is non- 
separable is elementary: Consider the uncountable family consisting 
of functions Ya = l[a,+oo)? with a G R.) 



3 

Hilbert Spaces 



This chapter is devoted to a class of normed spaces that is particularly 
important in both theory and applications. 



1 Definitions, Elementary Properties, Examples 

In all of this chapter we consider a vector space E over K = R or C. A 
scalar product on is a map ( • | • ) from E x E to K satisfying these 
conditions: 

a. For all y e E, the map ( • | y) : K defined by x ^ (x\y) is linear. 

b. - If K = R: for all x,y G E, (y\x) = (x \ y) (symmetry). 

- If K = C: for all x,y G E, (?/ 1 x) = (x | y) (skew-symmetry). 

c. For all x G E^ {x\x) G R"*". 

d. For all x G (x | x) = 0 if and only if x = 0 . 

A map that satisfies the first three conditions but not necessarily the 
fourth is called a scalar semiproduct. 

A space E endowed with a scalar product is called a pre-Hilbert space 
or scalar product space, further qualified as real if IK = R or complex 
if IK = C. We leave out this qualification if no confusion is possible or if IK 
need not be specified. 

Remark. Suppose ( • 1 • ) is a map from E x E to K that satisfies the first 
two conditions in the definition of a scalar product. Fix x G F?; if K — R, 
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the map (x | ' ) : y (x | y) is linear from to IR, If K = C, the same map 

is skew-linear; that is, for all x^y^z G E and all A, /i € C, 

(xl Ay + /iz) = \{x\y) + fl{x\z). 

Also, as a consequence of the first two conditions in the definition of a 

scalar product, we have, for x,y G E: 

- If K ^ R: (x + y I X + y) = (x I x) + (y I y) + 2(x I y). 

- If K == C: (x + y I X -h y) = (x I x) + (y I y) + 2 Re(x | y). 

Examples 

1. Let E = If tti, . . . ,ad are nonnegative real numbers, the equation 

(xjy) = defines on a scalar semiproduct, which is a 

scalar product if and only if all the aj are positive. If Uj = 1 for all j, 
this is called the euclidean scalar product, and E together with this 
scalar product is called d-dimensional canonical euclidean space. 
Similarly, if £* = and ai,...,ad are nonnegative reals, a scalar 
semiproduct on E is defined by (x|y) — ^ 

scalar product if all the aj are positive. If aj = 1 for all j, this is called 
the hermitian scalar product, and E together with this scalar prod- 
uct is called d-dimensional canonical hermitian space. 

2. Let X be a locally compact separable metric space, pL a positive Radon 
measure on X, and E = Cf{X). The equations 

if\g) = Jmg{x)d^L{x) ifK = R, 

{f\g) = Jf(x)gi^)dKx) ifK = c 

define on £* a scalar semiproduct, which is a scalar product if and only 
if Supp/i = X. 

3. Fix a > 0, and let E ~ Cf he the set of continuous functions from R 
to K periodic of period a. The equations 

{f\g) = - f f{x)g{x) if K = R, 

O Jo 

{f\g) = - r f{x)^dx ifK = C 

a Jo 

define a scalar product on E. 

4. Let m be a measure on a measure space (0,^) and let ^ be 

the space of ^-measurable functions / from H to K that are square- 
integrable, that is, satisfy f \f\^dm < -hoc. (That this is a vector space 
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follows from the inequality \f -\-g\^ < 2(l/p + I^P)-) We give ^ a scalar 
semiproduct by setting 

if\9) = Jfgdm ifK-R, 

(/|9) = jfgdm ifK = C. 

This scalar semiproduct induces a scalar product on the space E ~ 
(m) defined as the quotient of ^ by the relation of equality m-almost 
everywhere. 

5. An important particular case of the preceding situation is the following. 
Let I be any set and let ^ = ^{I) be the discrete cr-algebra on I — the 
one containing all subsets of I. On the measure space {I,^) we take 
the count measure m, defined by m(A) — Card(A) < +cxd. (If/ is 
countable, one can regard it as a locally compact separable metric space 
by giving it the discrete metric, defined by d{x, y) = 1 \i x ^ y\ then m 
is a positive Radon measure on I.) We generally use subscript notation 
for functions on J: thus x = {xi)i^i. If x takes nonnegative values, we 
use the notation ^i^iXi to denote / xdm < +oc. One easily checks 
that 

= sup £ + 00 , 

where ^f(I) is the set of finite subsets of J. The space jSfj^(m) in this 
case is denoted by i^{I) and, for every x G we write Yliei ~ 

J xdm. Similarly, we write Exercises 7 on 

page 11 and 8 on page 12.) 

Since the only set of m-measure zero is the empty set, we have Ll{m) = 
thus this space has a scalar product structure defined by 

{^\y) = ifK = R, 

ie/ 

(a:|y) = ifK = C. 

i€I 

We omit I from the notation when 7 = N. 

Here is a fundamental property of scalar semiproducts. 

Proposition 1.1 (Schwarz inequality) Let E be a vector space with a 
scalar semiproduct ( • | • ) . For every x,y G E, 

|(x|y)P< {x\x){y\y). 

Proof, One can assume K — C. If x, y G E, 

(x -^ty\x -j-ty) = {x\x) 2t Re(x | y) -f t^{y | ?/) > 0 for all t G IR. 
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Consider the expression on the left-hand side of this inequality as a poly- 
nomial in taking only nonnegative values. If {y\y) — 0, the polynomial 
is at most of first degree and must be constant, so 0 = (Re(x \y)Y < 
{x \x){y\y) = 0. If {y\y) ^ 0, the polynomial is of second degree and must 
have negative or zero discriminant; again (Re(x | y))^ < {x\x){y \y). 

Now let uhe a complex number of absolute value 1 such that 

|(x 1 2/)| = u(x I J/) = (ux I y) = Re{ux \ y). 

We see that |(x 1 2/)|^ < (wx | ux){y | y) = (x | x)(y | y), since uu=\. □ 

Corollary 1.2 Let E be a vector space with a scalar product ( * | * )• 
expression ||x|| = {x | defines a norm on E, 

Proof It is enough to check the triangle inequality. We have 

||x + y|p = ||x||2 + ||yf + 2Re(x|y) 

<||x||2 + |M|2 + 2||x|||M| = (||x|| + ||y||y □ 

From now on, unless we specify otherwise, we will denote the scalar 
product on any space E by ( • | • ), and the associated norm by || • ||. For 
example, if £* = as in Example 4 above, 

11/11 = ^1 \ffdmy\ 

uE = e{i), 




Note that, in any scalar product space, the scalar product can be recov- 
ered from the norm: If K = C, we have 

Re(x|y) = i((||x + y||)2-||xf-lM|2), 

Im(x I y) = i((||x + iy||)^ - ||xf - ||y|p), 

and in the real case the first of these equalities holds. 

Corollary 1.3 Let E he a scalar product space. For every y £ E, the 
linear form (py — [-\y) is continuous and its norm in the topological dual 
E' of E equals ||y||. 

Proof. By the Schwarz inequality, |v^2/(^)| — ll^ll ll^/ll x £ E, so (py £ 

E' and < l|yH. At the same time, ipy{y) = Hyf, so H(^yll = Hyll- □ 

Thus the map y py \s an isometry from E to E", linear if IK = M and 
skew-linear if IK = C. We will see in Theorem 3.1 below that this isometry 
is bijective if the space E is complete. 
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Proposition 1.4 (Equality in the Schwarz inequality) Two vectors 
X and y in a scalar product space satisfy |(a:|2/)| = ||a:|| \\y\\ if and only 
if they are linearly dependent. 

Proof The “if” part is obvious. To show the converse, suppose for example 
that IK = C and that |(a:| 2 /)| = ||a:l| \\y\\. Let £ be a complex number of 
absolute value 1 such that Re(e(a; | y)) = |(a: | y)\. Then || ||a:|| 2 /— £||?/||x|p = 
0 (expand the square), so \\x\\y — £|| 2 /||a; = 0. □ 



An immediate, but useful, consequence of the definition of the norm in 
a scalar product space is the parallelogram identity: 

Proposition 1.5 If x and y are elements of a scalar product space, 



x + y 



H- 



x-‘ 



+ iij/f)- 



Orthogonality 

Two elements x and y of a scalar product space E are orthogonal if 
{x\y) = 0; in this case we write x ±y. The orthogonality relation _L thus 
defined is of course symmetric. The orthogonal space to a subset A of 
E is, by definition, the set A-^ consisting of points orthogonal to all the 
elements of A. Thus, in the notation of Corollary 1.3, 

= n ker(¥^s,). 

yeA 

It follows that A-^ is a closed vector subspace of E. At the same time, x 
belongs to A-*- if and only if A c ker(px; since keT(fx is closed, this inclusion 
is equivalent to [A] C koKfx^ where [A] is the span of A (the vector space 
consisting of linear combinations of elements of A). Thus 

Two subsets A and B of E are called orthogonal \f x 1. y for any x E A 
and y E B. The following relation between orthogonal vectors, called the 
Pythagorean Theorem, is immediate: 

Proposition 1.6 If x and y are orthogonal vectors in a scalar product 
space, 

\\x + yf = \\xf + ||y||^ 

This result extends by induction to a finite number of pairwise orthogonal 
vectors a;,, . . . ,a;„: ||X)"=i = E”=i 

A scalar product space that is complete with respect to the norm defined 
by its scalar product is called a Hilbert space. . Here are the fundamental 
examples: 
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1. Every finite-dimensional scalar product space is a Hilbert space. 

2, If m is a measure on a measure space (H, the space L^(m) with the 
scalar product defined in Example 4 above is a Hilbert space. 

In particular, the space t^{I) of Example 5 above is a Hilbert space, for 
any set /. (This particular case is in fact the general case; see Theorem 4.4 
below and Exercise 11 on page 133). 



Exercises 

1. Let E be a normed vector space over C. Prove that the norm || • || comes 
form a scalar product if and only if it satisfies the parallelogram identity: 

llx + y||2 + ||a; -y\\^ = 2(||xf + || 2 /|p) for all {x, y) 6 E^. 

Prove that in this case the scalar product that defines || • || is 

(a:|?/) = 3(11^ + 2/11^ -11^- 3/11^ + *11=*^ + *2/11^ “ *11^ “ *2/11^)- (*) 

Hint. To show sufficiency you might consider the map ( * | • ) defined by 
(*) and prove successively that it satisfies these properties: 

a. {x\x) = ||a:p for all x G E. 

b. {x\y) = {y\ x) for all (x, y) e E^. 

c. (x -hy\z) ~ 2(x I z/2) + 2(y | z/2) for all (x, y, z) G E^. 

d. {x -Gy\z) = (x\z) {y\z) for all (x, y, z) G E^. 

e. (Ax \ y) = X(x\y) for all (x, y) G E^ and A G C. 

2. Assume that (x^) and (yn) are sequences contained in the unit ball of a 
scalar product space, and that (x„ | t/n) 1. Prove that ||x„ - ^nll 0- 

3. Let X be a compact metric space of infinite cardinality and let y he a 
positive Radon measure on X, of support X. Give the space E — C{X) 
the scalar product defined by (/ | ^) = J fgdfi. 

a. Let a be a cluster point of X. Prove that there exists a sequence of 
pairwise disjoint balls (R(an» £n))neN such that lim„_).-^oo 

b. Prove that, for every integer n G N, there exists a continuous func- 
tion (fn on X supported inside B{an,£n) and satisfying \^pn\ < 1 and 
^nidn) = (-I)""- 

c. Prove that the series converges pointwise, uniformly on com- 

pact sets of X\{a}, and in to a continuous function on X\{a} 
that has no limit at the point a. 

d. Deduce that E is not a Hilbert space. 

4. Let n be an open subset of C, considered with the euclidean metric. 
We denote by H(Q) the space of holomorphic functions on H and by 

the subspace of H{Q,) consisting of holomorphic functions / on 
Q. such that f f^jf(x-hiy)j^dxdy < -Goo. We recall that H(Q) is closed 
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in C(n) with the metric of uniform convergence on compact sets of ft. 
We give the space H'^{fl) the scalar product defined by 



if\9)^ Jj f{x^iy) 9 {x + iy)dxdy. 

a. Take / € H{ft). Prove that, if B{zo,r) C 

f{zo) = -^ 1 1 f{x+ iy) dx dy. 

TtH JjB(zo,r) 

Deduce that, if / £ 

|/(*.)l S ll/ll. 

where || • || denotes the norm coming from the scalar product. 

b. Prove that, if K is a compact contained in ft, 

- Vidil c\n ) 

for every / G H^{ft). 

c. Prove that H^{ft) is a Hilbert space. 

5. Let / be a set and x ^ a family of points in K. 

a. Suppose a; E Xi. Prove the following property: 

(P) For every e > 0, there exists a finite subset K of I such that, 
for any finite subset J of / containing K, |^ — 

b. Conversely, suppose there exists ^ E K such that Property (P) is 

satisfied. Prove that x E ^ — Si6/ Xi. 

Hint. Assume first that IK = R. Setting h = {i E I : Xi > 0} and 
I 2 — I \hi show that under the assumption of Property (P) we have 
Ei€/i < +°° < +00 . 

c. Suppose I is countably infinite. Prove that x £ W if if> 

for any bijection (p :N I, the series ^^=0 converges. Prove 
that in this case ®¥>(n) = T^iei 

Hint. To show that the condition is sufficient, reduce to the case 
K = R. Then prove that if either series Y!,ieh 
diverges (/i and I 2 being defined as above), there exists a bijection 
if : I such that the series ^y?(n) does not converge. 

6. Hilbert cube. Take c = (Cri)„eN ^ and let C be the set of elements x 
of such that \Xn\ < \cn\ for all n E N. Prove that C is compact. 

Hint. Use Tychonoff’s Theorem. 

7. If a = (an)neN is a sequence of positive real numbers, we denote by 

the vector space consisting of sequences of complex numbers u = 
(^7i)n6N such that the series Yl^nWn\ converges. 
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a. Prove that the formula 

(u, v) = ^ ^ O'n'^n^n 
n€N 

defines a scalar product on 

b. Prove that the map 

• (^n)n ' ^ (v^ 

is a linear isometry from onto Deduce that is a Hilbert 
space. 

c. Let a and b be sequences of positive real numbers. Prove that if the 
sequence (an/bn) tends to 0, the closed unit ball in is a compact 
subset of 

Hint Use Exercise 8 on page 17. 

d. If s is a real number, we define on Z a measure by setting 

/is({n}) = (1 -b for all n G Z, 

and we put = L^{^s)- Prove that for r < s we have C 

and the closed unit ball in is a compact subset of 
8. Hilbert completion. Let ^ be a vector space with a scalar semiproduct 
( • I • ). Write p{x) = {x | xY^‘^ . By the Schwarz inequality, the map p 
satisfies the triangle inequality: p{x y) < p{x) H- p{y) for all x,y G S'. 
In other words, p is a seminorm. 

Consider the vector space S consisting of sequences (x„) that are Cauchy 
with respect to p (that is, satisfy limn,m- 4 +oo p(^n — ^m) = 0)- Define a 
relation on ^ by setting 

(Xn) ^ (yn) — b lim p{xji y-fi) — 0. 

n— >+cJO 

^ is easily seen to be an equivalence relation compatible with the vector 
space structure of S. We denote by E the quotient vector space of S by 
and by ^ the canonical map from S to E (which associates to each 
element of S its equivalence class modulo <^). 

a. Let X and y be elements of E. Prove that if ^((xn)) = x and 
^((yn)) = y, the sequence {{xn\yn))nGN converges and its limit 
depends only on x and y. 

b. Prove that the equation (^((xn)) | ^((yn))) = limn-^+oo(3^n | yn) de- 
fines a scalar product on E. We denote by |1 • || the associated norm. 

c. If X is an element of , we denote by x the image under ^ of the 
constant sequence equal to x. Prove that the map from S to E 
defined by x i-^ x is linear and that ||x|| = p(x) for all x G S. 

d. Prove that the set Eq = {x : x G is dense in E. 
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e. Prove that ^ is a Hilbert space. (Show first that every sequence in 
Eq that is Cauchy in the norm of E converges in E,) 

The space E is called the Hilbert completion of . Such a space is 
unique in a sense to be made precise in the next question. 

f. Let (E'~ ( • I • )~) be a Hilbert space such that there exists a linear map 
L : ^ whose image is dense in ^~and such that ||L(o:)||~= p{x) 
for all cc E <?. Prove that there exists a surjective isometry H from 
E onto E^ such that H{x) = L{x) for all x e S'. 



2 The Projection Theorem 



One of the main tools that make Hilbert spaces interesting is the Projection 
Theorem. We assume that E is a Hilbert space and we denote by ( • | • ) its 
scalar product, by || • || its norm, and by d the metric defined by the norm. 

Theorem 2.1 Let C he a nonempty, closed, convex subset of E. For every 
point X of E, there exists a unique point y of C such that 

\\x-y\\ = d{x,C). 

This point, called the projection of x onto C and denoted by Pc{x), is 
characterized by the following property: 



y E C and Re(a; — y\z — y)<0 for all z e C. (*) 

Proof Fix X e E. We first show the existence of the projection of x onto 
C. By the definition of 5 = d{x, C), there exists a sequence (yn) in C such 
that 

- 2/n|P < -f — for all n > 1. 
n 

Applying the parallelogram identity to the vectors x — yn and x — yp, for 
n,p > 1, we obtain 



Vn ~t~ Vp 



4- 



Vn Vp 



= - VnW^ + \\X - Vpf)- 



Since C is convex, (j/„ + j/p)/2 is in C, so |||y„ - yp\\^ < |(l/n + 1/p), 
which proves that {yn) is a Cauchy sequence in C and so converges to an 
element y of C, which must certainly satisfy \\x — y\\^ = 6^ . 

Now let 2/1 and 2/2 be points of C with ||x — 2/i|| — ||^ ~ 2 / 2 II = By 
applying the parallelogram identity as before, we get \\yi — 2/2 |P < 0, which 
says that 2/1 = 2 / 2 - This shows that Pc{x) is unique. 

Finally, we check that the point y = Pc{x) satisfies property (*). If z e C 
and t e (0, 1], the point (1 —t)y + tz belongs to C (which is convex), so 
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or, after expansion, 

t'^Wy - z\\'^ + 2 tlie{x - y\y - z) > 0 . 

Dividing by t and making t approach 0 , we get 

Re{x -y\z -y) < 0 . 

Conversely, suppose a point t/ of C satisfies (♦). Then, for all 2; G C, 

l\x-zf = \\{x-y) + {y-z)f 

= Ik - y\? + IIj/ - + 2 R«(X -y\y-z)>\\x- y\\\ 

so y = Pc{x). 

Remarks 

1 . In the case K = R, the characterization (*) — where Re disappears — 
says that Pc{x) is the unique point y of C such that, for all 2; G C, the 
angle between the vectors x — y and z — y is at least tt/ 2 . 

2 . The conclusion of the theorem remains true if we suppose only that E 
is a scalar product space and that the convex set C is complete with 
respect to the induced metric — for example, if C is contained in a finite- 
dimensional vector subspace of E. Indeed, this assumption suffices to 
ensure that the sequence {yn) of the proof converges to a point of C. 

Condition (*) allows us to show that Pc is a contraction, and therefore 
continuous. 

Proposition 2.2 Under the assumptions of Theorem 2.1, 

^Pc{xi) - Pc{x2)^ < \\xi - X2W for all Xi,X2 G E. 

Proof Set yi = Pc{xi) and 2/2 = Pc{x2)- First, 

Re(xi-a:2 I2/1-2/2) = Re(a:i -?/2 | -2/2)-bRo(i/2 -2:2 1 2 /i -2/2) 

= Re(xi-2/i \y\-y2)^\\yi-y2\\^ ^R^{y2-X2 \y1-y2) 
> ll 2 /i- 2 / 2 f • 

Thus, by the Schwarz inequality, \\yi — 2/2IP < ll^i ~ ^2!! \\yi — 2/2II, and 
finally \\yi - 2/2II < \\xi - X2\\. D 

We now consider projections onto vector subspaces of E. 

Proposition 2.3 Let F be a closed vector sub space of E. Then Pp is a 
linear operator from E onto F. If x E E^ the image Pf{x) is the unique 
element y £ E such that 

y£F and x — y£F^. 
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Proof. Condition (*) of Theorem 2.1 becomes 

y G F and Re(x — y\z — y)<0 for all 2 : G F. 

Now, if y £ F and A G C*, the map z' ^ z = y Xz' is a bijection from F 
onto F. Condition (*) is therefore equivalent to 

y G F and Re(A(a: — y \ z')) < 0 for all z' e F and A G C, 

and this in turn is obviously equivalent to 

y G F and x — y G F-^. 

That Pjp is linear follows easily. □ 

Corollary 2.4 For every closed vector subspace F of E, we have 

F = F 0 

and the projection operator on F associated with this direct sum is Fp. 

Proof For x G E, we can write x = Pf{x)-G [x—Pf{x)) and, by Proposition 
2.3, Pf{x) G F and x — Pf{x) G F-*-. On the other hand, if a: G F n F-^, 
then (x I x) = 0 and so x = 0. □ 

Remark. Proposition 2.3 and Corollary 2.4 remain valid under the weaker 
assumption that F is a scalar product space and F is complete in the 
induced metric — in particular, if F is finite-dimensional (see Remark 2 on 
page 106). 

Under the preceding assumptions, Fp is called the orthogonal projec- 
tion (operator) or orthogonal projector from F onto F. The image 
Fp(x), for X G F, is the orthogonal projection of x onto F. 

Corollary 2.5 For every vector subspace F of E, 

E = F0F-^. 

In particular y F is dense in E if and only if F^ = {0}. 

Proof. Just recall that F-*- = F^. □ 

This very useful denseness criterion is now applied, as an example, to 
prove a result that will be generalized in the next chapter by other methods. 

Proposition 2.6 Let p be a positive Radon measure on a locally compact, 
separable metric space X. Then Cc(X) is dense in L^{p). 
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Proof. We write F = Cc(A’). If / is an element of F-‘-, then f (pf dfi = 0 
for all if G Cc(X). Thus, for all ip G Cf{X), 

j p {Re f)'^ d/i = j p{Re f)~ dp., 

J p {Im f)'^ dp = Jp{lmf)~dp. 

By the uniqueness part of the Radon-Riesz Theorem (page 69), these equal- 
ities hold for any nonnegative Borel function p. Applying them to the char- 
acteristic functions of the sets {Ref > 0}, {Re/ < 0}, {Im/ > 0}, and 
(Im/ < 0}, we conclude that f = 0 /i-almost everywhere; that is, / = 0 as 
an element of We finish by using Corollary 2.5. □ 

We conclude this section with an alternate form of Corollary 2.5. 

Corollary 2.7 If E is a Hilbert space and F is a vector subspace of E, 
then F = 

Proof Clearly F c F-*"*-. Therefore, since F-*"*- is closed, F C F-^~^. On 
the other hand, we have F = F 0 F^ and E = F-*-*- 0 F-^. The result 
follows immediately. □ 

Exercises 

1. Let F be a Hilbert space. 

a. Let Cl and C 2 be nonempty, convex, closed subsets of F such that 
Cl C C 2 . Prove that, for all x G F, 

||Pc,(x) - Pc,{x)\f < 2{d{x,Cif - d{x,C 2 f). 

Hint. Apply the parallelogram identity to the vectors x — Pcii^) 
and X — Pc 2 {x). 

b. Let (Cn) be an increasing sequence of nonempty, convex, closed sets 
and let C be the closure of their union. 

i. Prove that C is closed and convex, 
ii. Prove that limn^-i -00 = Pc{x) for all x G F. 

Hint. Start by showing that 

lim d(x, Cn) = d(x, C). 

n—^-\-oo 

c. Let (Cn) be a decreasing sequence of nonempty, convex, closed sets 
and let C be their intersection. 

i. Prove that, if C is nonempty, 

lim Pc^{x) = Pc{x) for all X G F. 
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ii. Prove that, if C is empty, 

lim d{x^ Cn) = +00 for all x G E. 

n—>-\-oo 

(in particular, if one of the Cn is bounded, C is nonempty. This 
result is false if we only assume £* to be a Banach space: take, 
for example, E = C([0, 1]) and Cn = {f ^ E : \ f\ < 1, /(O) = 1, 
and f{x) = 0 for all x > 1/n}.) 

2. a. Let a be a nonzero element of a Hilbert space E. Prove that, for all 

X eE, 

r i±\ K^l“)| 

d[x, {a} ) = • 

b. Take E = L^([0, 1]) (see Example 2 on page 124) and let F be the 
vector subspace of E defined by 

F=|/€JS: f{x)dx = 0 

Determine F-^. Compute the distance to F of the element / of E 
defined by f{x) = e®. 

3. Let m be a measure on a measure space (0,^) and let {An)neN be a 
sequence of measurable subsets of that partitions Q. For every n E N 
define 

En = If eL\m): f \f\dm = 0 
I jQ\Ar, 

Prove that the En are pairwise orthogonal and that their union spans 
a dense subspace in L^{m). For each n G N, write down explicitly the 
orthogonal projection from onto En- 

4. Let P be a continuous linear map from a Hilbert space E to itself. 

a. Prove that P is an orthogonal projection (onto a closed subspace of 
E) if and only if P^ = P and ||P|| < 1. 

b. Prove that, if P is an orthogonal projection, 

{Px \y) = (x\ Py) = {Px I Py) for all x,y G E. 

5. Let Coo be the set of sequences of complex numbers almost all of whose 
terms are zero, endowed with the scalar product 



zGN 



Let / be the linear form on coo defined by 
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a. Prove that / is continuous. 

b. Set F — ker/. Prove that F is a closed vector subspace strictly 
contained in cqo and that = {0}. (Thus the assumption that E 
is complete cannot be omitted from the statement of Corollary 2.4.) 

6. Let /i be a positive Radon measure on a compact metric space X, with 
support equal to X. Consider the scalar product space E = C{X) with 
scalar product defined by (/ 1 ^) = J fgdfi. If A is a closed subset of X, 
we write Ea = {f ^ C'(X) : f{x) = 0 for all x G A}. 

Let A he a. closed subset of X. 

a. Prove that there exists an in creasing sequence (/„) of functions in 
Ea, each with support X \A^ that converges pointwise to lx\A- 

b. Prove that {Ea)'^ = 

Hint Prove that, if ^ G {Ea)^, then f ^x\a\ 9\^ dg = 0. 

c. Take g G C{X). Prove that d{g,EA)^ = / ^A\g\^dg. Deduce that 
Ea is dense in E if and only if g{A) = 0. Prove also that g admits a 
projection onto Ea if and only if it vanishes on the boundary of A. 

d. Suppose X has no isolated points. Prove that there exists a closed 
subset A of X with empty interior and such that g{A) > 0. Check 
that, for such an A, (Ea)^ — {0} but Ea is not dense in E. 

Hint If there exists a G X such that /i({a}) > 0, one can take 
A = {a}. Otherwise, consider a countable dense subset of X and use 
the fact that g is regular (Exercise 5 on page 77). 

7. Let m be a measure on a measure space (D, ^). Suppose m is cr-finite; 
that is, D is a countable union of elements of ^ of finite m-measure. 
Define L^{m) (g) L^{m) as the vector space generated by functions of the 
form (x,y) !->> f{x)g{y), with f,gG L^(m). Prove that L^{m) (g) L^{m) 
is dense in L^(m x m). 

Hint Let (An) be an increasing sequence of elements of of finite 
measure and covering ft. Let F be an element of the orthogonal space 
to L"^{m) (g) LP'{m) in L^{m x m). Prove that, for all n G N, the set 
consisting of all T G ^ x such that 



contains {Ax B : A^B ^ and is a monotone class; this term is 
defined in Exercise 2 on page 64. Deduce from the same exercise that 



8. The bipolar theorem. Let F be a complex (say) Hilbert space. If A is a 
nonempty subset of F, the polar of A is defined as 




F{x, y) dm{x) dm{y) = 0 



F = 0. 



A^ = [x e E : Re(x | y) < 1 for all y G A}. 



The set A^^ is called the bipolar of A. 
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a. Prove that the polar of any nonempty subset of ^ is a closed convex 
set containing 0. 

b. Deduce that, if A is a nonempty subset of the closed convex hull 
of A U {0} (see Exercise 9 on page 18) is contained in 

c. We now want to show the reverse inclusion. Let C be the closed 
convex hull of A U {0} and take x G A°^. 

i. Prove that Re(o:; — Pc{x) | Pc{x)) > 0. 

ii. Prove that, for all e: > 0, 

e + Re{x-Pc{x)\Pc{x)) ^ 

Deduce that ||x — and so that x e C. 

d. Let A be a convex subset of E containing 0. Prove that A = A^^. 

e. Let A be a vector subspace of E. Prove that A^ — A-^. (We thus 
recover the equality A = A~^-^.) 



3 The Riesz Representation Theorem 

We assume in this section that P is a Hilbert space. The Riesz Represen- 
tation Theorem, which we now state, describes the topological dual of E. 

Theorem 3.1 (Riesz) The map from E to E' defined byy\-^(fy = {-\y) 
is a surjective isometry. In other words, given any continuous linear form 
(f on E, there exists a unique y E E such that 

if{x) = {x\y) for all x e E, 

and, furthermore, ||(^|| = \\y\\. 

Proof. That this map is an isometry was seen in Corollary 1.3. We now 
show it is surjective. Take ip e E' such that ip ^ 0. We know from Corollary 
2.4 that E = kenp 0 (ker(^)-^, since, ip being continuous, ker ip is closed. 
Now, (p is a nonzero linear form, so ker ip has codimension 1. The space 
(ker (/?)-^ therefore has dimension 1; it is generated by a vector e, which we 
can choose to have norm 1. Set y — ip{e)e if K = C, or y = ^(e)e if K = M. 
Then ipy{e) = ip{e) and = 0 on ker ip. It follows that ipy and ip coincide 
on (ker (/?)-*- and on ker(^, ip = ipy. □ 

We recall that this isometry is linear if K = R and skew-linear if K = C. 
The rest of this section is devoted to some important applications of 
Theorem 3.1. 
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3 A Continuous Linear Operators on a Hilbert Space 

Recall that L{E) denotes the space of continuous linear maps (or operators) 
from E to E. We use the same symbol for the norm in E and the associated 
norm in L{E). We denote by I the identity on E. 

Proposition 3.2 Given T G L{E), there exists a unique operator T* G 
L{E) such that 

{Tx \y) = {x\ T*y) for all x^y G E. 

Moreover, ||T*|| = ||r||. 

T* is called the adjoint of T. 

Proof. Take y e E. The map (py o T : x ^ (Tx\y) is a.n element of E', so 
by Theorem 3.1 there exists a unique element of E, which we denote by 
T*y, such that 

{Tx \y) = {x\ T*y) for all x G E; 

moreover ||T*2/|| = \\^y o T|| < || 2 /|| ||T||. The uniqueness of such a T*y 
easily shows that T* is linear; at the same time, by the preceding inequality, 
||T*|| < ||T||. Moreover, if x G 

\\Tx\? = {Tx\Tx) = {x\T*Tx) < ||x|| ||r|| ||Tx||, 

which implies that |lTx|| < ||x|| \\T*\\, and so that ||T|| < ||T'*'||. □ 

The properties in the next proposition are easily deduced from the defi- 
nition of the adjoint. 

Proposition 3.3 The map from L{E) to itself defined by T ^ T* is 
linear if K = R and skew-linear if K = C. It is also an isometry and 
an involution {that is, T** = T for T G L{E)). We have I* = I and 
(TS)* = S*T* for all T, 5 G L{E). 

Examples 

1. Take E = with the canonical euclidean structure. The space L{E) 

can be identified with the space Md{R) of d x d matrices with real 
entries. Then T* is the transpose of T. If with the canonical 

hermit ian structure, the space L{E) can be identified with Md{C) and 
T* is the conjugate of the transpose of T. 

2. The next example can be regarded as an extension of the preceding one 
to infinite dimension. Let m be a measure on a measure space (Q,c^). 
Suppose m is cr-finite; that is, is a countable union of elements of ^ 
of finite m-measure. This entails we can use Fubini’s Theorem. We place 
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ourselves in the Hilbert space E = and take K e L^{m x m). If 

f e E, we define Tx/(x) for m-almost every x by 

TKf{x) = j K{x,y)f{y)dm{y). 

Since, by the Schwarz inequality, 

^ j\fiy)\^dm{y) Jj\K{x,y)\^ dm{x)dTn{y) < +00, 

this expression defines an element Tk/ of E such that 

llTif/f < WfW^ jj \lC{x,y)f dm{x)dm{y), 

which shows that Tk is a continuous linear operator on E whose norm is 
at most the norm of K in L^{m x m). By Fubini’s Theorem, if /,^ G E, 
we have, in the case K = C, 

{TkI \y) = j f(y) (^J y)9(x) dm{x^ dm{y) = (/ | T/f.g), 

where we have put K*{x,y) == K{y,x). Thus = Tk*- Naturally, in 
the case K = R, we get the same result with K*{x^ y) = K{y^ x). 

The next property will be useful in the sequel. 

Proposition 3.4 For every T G L{E), we have ||TT*|| = ||T*T|| = ||Tp. 

Proof, Certainly ||T*T|| < ||T|p. On the other hand, 

||Ta:||" = {Tx\Tx) = {x\T*Tx) < ||x||2||T*T||, 

which shows that ||T||2 < ||T*T||. Therefore ||T*T|| = ||T||2 and, applying 
this result to T*, we get ||TT*|| - ||T*|p = ||T||2. □ 

An operator T G L{E) is called selfadjoint if T = T*. We also call 
such operators symmetric if K = R and hermitian if R = C. By the 
preceding proposition, if T is selfadjoint then ||T^|| == \\T\\^. 

Examples 

1. For every operator T G L{E), TT* and T*T are selfadjoint. 

2. In Example 2 on the preceding page, Tk is selfadjoint if and only if, for 
(mxm)-al most ev ery (x,i/), we have K{x,y) — K{y,x) (if R = R) or 
K{x, y) = K{y, x) (if R = C). This condition is clearly sufficient and it 
is necessary by Exercise 7 on page 110. 
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3. Every orthogonal projection operator is selfadjoint (see Exercise 4 on 
page 109). 

Note that, if T is a selfadjoint operator, {Tx | a:) G R for all x e E. We 
say that T G L{E) is positive selfadjoint if 

{Tx I x) G M"*" for all x e E. 

Warning! If £* is a function space, this notion of positivity has nothing to 
do with the condition / > 0 Tf > 0. In particular, in Example 2 above, 
Tk is positive selfadjoint if, for all / G L‘^{m), 

jj K{x,y)f{x)f{y)dm{x)dm{y) >0, 

and it is positive in the other sense if K >0, which is altogether different. 

One checks immediately that, for all T G L{E), the operators TT* and 
T*T are positive selfadjoint. 

The last result of this section gives another expression of the norm of a 
selfadjoint operator. 

Proposition 3.5 Assume E ^ {0}. For every selfadjoint operator T G 
L{E), 

||T|| = sup{|(Ta: \x)\: x e E and ||x|| = l}. 

Proof Let 7 be the right-hand side of the equality. Clearly 7 < ||T|| and, 
for all X G E, |(Tx|a:)| < 7||a::|p. Assume for example that R = C, and 
take y,z e E and A G R. Then 

I (T(y ± A2) I j/ ± Az) I = I (Ty | j/) ± 2A Re{Ty \z) + XHTz\z)\ <j\\y±Xzf. 

We deduce, by combining the two inequalities, that 

4 |A| |Re(Ty | z)| < 7(112/ + Azf + \\y - Azf ) = 2^{\\yf + X^zf), 

and this holds for any real A. We conclude that |Re(Tj/|z)| < 7H2/H ||^||, 
from the condition for a polynomial function on R of degree at most 2 
to be nonnegative- valued. Now it is enough to choose z = Ty to obtain 
\\Ty\\ < 7II2/II for all y ^ E^ and hence ||T|| <7. □ 

3B Weak Convergence in a Hilbert Space 

We say that a sequence (xn) in E converges weakly to x G E if 

lim {xn \y) = (x\y) for all y G E. 

n— >-+oo 

In this case x is called the weak limit of the sequence (xn). Clearly a 
sequence can have no more than one weak limit. 
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One deduces immediately from the Schwarz inequality that a sequence 
(xn) of E that converges to a point x o^ E in the sense of the norm of E (one 
for which limn-^+oo ||^n — ^|| = 0) also converges weakly to x. The converse 
is generally false. For example, it is easy to check that the sequence (xn) 
in E = defined by 




if j - n, 
otherwise 



converges weakly to 0, whereas ||xn|| = 1 for all n. For this reason we 
sometimes call convergence in the sense of the norm strong convergence. 

The next proposition pinpoints the relationship between weak and strong 
convergence. 



Proposition 3.6 Let (x^) be a sequence in E that converges weakly to x. 
Then 



liminf llxnll > \\x\\. 

n->+oo 

Moreover, the following properties are equivalent: 



1. The sequence (xn) converges {strongly) to x. 

2. limsup„^+„„|la;„|| < ||a:|l. 

Proof. First, 



l|,Tf = lim |(xla:„)| < 11x11 liminf llx„ll, 

n->+oo' ' n— >-+oo 

which proves the first statement. At the same time, ||x - + 

lla^nlP - 2Re(xn |x), so 

limsup \\x — Xn||^ < (limsup ||xn||)^ — ||^|P, 

n->-|-oo n->+oo 

which yields the equivalence between 1 and 2. The equivalence between 2 
and 3 follows immediately from the first statement. □ 

The Riesz Representation Theorem enables us to prove the following 
version of the Banach-Alaoglu Theorem in a Hilbert space. 

Theorem 3.7 Any hounded sequence in E has a weakly convergent sub- 
sequence. 

Proof. Suppose first that E is separable. Let (xn) be a bounded sequence in 
E. In the notation of Theorem 3.1, the Banach-Alaoglu Theorem (page 19) 
applied to the sequence {(fx^) guarantees the existence of a subsequence 
{xrik ) of a. if e E' such that 

lim (y) == T{y) for all y £ E. 

fc— >-+oo 
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By Theorem 3.1, there exists an element x e E such that (f = which 
proves the theorem in the separable case. 

We turn to the general case. Let (Xn) be a bounded sequence in E and 
let F be the closure of the vector subspace of E spanned by {a:n}nGN- By 
construction, this is a separable Hilbert space. The first part of the proof 
says that there exists a subsequence (xn^ ) and a point x e F such that 

lim (xnfc \y) (x\y) for all y e F. 

fc->+oo 

Since this equality obviously takes place also if 2/ G it suffices now to 
apply Corollary 2.4. □ 

The fact that any continuous linear operator has an adjoint allows us to 
prove the following property. 

Proposition 3.8 Let (xn) he a sequence in E converging weakly to x. 
Then, for all T G L{E), the sequence (Txn) converges weakly to Tx. 

Proof. For every y E E, 

lim {Txn I y) = lim {xn\T*y) =- {xlT^'y) = {Tx | y). □ 

n->-+oo n— >-|-oo 



Exercises 

1. Theorem of Lax-Milgram. Galerkin approximation. Let E he a. real 
Hilbert space and a a bilinear form on E. Assume that a is contin- 
uous and coercive: this means that there exist constants (7 > 0 and 
a > 0 such that 



|a(a;,y)| < CHxH ||j/|| for all x,y e E, 
o(x,x) > a||x|p forallxejB. 

a. i. Show there exists a continuous linear operator T on E such that 

a(x, y) = (Tx | y) for all x,y e E. 

ii. Prove that T{E) is dense in E. 

iii. Prove that ||Tx|| > a||x|| for all x e E. Deduce that T is injective 
and that T{E) is closed. 

iv. Deduce that T is an isomorphism from E onto itself. 

b. Let L be a continuous linear form on E. 

i. Deduce from the preceding questions that there exists a unique 
u £ E such that 



a(u, y) = L{y) for all y £ E. 
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ii. Now suppose that the bilinear form a is symmetric and define, 
for X e 

^{x) = ^a{x,x) — L{x). 

Prove that the point u is characterized by the condition 
^(u) = mm^(x). 

^ ^ xeE ^ ' 

c. We return to the notation and situation of question Ib-i. Let (En) be 
an increasing sequence of closed vector subspaces of E whose union 
is dense in E. 

i. Prove that, for any integer n G N, there exists a unique Un E En 
such that 

y) = L{y) for all y E En. 

Check, in particular, that if En has finite dimension dn, determin- 
ing Un reduces to solving a linear system of the form AnUn = Ym 
where An is an invertible dn x dn matrix, which, moreover, is 
symmetric and positive definite if a is symmetric. 

ii. Prove that, for any n E N, 

(j 

llu U-77,|| ^ d{u^ En') • 

Deduce that the sequence {un) converges to u. 

Hint Take y e En. Prove that 

a{u-Un, u-Un) = a{u-Un, u-y) 

and deduce that a\\u — Un ll<C'lh-J/||. 

2. Lions-Stampacchia Theorem {symmetric case). Consider a real Hilbert 
space E, a nonempty, closed, convex set C in J5, a continuous and co- 
ercive (Exercise 1) bilinear symmetric form a on E, and a continuous 
linear form L on E. Let J be the function defined on E by 

J{u) = a(u, u) — 2L{u) for all u e E. 

Prove that there exists a unique c e C such that J(c) < J{v) for all 
u E C, and that c is characterized by the following condition: 

a(c, v — c)> L{v — c) for all v E C. 

Hint By the Lax-Milgram Theorem (Exercise 1), there exists a unique 
element u of E such that a{u,v) = L{v) for all v e E. Check that 
J{v) = a{v — u, u — u) — a(u, u), then work in the Hilbert space (E,a). 

3. Reproducing kernels. Let X be a set and ^ the vector space of complex- 
valued functions on X. 
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a. Consider a vector subspace E of ^ endowed with a Hilbert space 
structure such that, for all x e X, the linear form defined on E by 
f ^ f{x) is continuous. 

i. Prove that there exists a unique function K from to C sat- 
isfying these conditions: 

- For all y e E, the function K{ - ,y) : x ^ K{x,y) lies in E. 

- For all f e E and y e X, we have (/ | i^( • , 2 /)) = /( 2 /)- 
We call K the reproducing kernel of E. 

ii. Prove: 

A. For all x,y e E, we have K{x, y) = K{y, x). 

B. For all n e N*, all (^ 1 , . . . ,^n) ^ and all (xi, . . . ,Xn) G 

we have 

n n 

> 0. 

i=l j=l 

iii. Prove that the family {K{- iy)}yex is fundamental in E. 

b. Conversely, consider a function K from to C satisfying properties 
A and B above. 

i. Let be the vector subspace of ^ spanned by {K{‘ ,y)}y^x- 
Prove that the relation 




Xj) 



m V n m 

Y^UkKj- ,Vk) = EE K{yk,Xj)Xjfik 

k=i ' j=l k=l 



defines a scalar semiproduct on Check, in particular, that this 
expression does not depend on the representations involved. 

ii. Let {E^, ( • | • )"^) be the Hilbert completion of ^ and let L be the 
associated canonical map from S' to E'~ (Exercise 8 on page 104). 
Define an application : E" ^ by 

Prove that W is injective. 

iii. Derive a Hilbert space structure for E = with respect to 

which K is the reproducing kernel. 

c. Suppose X = R and fix a Borel measure /x of finite mass on M. If 
h G denote by fh the element of ^ defined by 



fhix) = I e**^h{t)dti{t). 

i. Prove that the map h i-> //^ thus defined on is injective 

(see Exercise Ic on page 63). 
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ii. Set E = {fh : h 6 L^(/i)}. For /i, E set 

(M/fe) = j hkd^l. 

Prove that E is a Hilbert space having as a reproducing kernel 
the function K{x,y) = f 

d. Let fi be open in C. Prove that the Hilbert space defined in 

Exercise 4 on page 102 has a reproducing kernel. This is called the 
Bergman kernel. 

4. Let E be a Hilbert space over C, distinct from {0}. If T G L(E), write 

n{T) = sup{l(Tx I x)| : ||x|l = l}. 

a. Prove that 

n{T) < ||T|| < 2n{T) for all T G L{E). (*) 

Hint. For the second inequality, draw inspiration from the proof of 
Proposition 3.5 to show that, for every x,y £ E and S G L{E), 

|(5x I y) + {Sy \ x)| < 2n(5)||x|| || 2 /||. 

Then set S = XT and y = XTx, were A is a complex number of 
absolute value 1 such that A^{T^a: | x) G R"*". 

b. Prove that (*) would be false if E were a Hilbert space over R. 

c. Prove that, if E has dimension at least 2, the constant 2 in (*) cannot 
be replaced by a smaller real number. 

Hint. Let u and v be orthogonal vectors in E, each of norm 1. Con- 
sider the operator defined on E by 

T{Xu fjLV w) = Xv for all A, // G K and w G {ifc, 

d. Prove that the map T i-> n(T) is a norm on L{E) equivalent to the 
norm || • ||. 

5. Let E be a Hilbert space over C. 

a. Take T G L{E). Prove that T is hermitian if and only if (Tx\x) G R 
for all X e E. 

Hint. In the notation of Exercise 4, T = T* if and only if n(T— T*) = 0. 

b. Deduce that an operator T on E is positive hermitian if and only if 
(Tx I x) G R"*~ for all x £ E. 

6. Let T be a positive selfadjoint operator on a Hilbert space E. 
a. Prove that 

|(Tx|y)|^< {Tx\x){Ty\y) for all x,y £ E. 

Hint. Prove that (x,y) h-> (Tx | y) is a scalar semiproduct on E and 
so satisfies the Schwarz inequality. 
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b. Derive another proof of Proposition 3.5 in this case, 

7. Let P be a continuous linear operator on a Hilbert space E. We assume 
that P is a projection (P^ = P), Prove that the following properties are 
equivalent: 

“ P is an orthogonal projection operator. 

- P is selfadjoint: P = P*. 

- P is normal: PP* = P*P. 

~ (Px I x) = ||Pic|P for all x e E, 

8. Consider a Hilbert space E and an element T 6 L{E). 

a. Prove that kerT* = (imT)-*-. Deduce that imP = (kerT*)-^, then 
that im T = P if and only if T* is injective. 

b. Assume T is positive selfadjoint. Prove that an element x € P sat- 
isfies Tx = 0 if and only if (Px|x) = 0 (use Exercise 6a above). 
Deduce that T is injective if and only if (Tx | x) > 0 for all x ^ 0. 

9. An ergodic theorem. Consider a Hilbert space P and an element T € 
L{E) such that ||T|| < 1. 

a. Prove that an element x G P satisfies Tx = x if and only if (Tx | x) = 
||x||^. (Use the fact that equality in the Schwarz inequality implies 
collinearity.) Deduce that ker(/ — T) = ker(7 — T*). 

b. Show that (im(7 — T))-^ = ker(/ — T) (use Exercise 8a above) and 
deduce that 

P = ker(/ - T) © im(7 - T). 



c. For n > 1, set 

^ _ 7-f T + --- + T” 
n + 1 

Show that limn^+oo T„x = Px for all x E P, where P is the orthog- 
onal projection onto ker(7 — T). 

Hint C onsider suc cessively the cases x E ker(7 — T), x E im(7 — T), 
and X E im(7 — T). In this last case, you might use Proposition 4.3 
on page 19. 

10. Let P be a Hilbert space. 

a. Prove that every weakly convergent sequence in P is bounded. 

Hint Use the Banach-Steinhaus Theorem (Exercise 6d on page 22), 

b. Let (xn) and (y^) be sequences in P. Prove that if (xn) converges 
weakly to x and (yn) converges strongly to the sequence ((x„ |j/n)) 
converges to (x|y). What if we suppose only that {yn) converges 
weakly to y ? 

11. Let (x„) be a sequence in a Hilbert space P. Prove that if, for all y E 
P, the sequence ((xn|y)) is convergent, the sequence (xn) is weakly 
convergent. 

Hint Use Exercise 6f on page 23. 
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12. Let be a compact subset of a Hilbert space E. Prove that every 
sequence in K that converges weakly also converges strongly. 

13. Prove that in a finite-dimensional Hilbert space every weakly convergent 
sequence is strongly convergent. You might give a direct proof, not using 
Exercises 10 and 12. 

14. Let D be a fundamental subset of a Hilbert space E. Prove that if {xn) is 
a bounded sequence in E and if limn-).+oo(^n \v) = i^\y) for V ^ D, 
then {xn) converges weakly to x. Prove that the assumption that (x^) 
is bounded is necessary (see Exercise 10a above). 

15. a. Let {xn) be a weakly convergent sequence in a Hilbert space and let 

X be its weak limit. Prove that x lies in the closed convex hull of the 
set 

Hint. Let C be the closed convex hull of the set {xn}nGN* Prove that 
X = Pcx. 

b. Let (7 be a convex subset of a Hilbert space E. Prove that C is closed 
if and only if the weak limit of every weakly convergent sequence of 
points in C is an element of C. 

16. Banach-Saks Theorem. 

a. Let (xn) be a sequence in a Hilbert space E converging weakly to 
X € E. Prove that there exists a subsequence (xn^) such that the 
sequence (yk) defined by 

1 / 

Vk — ^ V^ni ^ri2 * * * “1“ ^Uk) 

converges (strongly) to x. 

Hint. Reduce to the case where x = 0. Then construct (by induction) 
a strictly increasing sequence (n^) of integers such that, for all A: > 2, 

\{Xni |3!^nfc)| ^ 1/^5 |(^ri2 l^nfc)| ^ 1/^5 •••? |(^7ifc_i |^rifc)| ^ 1/k. 

Then use Exercise 10a. 

b. Deduce another demonstration of the result of Exercise 15. 

17. A particular case of the Browder Fixed-Point Theorem. Let (7 be a 
nonempty, convex, closed and bounded subset of a Hilbert space E. 

a. Let T be a map from C to C such that 

||T(x) - T{y)\\ < ||x - y|| for all x,y £ C. 
i. Let a be a point of C. For every n G N* and x G (7, define 

Tn{x) = -a+ T(x). 

n n 

Show that there exists a unique point Xn ^ C such that Tn{xn) = 

Xfi . 

Hint The map T^ is strictly contracting. 
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ii. Let (x-rif^) be a weakly convergent subsequence of the sequence 
(xn), tending to the weak limit x (see Theorem 3.7). Set yn — 
Xn — a and y — x — a. Prove that, for all n > 2, 

llynf 

Deduce that the sequence converges strongly to x, that 

X eC, and that T(x) = x. 

iii. Prove that the set {x e C : T{x) ~ x} is convex, closed, and 
nonempty. 

Hint To show convexity, take xo,Xi G C such that T(xq) = Xq 
and T(xi) — x\ and, for t G [0, 1], set x< = tx\ + (1 - t)xo. Prove 
that 

\\xq “ a^ill = ||7'(xt) - xo|| + ||xx - T(xi)||. 

Using the case of equality in the Schwarz inequality, deduce that 
T{xt) = Xf. 

b. Let be a family of maps from C to C such that 

- ToS = SoThv all T,5 g and 

- ||T(a:)-T(y)||<||x- 2 /||forall T G ^ and x,y gC. 

Suppose also that E is separable. Show that there exists a point 
X G C such that 

T(x) = X for all T G ^ > 

Hint Show first that there exists a metric that makes C compact; 
then argue as in Exercise 19a on page 85. 

18. Consider a nonempty, convex, closed and bounded subset C of a real 
Hilbert space E, and a differentiable function J from E to M. Recall 
that J is called convex on C if, for any pair (u, u) of points in C and 
any 9 G [0,1], 



J{9u + (1 - 9)v) < 6J{u) + (1 - 9)J{v). 



By definition, the gradient of J at u, denoted by Vt/(u), is the element 
of E that the Riesz Representation Theorem associates to the derivative 
map J\u). 

a. Prove that J is convex on C if and only if, for all {u^v) G C^, 



> J{y) + (VJ(u) \ v — u). 



In particular, deduce that, if J is convex, it is bounded below over 

C. 



b. Prove that if J is convex there exists at least one point G C such 
that 



J(u*) ~ inf J{u), 

uEC 
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You might proceed in the following way: Let m be the infimum 
on the right-hand side, and let {un) be a sequence in C such that 
limn->+oo J{un)= m. 

i. Prove that (u^) has a weakly convergent subsequence (unk)- 

ii. Let n* be the weak limit of ('Unfc)- Prove that ^ C (see Exer- 
cise 15). 

iii. Prove that J{u^) = m. 

c. Under the same hypotheses and with the same notation, prove that 
the set Co = {u* G C : J{u^) = m} is convex and closed. Prove also 
that u G Co if and only if (V J(ia) 1 — u) > 0 for all -y G C. 

d. An example of a convex function. Take T G L{E) and $ G E' , and 
set J{u) = {Tu\u) A- ^(n). Prove that J is convex on E if and only 
if the operator T + T* is positive selfadjoint. 
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We consider a scalar product space E. A family {Xi)i^i of elements of E 
is called orthogonal if Xi ± Xj whenever i ^ j. For such a family, the 
Pythagorean Theorem implies that, for any finite subset J of /, 






2 



E 11 ^* 11 '- 

iG J 



Here is an immediate consequence of this: 

Proposition 4.1 An orthogonal family that does not include the zero vec- 
tor is free. 

Proof. Let J be a finite subset of I and let {Xj)jeJ be elements of K such 
that ^jXj = 0. Then 



jeJ 




jeJ 



which clearly implies that Xj = 0 for all j G J. 



□ 



An orthogonal family all of whose elements have norm 1 is called or- 
thonormal. The preceding proposition shows that such a family is free. 
A fundamental orthonormal family in E is called a Hilbert basis of E. 
Thus a Hilbert basis is, in particular, a topological basis. 

We give some fundamental examples. 
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Examples 

1. Suppose a > 0 and let Cf be the space of continuous functions periodic 
of period a from M to K, with the scalar product defined on page 98. 
For n G Z, we set 

e„(x) = 

It is straightforward to show that the family (cn)nez is orthonormal in 
Cf . As in the particular case of Example 4 on page 35, this family is 
fundamental in Cj with the uniform norm. Since the norm associated 
with the scalar product never exceeds the uniform norm, the family 
(en)n€Z is a Hilbert basis of the scalar product space Cj . It follows 
easily that the family 

r, r- 27 t . 27t /- 27m /- . 27m i 

< 1, v2cos — X, v2sin — x, . . . , v2cos x, v2sm x, . . .\ 

I a a a a ) 

is a Hilbert basis of the scalar product space Cj , for IK = R or K = C. 

2. If A is a Borel set in R, we denote by L^^iA) the space L^(A, A) associated 

with the restriction of Lebesgue measure to the Borel sets of A. Let E = 
L2((0,l)). Clearly L2((0,1)) = ^^([O,!]), since A({0}) - A({1}) = 0. 
We now set en{x) = for n € Z and x G (0, 1). Then {en)nez is 

an orthonormal family in ^£((0, 1)). We also know, by Proposition 2.6 
on page 107, that Cc((0, 1)) is dense in L^((0, 1)). Now, (7c((0, 1)) can 
be identified with a subspace of Ci, the space of continuous functions 
periodic of period 1 (every element / of Cc((0, 1)) extends uniquely to a 
continuous function periodic of period 1 on R), and every element of Ci 
is the uniform limit of a sequence of linear combinations of functions Cn 
extended to R by 1-periodicity (Example 4 on page 35). We deduce, by 
comparing norms as in the preceding example, that the family (e„)n€Z 
is a Hilbert basis of ^£((0, 1)). As before, it follows that 

{1, \/2cos27tx, V2sin27TX, ..., V2cos27mx, V^sin27mx, ...} 

is a Hilbert basis of 1)), for K = R or IK = C. 

More generally, if a, 6 E R and a < 5, the family (/n)nez defined by 

/„(x) = for all x £ (a, b) 

V 6 - a 

is a Hilbert basis of L^((a, b)). One can also, in an analogous way, obtain 
a real Hilbert basis of L^((a, 5)). 

3. Consider the space E = ^^(7) of Example 5 on page 99. For j E /, we 

define an element ej of E by setting ej{j) = 1 and ej{i) = 0 if i ^ j. 
The family is obviously orthonormal. We now show that it is 

fundamental. To do this, take x e E and e > 0. By the definition of the 
sum \xi\^, there exists a finite subset J of / such that 
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= 13 1^*1^ “ S 

iG/\J i^I ieJ 



But then 

^ 53 1^*1^ 

j6J iei\J 

Thus the family {ej)j^i is a Hilbert basis of E. 



The main properties of orthonormal families follow from the next propo- 
sition, which is elementary. 

Proposition 4.2 Let {ej}j^j be a finite orthonormal family in E, span- 
ning the vector subspace F. For every x e E, the orthogonal projection 
Pf{x) of X onto F is given by 



Pf{x) = Y^{x\ej)ej. 
jeJ 



As a consequence. 



\W\ = 



+13|(a;|ei)p 

jeJ jeJ 



Proof To prove the first statement, it is enough to show that the vec- 
tor y = satisfies the conditions characterizing Pf{x) (see 

Proposition 2.3 and the remark on page 107). Now, it is clear that y E F 
and that {x — y\ej) = 0 for all j e J, which implies x — y e F-^. The rest 
of the theorem follows immediately from the Pythagorean Theorem. □ 

An important, though easy, first consequence is the Bessel inequality: 

Proposition 4.3 Let {ci)i^i be an orthonormal family in E. For all x G 
E, we have 

13|(a;|ei)P < ]\xf- 

iGl 

[In particular, the family ((x | ei))i^j lies in 

The next result characterizes the case of equality in the Bessel inequality. 

Theorem 4.4 (Bessel-Parseval) Let [ci)i^i be an orthonormal family 
in E, The following properties are equivalent: 

1. The family [ei)i^i is a Hilbert basis of E. 

I all X e E (Bessel equality). 

3. [x I y)^ [x I ei)[ei \ y) for all x,y e E. 
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Thus, if {ei)i^[ is a Hilbert basis of E, the map from E to ^^(/) defined 
by X ((x| ei))i^i is a linear isometry. This isometry is surjective if and 
only if E is a Hilbert space. 



Proof 

i. Assume property 1 holds. Then, for all x e E and all £ > 0, there 
exists a finite subset J of / such that the distance from x to the span 
of {cj}j^j is at most e. By Proposition 4.2, 

j€i jeJ 

By making £ go to 0 and taking Bessel’s inequality into account, we 
obtain 2. 

ii. Conversely, suppose property 2 holds. Then, for all a:: 6 and all £ > 0, 

there exists a finite subset J of / such that I 

thus, by Proposition 4.2, 



X 



'^{x\ej)ej 

jeJ 



< £. 



This shows that the family is fundamental, and so property 1. 

iii. The equivalence between 2 and 3 can be derived immediately from the 
expression of the scalar product in terms of the norm, valid for any 
scalar product space (see the remark following Corollary 1.2). 

iv. If the isometry is surjective, E is isometric to i^{I) and hence complete. 
V. Finally, suppose E is a. Hilbert space and let {xi)iei be an element of 

Set a = There exists then an increasing sequence ( Jn) 

of finite subsets of I such that, for all n E N, > a ~ 2"'^ 

(we can assume that I is infinite, since the finite case is elementary). 
Put Un ^ Then, if n < p, 

IK-«n|P= E 

ieJp\Jrt 

Since E is complete, we deduce that the sequence (u^) converges to an 
element x of E, But 

E 

ieUnJn 

Hence, for any i ^ we have = 0 and 

{x\ei) ^ lim {un \ei) = 0. 

n— ^+oo 

If * € Un then {x 1 6i) = lim„_.+oo(«n I Ci) = Xi. Thus {x \ Ci) = Xi 
for all i £ I, which proves the surjectivity of the isometry. □ 
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Remark, More precisely, steps i and ii of the proof show that, if {ei)i^i is 
an orthonormal family in the equality 

i€/ 

characterizes those points x that belong to the closure of the span of the 
family (ei)ie/. 

We shall see that the inverse image of under the isometry E — > 

of the preceding theorem can be considered as the sum 
a sense made precise in the following definition; 

A family {Xi)i^i in a normed vector space E is called summable in E 
if there exists X ^ E, called the sum of the family satisfying the 

following condition: For any e > 0, there exists a finite subset J of / such 
that 



i^K 



< £ 



for any finite subset K C I containing J. 



In this case we write 

x = ^x,. 

iei 

It is easy to see that the sum of a summable family is unique. Observe 
that, in the case F? = K, a family {xi)iej is summable in K if and only 
if {xi)i^i e definition just given for the sum 

coincides with the one given in Example 5 on page 99 (see Exercise 5 on 
page 103). Naturally, if / = N and if the family is summable, the 

series converges in E, with ” SSo converse is 

false, even for E — K: see Exercise 2 below. 

Theorem 4.5 Let be a Hilbert basis of E, For any element x ofE, 



X = ^2 I 

i€l 

Proof By Proposition 4.2, we know that, for any finite subset J 

2 



x-'^{x\ej)ej = ||x||^-5]|(a;|ej)f 
jeJ j€J 



Now just apply the definitions and property 2 of Theorem 4.4. 



of/, 



□ 



Example. Consider again the situation of Example 1 on page 124: the 
space C 27 r with a Hilbert basis (e^) defined by e„(a:) = if j ^ (7^^ 
and n G Z, set 

Cn{f) = {f\en) = j^2^ f{x)e-*^^dx. 
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The sequence (cn(/))n€Z is the sequence of complex Fourier coefficients 
of /. Thus, for all / € 

-I /•27T 

— j \f{x)\''dx='^\Cnif)\ . 

Jo n€Z 

At the same time we have 



f='Y^Cn{f)en {*) 

Tl^Z 

in the sense of summability in the space with the norm associated 
with the scalar product. Recall that in general the series of functions 
X)^^^Cn(/)en does not converge uniformly to /; therefore equality (*) 
does not hold in general in with the uniform norm. (It holds when / is 
of class for example; see Exercise 15 below). On the other hand, since 
the scalar product space is not complete, the isometry from to 
P{Z) defined by / (cn(/))nez is not surjective; hence not all elements 
of are sequences of Fourier coefficients of continuous functions. 

Complex Fourier coefficients can be defined analogously for functions 
/ € L^((0, 1)), by setting Cn(/) = (see Example 2 on 

page 124). Bessel’s equality remains valid in this case, as does equality 
(*) in the sense of the norm of T^((0, 1)), which, unlike is complete. 
Thus the isometry from L^((0, 1)) to £^(Z) defined by / {cn{f))nez is 
surjective. 

The rest of this section is devoted to the problem of existence and con- 
struction of Hilbert bases. 

Proposition 4.6 (Schmidt orthonormalization process) Suppose 
that N e {1,2,3,...} U {-foo} and let {fn)o<n<N be a free family in E. 
There exists an orthonormal family {en)o<n<N of E such thatj for each 
nonnegative integer n < N, the families (cp)o<p<n ond {fp)o<p<n span the 
same vector subspace of E. 

Such a family can be constructed by setting 

andj for 0 < n < AT — 1 , 

~ /n+l Enfn-\-\ and CjiJ^\ 

where is the orthogonal projection onto the span of the family (/p)o<p<n- 

Proof, We show that the sequence (en)neN defined in the statement satisfies 
the desired conditions. First, since the family (/n) is assumed to be free, it 
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is clear that Xn ^ 0 for all n, and so that is defined for all n. Let En 
and Fn be the vector subspaces of E spanned by, respectively, {ep)o<p<n 
and {fp)o<p<n- Trivially, Eq = Fq. Suppose that En = Fn for n < N — 1. 
Clearly Cn+i 6 Fn+i, so En-\-i C Fn^i. Moreover fn+i e which 

shows the reverse inclusion. Hence, En = Fn for all 0 < n < iV. At the 
same time, for each n > 1 the vector e^+i is, by construction, orthogonal 
to Fn and thus to En. Therefore the family {en)o<n<N is orthonormal. □ 

Remark. The family {en)o<n<N can be recursively constructed using the 
following algorithm: 



(see Proposition 4.2). 

Corollary 4.7 A scalar product space is separable if and only if it has a 
countable Hilbert basis. 

Proof. According to Proposition 2.6 on page 10, the condition is sufficient. 
By the same proposition, separability implies the existence of a free and fun- 
damental family (/n)n€N- Applying the Schmidt orthonormalization pro- 
cess to the family {fn) we obtain a family (e^) that is a Hilbert basis. □ 

Two scalar product spaces are called isometric if there exists a sur- 
jective isometry from one onto the other. Theorem 4.4 has the following 
consequence: 

Corollary 4.8 An infinite- dimensional Hilbert space is separable if and 
only if it is isometric to the Hilbert space . 

Exercises 

1. Prove that every orthonormal sequence in a Hilbert space converges 
weakly to 0. 

2. Summable families in normed vector spaces. Let {Xi)i^i be a family in 
a normed vector space E. 

a. Suppose E is finite-dimensional. Show that {Xi)i^j is summable if 
and only if Xlig/ ll^ill < +oo. 

Hint. Reduce to the case E = K and use Exercise 5 on page 103. 

b. Make no assumptions on E, but suppose I is countably infinite. 

i. Prove that, if the family {Xi)i^i is summable with sum X, we 
have, for any bijection (f from N onto /, 

+00 



XO = /o. 



eo = ^o/lko|| 



n 





n=0 
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ii. Suppose, conversely, that the series converges for 

any bijection (f : N ^ I. Prove that the family {Xi)i^i is 
summable. 

Hint. Let (p he a, bijection from N onto I and set 

+00 

^ = E^V>(n)- 

71=0 

Prove that, if Yliei Xi ^ X, there exists e > 0 with the following 
property: For any integer n G N, there exists a finite subset 
A of {n, n-hl, n-1-2, ...} such that Deduce 

the existence of a sequence (^n)neN of pairwise disjoint finite 
subsets of N such that ^ every n G N, 

then the existence of a bijection ip : N I such that the series 
does not satisfy the Cauchy criterion and so does 

not converge. 

c. Suppose that E is a Hilbert space, / is arbitrary, and {Xi)i^j is 

an orthogonal family. Show that the family {Xi)i^i is summable if 
and only if Yliei IP -{-oo. (You might draw inspiration from 
the last part of the proof of Theorem 4.4.) Deduce that, in any 
infinite-dimensional Hilbert space, there exists a summable sequence 
(Xn)n£N such that W^nW fs infinite. (In fact, the Dvoretzki- 

Rogers Theorem asserts that there is such a sequence in any infinite- 
dimensional Banach space. The next question presents another sim- 
ple example of this situation.) 

d. Let X be an infinite metric space, and take E = Cfe(X), with the 
uniform norm, denoted || • ||. 

i. Show that there exists in X a sequence (B(an, rn))neN of pair- 
wise disjoint nonempty open balls. 

ii. Show that, for each integer n G N, there exists a continuous 
nonnegative- valued function fn on X supported within B{an,rn) 
and having norm ||/^|| = l/(n + 1). 

iii. Show that the sequence (/n)ncN is summable in E and that the 

series WfnW diverges. 

3. Let v4 be a subset of Z and let be the vector subspace of L^([0, 27 t]) 
defined by 



= |/ G L"([0,27rl) : jT'"/(x)e 



' dx = 0 for all n G A 



} 



a. Show that Ea is closed and determine a Hilbert basis of Ea- 

b. What is the orthogonal complement of Ea^ 

c. Write down explicitly the operator of orthogonal projection onto Ea> 
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4. 



Legendre polynomials. If n is a nonnegative integer, we define a polyno- 
mial Pn as 



Pn(x) = 



1 d" 
2^n! dx^ 






-I)")- 



a. Show that the family [y/n+ | Pn)ne^ is a Hilbert basis of the space 
L2([-l,l]). 

b. Deduce an explicit expression for the orthogonal projection from 
L^([— 1, 1]) onto the space Mn[^] of polynomial functions of degree 
at most n. 

5. Hermite polynomials. Consider the Hilbert space E = L^{p), where p 
is the positive Radon measure defined on M by 



p{(f) = j ip{x)e dx for all ^ G Cc(M). 
v27t 



a. Show that, for every n G N, there exists a unique polynomial Pn of 
degree n such that 

b. For each n G N, set = PnlV^- • Show that (P^) is an orthonormal 
family in E. 

c. i. Take (p G Cc(R). Show that there exists a sequence of polynomials 

(Pn)nGN SUCh that 

lim pn{x)e~^^^^ — p(x)e~^ 

n— >+oo 

uniformly on R. 

Hint. Use Exercise 8d on page 41 and perform a change of vari- 
ables. 

ii. Deduce that {pn)neN converges to in P. 

d. Show that the family (P^) is a Hilbert basis for E. 

6. Chebyshev polynomials. Let p be the positive Radon measure on [—1, 1] 
defined by 

p{p) = J p{x){l — dx for all p G C'([— 1, 1]). 



For X G [—1, 1], set Tq{x) = y/ljn and 

Tn{x) = \/ 27 ^cos(n arccos x) for n > 1. 

Show that, for every n G N, the function Tn is the restriction to [—1, 1] 
of a polynomial of degree n and that {Tn)neN is a Hilbert basis for 
L\p). 
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7, Laguerre polynomials. Let p be the positive Radon measure on R"*” de- 
fined by 




ip{x)e ® 



dx 



for all (f € C'c(R~*'). 



For each n G N, set 



a. Show that is a polynomial of degree n for every n G N. 

b. i. Compute the scalar product for 0 < A: < n, where 

X^:x^ x^. 

ii. Deduce that (Ln)neN is an orthonormal family in the space E = 
LHfi). 

c. Show that, if a is a nonnegative real number, 

+ 00 ✓ i -+00 

V( / e-“*L„(x)e-*da; 

Deduce that the function fa'x^ lies in the closure in E of 
the vector space spanned by the sequence (Ln). 

d. Show that the family (/n)neN* is fundamental in Cq(R~^). (Use 
the Weiers trass Theorem and a change of variables, or the Stone- 
Weierstrass Theorem in R“*“: see Exercise 7i on page 56.) Deduce 
that {Ln)n€U is a Hilbert basis for E, 

8. Gaussian quadrature. Let p be a positive Radon measure on a compact 
interval [a, b] in R (where a < b). Suppose the support of p is not finite. 

a. Show that there exists a Hilbert basis {Pn)nGN c^f ^I(a^) such that, 
for every n G N, Pn is the restriction to [a, b] of a real polynomial of 
degree n. 

b. Show that, for n > 1, has n distinct roots in (a, 6), 

Hint Using the fact that f Pn dp = 0, show that P^ has at least 
one root of odd multiplicity in (a, 5). Now let be the 

roots of odd multiplicity of P„ in (a, 6). By considering the integral 
f Pn(x)(x — xi) . . . (x ~ Xr) dp(x), prove that r — n. 

c. Fix n > 1 and let a:i, . . . , be the roots of P„, 

i. Show that there exists a unique n-tuple (^4i , . . . , ^n) of real num- 
bers such that, for every fc G {0, . . . , n ~ 1}, 

n 

x^ dp{x) = Ajxf. 

2=1 



) 2a + 1 



4 Hilbert Bases 133 



ii. Show that, for every polynomial P of degree at most 2n — 1 , 




i=l 



Hint Write P = Q RP^^ where R and Q are polynomials of 
degree at most n — 1 . 

iii. Show that, for every i G { 1 , . . . , n}. 



Hint Use Proposition 4.3 on page 19. 

9. Let D be a dense subset and {ei)i^i an orthonormal family in a scalar 
product space E. Show that there exists a surjection from D onto I. 
Deduce that any orthonormal family in a separable scalar product space 
is countable. 

10. Let S be the vector space spanned by the family of functions ( 67 .)^^® 
from R to C defined by er{x) = 

a. Show that, if / and g are elements of the value 



is well defined and that the bilinear form thus defined is a scalar 
product on 8, 

b. Show that the family (er)reM is a Hilbert basis of and that ^ is 
not separable (see Exercise 9 above). 

c. Let E be the Hilbert completion of ^ (Exercise 8 on page 104). Show 
that the family {er)reR (where we use the notation of Exercise 8 on 
page 104) is a Hilbert basis of E, and deduce that there exists a 
surjective isometry between E and ^^(R). 

11 . Hilbert bases in an arbitrary Hilbert space 
a. Let E he a. scalar product space. 





Deduce that Ai > 0. 

Now make n vary and denote by x ^^\, . . , the roots of Pn and 
by {A^^\ . . . , A^) the coefficients determined in the preceding ques- 
tion. Show that, for every continuous function / on [a, 6 ], 
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i. Show that E contains a maximal orthonormal family (that is, an 
orthonormal family that is not strictly contained in any other). 
Hint Use Zorn’s Lemma (which is apparently due to Kuratowski), 
one of the various equivalent forms of the axiom of choice: 

Let be an order relation on a set satisfying the following 
condition: Every subset of that is totally ordered by -< has an 
upper bound. Then has a maximal element 

ii. Show that if is a Hilbert space every maximal orthonormal 
family is a Hilbert basis for E. (Use Corollary 2.5.) Thus, with 
the axiom of choice, every Hilbert space has a Hilbert basis. 

b. Let {ei)i^j and {fj)jej be Hilbert bases of a Hilbert space E, 

i. For j E J we write Ij ~ {i E I : {ci | fj) ^ 0}. Show that all the 
sets Ij are nonempty and countable and that I ~ Ujej ^ * 

ii. Deduce that there exists a bijection between I and J. 

Hint Use Exercise 9 on page 6. 

c. Show that two Hilbert spaces are isometric if and only if there is a 
bijection between their Hilbert bases. In particular, i^{I) and £^{J) 
are isometric if and only if there exists a bijection between I and J. 

12 . Let (f E L^((0, 1)) be such that (f{t) + = 0 for every t E (O, ^). 

Extend to a function periodic of period 1 on M (also denoted (p). Then 
set <^0 = 1 and, for every integer n > 1, set (fn{t) ~ Show 

that (v^n)neN is an orthogonal family in L^((0, 1)). 

13. Haar functions. Consider the family of functions {Hp)p^n defined on 
[0, 1] by Hq = 1 and, for n € N and 1 < A: < 2^, 



a. Show that {Hp)p^f^ is an orthonormal family in L^([0, 1]). 

b. Let / E L^([0, 1]) be such that fHpdx — 0 for every p E N. Set 



i. Show that, for every n E N and for every integer k such that 

1 < ^ < 2 ", 



ii. Deduce that F = 0. (Note that F is continuous.) 

iii. Deduce that / = 0, then that (Hp)peN is a Hilbert basis of 



ifxE {{2k - 2)2-«“\ {2k - 1)2-^“1) 
-V^ if X € ((2A: - l)2"”“^ 2k x 



0 otherwise. 



F{y) = i^f{x)dx. 
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In the sequel we will write, for each integrable function / on [0, 1] 
and each p G N, 

/•i P 

fp= f{x)Hp{x)dx, Sp{f){x) = '^fgHg{x). 

■fo ,=o 



c. For p G N, we denote by the set of maximal open intervals on 
which the functions Hq, with q < p, are constant: If p = 2^ + A: — 1 
with n G N and 1 < fc < 2^^, 






u 

2"+i’ 2"+VJi<,.<2fc 



{( 



2(j - 1) 2j 

2 U +1 ’ 



(Note that has p + 1 elements.) Moreover, let Fp be the set of 
functions defined on (0,1), constant on each interval I e ^p, and 
such that 



/W = H/(^+) + /(^-)) ^ € (o> 1)) 

where f{x^) and f{x-) are the right and left limits of / at x. Show 
that {Hq)q<p is an orthonormal basis of Fp. 

d. Suppose / G I/^([0, 1]). 

i. Take p G N. Denote by f* the element of Fp whose constant 
value on each interval I e ^p of length /(/) is 




Show that, for every nonnegative integer q <p, we have fq = fq- 
Deduce that Sp{f) — Sp{f*). 

ii. Deduce that, for every integer p G N and every interval I E ^p, 

Sp{f){t) = J f{x) dx for all tel. 

e. Let /eC® ([0,1]). 

i. Take p G N. Show that, for every I E ^p^ there exists a point 
xj E I such that 



^pif)W == fi^i) for all tEl. 

ii. Deduce that, for every p G N, 

^^^jsp{f){x) - f{x)\ < 

sup{|/(x) - f{y)\ \x,ye [0,1], |x - y| < 2/p}. 
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iii. Deduce that the series 5^ fqHg converges uniformly to / in [0, 1]. 

14. Rademacher functions. For every integer n > 1 we define a function Vn 
on the interval [0, 1] by 



{ 1 if X G ({fc - 1)2“'^, k2"^) with 0 < k <2^, k odd, 
-1 if X G {{k — k2~^) with 2 < k <2^, k even, 

0 otherwise. 



Observe that r„ = (l/>/2"'"^ ) where the Hp are the Haar 

functions defined in Exercise 13. 

a. Show that (rn)n>i is an orthonormal family in L^([0, 1]). Deduce 
that, if (an) 6 P, the series Y!,n>i converges in L^([0, 1]). 

b. i. Prove that, if are nonnegative integers whose sum is 

p, we have 

(2p)! (/3i)!...(^n)l ^ „ 

p\ (2/3i)!...(2/3„)! 

ii. Let oi, . . . , Qn be nonnegative integers and 







r"” (x)dx. 



Show that / — 1 if all the aj are even and that / = 0 in any 
other case. 

Hint. Observe that, for every j > 1, we have = 1 almost 
everywhere; this allows us to reduce to the case where all the aj 
equal 0 or 1. 

iii. Let ai,...,an be real numbers and set Sn ~ Show 

that, for every G N, 



j S„(xf” dx < pP ( a^) . 



c. Take (un) G and let / be the sum in L^([0, 1]) of the series 
lCn>i Show that / G L^([0, 1]) for every real p > 1. 

d. Let F be the closure in L^([0, 1]) of the vector space spanned by the 
sequence (rn)n>i- 

i. Let G be the vector space spanned by the functions /^ : x 
where £ < Show that the projection is injective on G. 
Hint Use part c above and the equality 




ii. Deduce that has infinite dimension. 
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iii. Show that, for any finite family {r'^)n<N in ^^([0? 1])> family 
(^n)n>i U (rjj)n<iv IS not fundamental in L^([0, 1]). 

15. Let / be a function of class from [0, 1] to C such that /(O) = /(I). For 

n G Z, set Cn{f) = Jq Show that the series of functions 

Y^n^-oo converges uniformly on [0, 1]. Then show that, for 

every x G [0, 1], 

+00 

/W= X) 

n=— oo 

Hint Show that Cn(/') = 2i7rncn{f) and, using Bessel’s equality for 
deduce that 

+00 



16. a. Let / be a function of class from [0, 1] to C such that /(O) = /(I)- 

Show that 







dx 



and that equality takes place if and only if / is of the form f{x) = 
X + with A, /i, i/ G C. 

Hint Use Bessel’s equality, considering the Hilbert basis of L^((0, 1)) 
defined in Example 2 on page 124. 

b. Let / be a function of class from [0, 1] to C. Show that 






7T^ 




dx 



and that equality takes place if and only if / is of the form f(x) = 
A + /i cos 7TX, with A, /X G C. 

Hint Argue as in the preceding question, considering the even func- 
tion from [— 1, 1] to C that extends /. 

c. Let / be a function of class from [0, 1] to C such that /(O) = 
/(I) = 0. Show that 



f \f'ix)\^dx<^f \f"{x)\'^dx 
Jo ^ Jo 

and that equality takes place if and only if / is of the form f{x) = 
Asin7rx with A G C. 

d. Wirtinger^s inequality. Let / be a function of class from [0, 1] to 
C such that /(O) = /(I) = 0. Show that 





dx 
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and that equality takes place if and only if / is of the form f{x) = 
AsinTTx, with A G C. 

Hint Extend / into an odd function. 

17. Biorthogonal systems. Let E be a Hilbert space. We say that two se- 
quences (/n)nGN and {gn)neN in E form a biorthogonal system in E if, 
for every i,j G N, 




if i = j, 
if i ^ j. 



Suppose that {en)neN is a Hilbert basis of E and that {fn)neN is a 
sequence in E such that, for every finite sequence {an)n<N in IK, 



N 

n=0 



fn) 



N 



< 0^ ^ \a„ 



n=0 



where ^ is a real constant such that 0 < ^ < 1 . 

a. Show that, for every f £ E, the series (f I ~ fn) con- 

verges in E. Denote its limit by Kf. 

b. Show that the map K thus defined is a continuous linear operator 
on E, of norm at most 6. 

c. Set T = I — K. Show that Ten = fn for each n G N, and that T has 
a continuous inverse, which we denote by U. 

d. For each n G N, set gn = U*en- Show that the sequences (/n)neN 
and (pn)nGN form a biorthogonal system in E. 

e. Show that, for every f G E, 

/ = I 3n)fn = XI I 

nGN nGN 

Deduce that the two families {fn)neN and (^n)neN are fundamental 
in E. 

f. Show that, for every f ^ E, 

''neN ' 

(i+0)-'ii/ii < ( E l(/i5n)r) < 

^neN ' 



18. Suppose that E is a separable Hilbert space and let (en) be a Hilbert 
basis of E. For every pair (x, y) of points in the closed unit ball B of E, 
set 



d(x,y) 



E 



|(x-y|en)| 



n=0 



2n 
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a. Show that c? is a metric on B and that a sequence (xn) of points of 
B converges in {B, d) to a point x ^ B \{ and only if it converges 
weakly to x. 

b. Show that the metric space {B^ d) is compact. 

19. Gram matrices and Gram determinants. Let E be a scalar product space 
over M. If xi, . . Xp are elements of E, the Gram matrix of (xi, . . . , Xp) 
is by definition the pxp matrix G(xi , . . . , Xp) whose (i^j) entry is ai^j = 
(xi \xj). The determinant of this matrix is called the Gram determinant 
of the p-tuple (xi, . . . , Xp). 

a. Show that the Gram determinant of a linearly dependent family of 
vectors in E vanishes. 

b. Suppose that the family (xi, . . . , Xp) is free. Let {ei, . . . , Cp} be an 
orthonormal basis of the vector space spanned by {xi, . . . , Xp}. Let 
M = {nriij) be the matrix of change of basis (thus Xj = 

if 1 < j < p). Show that G(xi, . . . , Xp) = M^M, where denotes 
the transpose of M. Deduce that det G(xi, . . . , Xp) > 0. 

c. Let {xi,...,Xp} be a free family in E, spanning the subspace F. 
Show that, for every x E E, 



lation of det G(x, xi , . . . , Xp), replace x by {x — y) y and use the 
fact that the determinant depends linearly on the first column, 

d. i. Let tti, . . . jflp be positive reals and A the pxp matrix whose 
(i, j) entry is aij = l/{aiAaj). Show that 



Hint. Work by induction. 

ii. Suppose that E = L^((0, 1)). For every nonnegative real num- 
ber r, define an element fr of E by fr{x) = x^. Let ri, . . . ,rp 
be pairwise distinct nonnegative reals and let F be the vector 
space spanned by the functions /n , • • • , /rp- Show that, for every 
integer n G N, 



20. Miintz^s Theorem. Let (rp)p^N be a strictly increasing sequence of non- 
negative reals. For any real number r > 0, denote by fr the function 
defined on [0, 1] by fr{x) = x^. 



^ 2 / p\ det G(x, Xi , . . . , Xp) 

detG(xi, . . . ,Xp) 



Hint. Let y be the orthogonal projection of x onto F. In the calcu- 
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a. Consider the space E = 1)) with its Hilbert space structure. 

i. Show that the family {frp)peN is fundamental in E if and only 
if, for every integer n G N, 

lim d{fn,Fp) = 0, 

p^+oo 

where Fp is the vector space spanned by {frj)o<j<p- 
Hint Start by showing that the family (/n)neN is fundamental, 
ii. Show that the family (/rp)p€N is fundamental in E if and only if 

^l/rp = +oo. 

P>1 

Hint Calculate log(d(/n, Fp)) using Exercise 19d-ii. 

b. We now place ourselves in the space H = C®([0, 1]), considered with 
the uniform norm. 

i. Suppose the family {frp)peN is fundamental in H. Show that 
Ep>l l/»'p = +00- 

ii. Conversely, suppose that Xlp>i V^p = = 0, and ri > 1. 

A. Show that Ylp >2 V(^p~ 1) ~ +oc. Deduce that the space of 

functions on [0, 1] vanishing at 0 is contained in the closure 
of the vector subspace of H spanned by the family {frp)peN* • 
Hint Let / be a function vanishing at 0. Approximate 
/' in the space L^((0, 1)) by linear combinations of functions 

fvp — l • 

B. Deduce that the family {frp)peN is fundamental in H. 

21. Hilbert- Schmidt operators. Let E be an infinite-dimensional separable 
Hilbert space. 

a. i. Let (en)neN and (/p)p^N be Hilbert bases for E. Show that, for 
TeL{E), 

+ 00 -(-oo 

X;i|Te„f = ^||T*/plP<+oo. 

n=0 p=0 

Deduce that 

-1-00 -f(X) 

n=0 p=0 

We fix from now on a Hilbert basis (en)n€N for E and we denote 
by J^f’(E) the vector space consisting of T G L{E) such that the 
expression ||T||2 = (X)n:^ is finite. Such a T is called 

Hilbert-Schmidt operator on E. 
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ii. Show that J^{E) / L{E) and that \\T\\ < \\T \\2 for every T € 
Jff{E). Show that || • H 2 is a norm on J^{E), with respect to 
which J^{E) is a Hilbert space. This is called the Hilbert-Schmidt 
norm. 

Show that any element T in L{E) of finite rank (that is, such 
that imT is finite-dimensional) is Hilbert-Schmidt. 

Hint Consider a Hilbert basis of E that is the union of a basis 
of kerT and a basis of (kerT)-*-. 

iii. Take T G J(f{E). For n > 0, denote by Pn the operator of 
orthogonal projection onto the span of {ej : 0 < j < n}. Show 
that, for every positive integer n, the composition TP^ belongs 
to Jlf{E), and that limn^-f -00 11^ — TP^Ib = 0. Deduce that the 
set of operators of finite rank is dense in Jff{E). 

b. Suppose that E = where m is a (j-finite measure on a measure 

space (D, (such that L‘^{m) is separable). Choose a Hilbert basis 
(en)nGN for E. 

i. Show that the family {en,p)n,p£N defined by Cn,p = 6n 0 Cp is a 
Hilbert basis for L^(mxm). (Recall the notation (en0Cp)(x, y) = 
en{x)ep{y).) 

Hint See Exercise 7 on page 110. 

ii. Consider K G T^(m x m), and let Tk be the operator from E to 
E defined by 



For (n,p) G N^, set 

^n,p — (-^ I ^n^p) — I ^n)) 

where we use the same notation for the scalar products in L^{m) 
and L^(m x m). Show that 



and so that Tk G Jif{E). 

iii. Conversely, take T G Jif{E). For n,p G N we write kn,p = 

(T Cp I 672). 

A. Show that J 2 n,pen l^n,pP < +00. 

B. Let K be the element of L^{m x m) defined by 



Show that T = Tk- Hence, the map K Tk is a. surjective 
isometry from L^(m x m) onto 



Tnfix) = J K{x,y)f{y)dm{y) for all f e E. 




1/2 



^ ^ kn,p^n,p- 
n,p6N 
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1 Definitions and General Properties 

We first establish the notation and definitions that we will use throughout 
this chapter. The most basic results are recalled without proof; the reader 
can consult, for example, the first part of Chapter 3 of W. Rudin’s Real 
and Complex Analysis (McGraw-Hill). 

We consider a measure space (X ,^) — that is, a pair consisting of 
a set X and a cr-algebra ^ — and a measure m on For every real p 
in the range 1 < p < oo, we define as the space of .^-measurable 

functions / from X to K such that / |/|^dm < +cx). We denote by ^^(m) 
the space of .^-measurable functions / from X to K for which there exists 
a nonnegative real number M (depending on /) such that \f{x)\ < M 
m-almost everywhere. We can leave K and/or m out of the notation when 
there is no danger of confusion. 

By extension, a function / with values in IK and defined m-almost every- 
where on X is said to belong to ^^{m) if it equals m-almost everywhere 
some function of J^j^(m) in the original sense. 

In the study of these spaces an essential role is played by the Holder 
inequality, a generalization of the Schwarz inequality (which corresponds 
to the case p = p' = 2). 

Theorem 1.1 (Holder inequality) Suppose p^p’ G (l,oo) satisfy 
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(We say that p and p' are conjugate exponents.) If f e and g € , 

the product fg lies in and 

\fg\dm< \f\^dm m \gfdm^ . 

We define the vector space L^im) as the quotient vector space of 
by the equivalence relation ^ of equality m-almost everywhere (in other 
words, we identify in functions that coincide m-almost everywhere). The 
vector space T^(m) is a lattice. Except when explicitly stated otherwise, 
our notation will not distinguish between an element of L^(m) and its 
representatives in 

If / e L^{Tn) with 1 < p < cx), we define 



ll/llp = 




if / € L^(m), we set 

WfWoo = min{M > 0 : |/| < M m-almost everywhere}. 

Obviously, these expressions do not depend on the representative chosen 
for /. One can show that, for 1 < p < oo, the map || • ||p thus defined is a 
norm on 

By convention, 1 and oc are conjugate exponents. The Holder inequality 
can be rephrased as follows: 

Proposition 1.2 Letp andp* be conjugate exponents with 1 < p,p' < oo. 
For every f G T^(tti) and g E L^{na) we have fg E L^{m) and 

||/p|li<||/||plMlp- 

Example. In the remainder of this chapter, we will say simply that “m is 
a Radon measure” to mean that X is a locally compact and separable 
metric space, ^ is the Borel <j-algebra on X, and m is a positive Radon 
measure on X, considered as a Borel measure. In this situation, for every 
/ e C6(X), 

ll/lloc = sup{|/(rr)| : x E Suppm}. 

Suppose moreover that the support of m equals X. Then ||/||oo = ll/ll 
for every function / E Cb(X), where ||/||, as usual, is the uniform norm 
of / on X. In other words, the map that associates to an element / of 
Cb{X) (with the uniform norm) its class modulo ^ is an isometry (and 
in particular an injection) from ^^(X) to L^{m) (with the norm || • ||oo)* 
If / is a Borel function, there exists a greatest open set (9 of X such 
that f{x) = 0 for m-almost every a: of O (to see this, one might reason 
as in the proof of Proposition 3.1 on page 68). The complement of O is 
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called the essential support of /. If / is continuous, we see that the 
essential support of / is exactly the support of / (thanks to the assumption 
Suppm = X). Moreover, by definition, two Borel functions that coincide 
almost everywhere have the same essential support. Hence we can define 
without ambiguity the essential support of a class modulo ^ as the essential 
support of any of its representatives. In the sequel, if / is a class of functions 
modulo we will refer to the essential support of / as simply the support 

of /, and we will denote it by Supp/ as well. 

One fundamental property of the spaces is completeness: 

Theorem 1.3 (Riesz-Fischer) // 1 < p < oo, the space L^im) with 
the norm || • ||p is a Banach space. 

Now suppose / is a set, ^ = ^(I) is the discrete a-algebra on /, and m 
is the count measure on I (Example 5 on page 99). Then the space L^{m) 
(with X = I) is denoted by ^^(/), or more simply by if / = N (compare 
Exercises 7 on page 11 and 8 on page 12). In this case, 

1 ^ p ^ ^ ^ 00 ^ 

and ikiu < ikiip for every x G 

By contrast, when m has finite mass (m{X) < oo), the inclusions go in 
the opposite direction: 

1 < P < 9 < oo Ll(m) C 
and, for every / G L^(m), 

as can be checked using the Holder inequality. 

More generally, we have the following interpolation result: 

Proposition 1.4 If f e n then f £ for every p G (1, oc), and 

ll/llp< 11/11}^^ II/IIL-'/'’- 

In addition^ if 1 < p < oo, fl is dense in L^. 

Proof If / G and 1 < p < oo, we clearly have |/|^ < |/| ||/||^^ 
m-almost everywhere, which proves the first assertion of the proposition. 

Now suppose that 1 < p < oo and that / G L^. Since |/|^ is a positive 
integrable function, there exists an increasing sequence (<Pn)n€N of positive, 
integrable, piecewise constant functions that converges almost everywhere 
to \f\P. Set 

= I /(*)/|/Wl if /W 7^0. 
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Then the sequence {a(fl/^) is a sequence in PiL^ that converges almost 
everywhere to /, being bounded above in absolute value by |/|. By the 
Dominated Convergence Theorem, this sequence converges to / in □ 

Remark: denseness of piecewise constant functions in L^. The preceding 
proof shows also that, if p G [l,+oo), every positive element of is the 
limit in of an increasing sequence of positive, integrable, piecewise con- 
stant functions. By taking linear combinations, we deduce that integrable 
piecewise constant functions are dense in for p G [l,+oo). Note that 
this is false if p = oo and if m has infinite mass (see Exercise 8 below). 
Nonetheless, one sees easily that every positive element / of is the 
limit in of an increasing sequence of (not necessarily integrable) posi- 
tive piecewise constant functions. For example, one can take the sequence 
(/n)n€N defined by 



^ ^ ” l{Affc2'-</<M(fc+l)2-^} 1 

fc =0 

with M = ll/llcx)* It follows that the set of piecewise constant functions is 
dense in 



We now study other denseness results. We start with a convenient ele- 
mentary lemma. 

Lemma 1.5 For each nonnegative real a, define a map Ila : K — > IK fty 
setting rio(x) = 0 and 



Ba(x) = 



ax 

max(a, |x|) 



if a > 0. 



Then, for every x eK^ we have |lla(x)| < min(a, |x|) and, if \x\ < a, then 
Ha(x) = X. Moreover, 

|n„(x) - n„(y)| <\x-y\ for all x,y gK. 

Proof It is clear that Ila is exactly the projection map from the canonical 
euclidean space E (or the canonical hermitian space C, as the case may 
be) onto 5(0, a). The claims made are then obvious; the last of them can 
be seen as a particular case of Proposition 2.2 on page 106. □ 



The following theorem generalizes Proposition 2.6 on page 107, which 
represents the case p = 2, 

Theorem 1.6 If m is a Radon measure, the space Cc{X) is dense in 
L^{m) for 1 < p < + 00 . 
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Proof. The case p = 1 was proved in Chapter 2, Proposition 3.5 on page 70. 
Suppose 1 < p < 00 . By Proposition 1.4, it suflSces to approximate / G 
n in the sense of the || • ||p norm. Thus, fix / E fi and let {ipn) 
be a sequence in Cc{X) that converges to f in L^. Set 'ipn — U\\f\\^{^n)i 
using the notation of Lemma 1.5. Then ipn ^ Cc{X) and 

l/-^nr<|/-V’n|(2|l/||oor'. 

Now / = II||^||^(/) and so, since by Lemma 1.5 the maps Ha are contract- 
ing, 

\f-rpn\^<\f-Vn\{2\\f\\ooY~\ 

which proves the result. □ 

Remark. If m is a Radon measure of support X, the closure of Cc{X) in 
L^{m) is Cq{X) (which is distinct from L^{m) if X is infinite). 

Corollary 1.7 If m is a Radon measure^ the space L^{m) is separable for 
I < p < oo. 

Proof. Let {Kn) be a sequence of compact sets exhausting X. Since 

Cc{X) = IJ CkAX), 

neN 

it suffices, by the preceding theorem, to show that each (X) is separable 
with respect to the || • \\p norm. But is separable with respect to 

the uniform norm || • ||, and ||/||p < \\f\\m{Kny^^ for every / G 
This proves the result. □ 

Remark. The assumption that X is separable is essential in Corollary 1.7. 
For example, if I is an uncountable set, the space £^(/) is not separable, 
by Exercise 8 on page 12. 

Note also that the space is not separable in general; see Exercise 10 
below. 

Exercises 

We consider in these exercises a measure m on a measure space (X,^). 

1. Spaces for 0 < p <1. Take p G (0, 1). Define the space as the set 
of equivalence classes (with respect to equality m-almost everywhere) 
of ^-measurable functions / from X to K for which the expression 

\f\p = I \f\^dm 



is finite. 
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a. Show that is a vector space and that the formula dp(/, g) = \ f—g\p 
defines on a metric that makes complete. 

b. Suppose that X is an open set in for d > 1, and that m is the 
restriction to X of Lebesgue measure on 

i. Show that bounded Borel functions with compact support are 
dense in (L^^dp). 

ii. Let / be a bounded Borel function on X with compact support, 
and suppose that r > 0. Show that / lies in the closed convex hull 
c(B(0, r)) of the ball B(0,r) of (see Exercise 9 on page 18). 
Hint. Let K be a parallelepiped in R^ containing the support 
of /. Write / in the form 

^ i=l 

where (Xi)i<i<^ is a partition of K C\ X into n Borel subsets, 
each of measure at most X{K)/n. Check that, for n large enough, 
all the functions nfl^i belong to B(0, r). 

iii. Deduce that c(B(0, r)) = for every r > 0. 

2. a. Let p, q, r be real numbers in [1, oo) satisfying 1/r = \lp-\-\jq. Show 
that, if / G I/P and g e then fg G and 

ll/p||r<||/||pNI.. 

b. Let / be an .^-measurable function from X to K. Show that the set 
J defined by 

J = G [1, -hoc) : 0 < J l/l^dm < -hoo| 
is a (possibly empty) interval. 

Hint. If r G \p,q] and / G introduce the real number x G 

[0, 1] such that 1/r = {x/p) + {l—x)/q. 

c. Let {X,^) be R with its Borel cr-algebra, and let m be Lebesgue 
measure. For each p G [1, oo], find an element of that belongs to 
no other for q ^ p. 

d. Show that the map from J to R defined by 

p log \f\^dmj 

is a convex function. 

e. Show that, for every ^ G [1, oo), 

n L°° c Pi LP 
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and that, for every / G 



lim ll/llp = ll/lloo- 

p->-+oo 

Hint Show that 0 < a < H/||oo implies a < liminfp_^oo |l/||p* 

3, Take p E (l,cx)) and let p' be the conjugate exponent of p. Let K 
be a nonnegative- valued Borel function on (0, +oo)^ satisfying these 
conditions: 

- xK{xy^xz) = K{y^z) for all x^y^z E (0, H-oo). 

r+oo 

K{l^z)z~^^^dz = k < +00. 

r+oo 



/ 



r+oo ^ 

a. Show that / K{z^ dz — k, 

Jo 

b. Show that the equation 



r+oo 

Tf{x)= I K{x,y)f{y)dy 
Jo 



defines a continuous linear operator from L^((0, 4-oo)) to itself, of 
norm at most k. 

Hint First find an upper bound for |T/(x)|, by writing 

K{x,y) = K{x,yy/’^(^^'^ 

and using the Holder inequality. 

c. Suppose in addition that K{1, z)< 1 for every 2 : > 0. If e > 0, set 

r+oo 

K{\,z)z-^^+^'>/Pdz, 

Jo 

fe(x) = l{x>i} g^{x) = 

Check that fe E L^((0, + 00 )) and E L^'((0, + 00 )); then show that, 
for every s < p/2p\ 

r+oo 

/ Th{x)g,{x) dx>[K- 2{jp')h) WfAp IlSellp'. 

Deduce that ||T|| = k. 

d. Show that the maps K defined hy K{x, y) = l/{x + y) and K{x, y) = 
l/max(x, 2 /) satisfy the assumptions above for every p E (1,-hoo). 
Compute the norm of the operator T in these two cases. Recall that, 
for a > 1, 

dx 7T . 7T 

/ = — sin 

Jq I ~Ex^ a a 



(See also Exercise 17 on page 228.) 
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4. Let m and n be cr-finite measures on measure spaces (X, and 

and let X be a nonnegative- valued function on X x y, measurable with 
respect to the product cr-algebra ^ Take r, s G [l,oo) such that 
s < r. We wish to prove the following inequality: 



(/,(/, K (x, yY dm{x)^ dn{y)^ 



< 



(/.(/, K{x,yYdn{y)^ dm{x)^ (< +oo). 



(*) 



a. Suppose that s = 1 < r, that K is bounded, and that m and n have 
finite mass. Put 



a = 
b = 



/,(/. 



K{x,y)dm{x) 



K{x,yY dn{y) ^ 



r 

dn{y) < + 00 , 

Ijr 

dm{x) < -foe. 



i. Show that 

-/,(/. K{x,y)^J K{x ,y)dm{x')^ dn{y)^ dm{x). 

ii. Applying the Holder inequality to the integral over F , prove that 

a < , where r' is the conjugate exponent of r. 

iii. Deduce (*) in this case. 

b. Show that (*) holds in general if s = 1 < r. 

c. For s arbitrary, reduce to the preceding case by setting K = and 
f = r/s. 

5. We suppose that m is cr-finite and fix p G [1, -foo). 

a. Let p be a measurable function on X such that fg G for every 
/ G L^. Show that g G L^. 

Hint Show that otherwise one can construct a sequence (Xn)neN of 
pairwise disjoint measurable subsets of X, each with finite positive 
measure and such that \g\ > 2^ almost everywhere on X^. Then 
consider the function / defined by 



nCN 

Show that / G and that fg^L^. 
b. For g G we define a continuous operator Tg on by Tg{f) = gf. 
Let T be a continuous operator on that commutes with all the 
Tg, for g G L^. Show that there exists h G such that T = T^,. 
Hint Construct a positive- valued function g such that g e L^C\ . 
Let h = T{g)/g. Show that T(/) = hf for every / G D then 
conclude. 
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6. Suppose that m is cr-finite. Let p and r be real numbers such that 
1 < r < p, and let ^ be a measurable function such that fg G U for 
every / G L^. 

a. Show that the map ^ : f fg is continuous from to L^. 

Hint Show that otherwise there exists a sequence (/n)n>i of positive 
functions of such that, for every n > 1, \\fn\\p < 1 and ||/n^||r > 
Then prove, on the one hand, that the function h = J2n=i 
in I/^/^ and therefore that / = is in and on the other hand 
that fg^L'^. 

b. Deduce that g e where q is given by 1/r = 1/p + 1/q, 

Hint Let {An)n£N be an increasing sequence of elements of with 
finite measure and such that UneN = X. Put 



9n = (inf(|g|,n))lA„. 



Show that 



(/ 



\ l/r 

gldmj < 11^11 






7. An ordered set (E, <) is called a conditionally complete lattice if every 
nonempty subset of E that has an upper bound has a supremum (least 
upper bound) in E, and every nonempty subset that has a lower bound 
has an infimum in E. 

We consider the space E == L|^, for 1 < p < oo, with the natural order 
defined by 



f ^ 9 <=^ f{x) < g{x) m-almost everywhere. 

a. Suppose p = 1. Let . 2 ^ be a nonempty family in bounded above, 
and let ^ be the set of its upper bounds. 

i. Show that the expression a = inf{/ f dm : f £ is finite. 

ii. Show that there exists a decreasing sequence (fn) in ^ such that 

lim / fn dm = a. 

n— >+oo J 

Let / be the almost-every where limit of (fn)- Show that / G ^ 
and that f f dm = a. 

iii. Deduce that / is the supremum of in L^, and so that is a 
conditionally complete lattice. 

Hint If p G show that f inf(/,p)dm = a and deduce that 
f<9- 

b. Suppose that 1 < p < oo. Show that is a conditionally complete 
lattice. 

Hint If is a nonempty family in bounded above, the set 
{/ ^ is contained in L^. 
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c. i. Show that if m is cr-finite is a conditionally complete lattice. 

Hint. Start by dealing with the case where m has finite mass 
(then c L^). 

ii. Show that this result may be false if m is not a-finite. 

Hint Take two uncountable disjoint sets A and B. Let X be 
their union, let ^ be the set of subsets of X that are countable 
or have countable complement, let m be the count measure on 
and set ^ == 

d. Let E be the quotient of the space of ^-measurable real functions 
by the relation of equality m-almost everywhere. Give E the natural 
order defined earlier. Show that, if m is cr-finite, E is a. conditionally 
complete lattice. 

Is the space of ^-measurable real functions with the natural order 
a conditionally complete lattice? 

8. Prove that the set of integrable piecewise constant functions is dense in 

if and only if m has finite mass. 

Hint Take / = 1. If m has infinite mass, any integrable piecewise con- 
stant function s lies at a distance ||s — /||oo ^ 1 from /. 

9. Prove that O is dense in if and only if m has finite mass. 

10 . Consider the following property: 

(P) There exists an (infinite) sequence of ^-measurable, pairwise dis- 
joint subsets of X of positive measure. 

a. Show that, if (P) is satisfied, is not separable. 

Hint You can use as inspiration the case in Exercise 7 on page 1 1 . 

b. Suppose (P) is not satisfied. Define an atom as any ^-measurable 
subset A of positive measure that does not contain any subset B e ^ 
with m{B) > 0 and m(A \B) > 0. 

i. Show that every measurable subset of X with nonzero measure 
contains at least one atom. 

Hint Consider the relation < defined on the set £/ of elements 
of ^ of nonzero m-measure by 

A ^ B 4=^ m{B \ A) = 0. 

Apply Zorn’s Lemma (see Exercise 11 on page 133) to the or- 
der relation induced by < on the quotient set where is 
equality almost everywhere: 

m(5 \ A) = m(A\.B) = 0 A<BanidB<A. 

You might show, in particular, that every totally ordered subset 
of has a greatest element. 

ii. Show that there exists a finite sequence {Xn)n<nQ of atoms such 

that m(X \ Un<no 0 

m{Xn n Xm) = 0 for n 7 ^ m. 
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iii. Show that every c^-measurable function coincides m-almost ev- 
erywhere with a linear combination of functions n < no- 

c. Show the equivalence of the following properties: 

i. (P) is not satisfied. 

ii. has finite dimension. 

iii. is separable. 

iv. Every ^-measurable function belongs to 

11. Let 1/ be a vector subspace of D oSf^(m) satisfying these hy- 

potheses: 

- There exists an increasing sequence {(pn) in L that converges to 1 
m-almost everywhere. 

- The (7-algebra a{L) generated by L equals 

- P ^ L for all f E: L. 

a. Give the space L^(m) fl L^{m) the norm || • ||i + 1| • Woo and denote 
by L the closure of L in that space. Show that / G L implies |/| G L, 
Deduce that |/| G L for all f e L. 

Hint Use the example on page 29 and argue as in the proof of 
Theorem 2.3 on page 33. 

b. Show that L is dense in L^(m). 

Hint Apply Proposition 2.4 on page 63. 

c. Deduce that L is dense in Lj^(m) for 1 < p < oo. 

Hint If / G you might show that, for every n G N, the 

function sup(inf(/,n(pj), can be approximated in L^{m) by 

a sequence in L. 

12. Let m and p be cr-finite measures on measurable spaces (X, and 

(y, ^), and suppose p G [1, oo). We denote by L^(m) <S > the vector 
subspace of L^{m x p) spanned by the functions (x,y) /(a^)p(y)? 

with / G L^{m) and g G L^(p). Show that L^{m) (g) L^(p) is dense in 
L^(m X p). This generalizes the result of Exercise 7 on page 110. 

Hint Apply the result of Exercise 11 above to the measure m x /j, and 
the space L = nj^^(m)) (g) H J^^(p)). 

13. Assume m is cr-finite. 

a. Suppose the (7-algebra ^ is separable^ that is, generated by a count- 
able family of subsets of X. 

i. Show that there exists a countable family ^ of elements of ^ 
satisfying these conditions: 

- a{^) = where a{^) is the (7-algebra generated by 

- A n B G ^ for all A, B G 

- m(A) < +00 for all A G 

- There exists an increasing sequence of elements of ^ whose 
union equals X. 
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ii. Show that the family {Ia}a€^ is fundamental in for 1 < 

p < 00. 

Hint Apply Exercise 11 above. 

iii. Deduce that, if 1 < p < oo, the space is separable. 

iv. Show that, if A is a separable metric space, the Borel tr-algebra 
^{X) is separable. Derive hence another proof for Corollary 1.7. 

b. We say that a a-algebra ^ is almost separable if there exists a sep- 
arable <T-algebra contained in ^ such that, for all A G there 
exists B G with 



i. Show that, if ^ is almost separable, the space is separable 
for every p G [1, oo). 

Hint Use part a. 

ii. Show that if there exists p G [1, oo) such that is separable, ^ 
is almost separable. 

Hint Consider the a-algebra generated by a sequence of ele- 
ments of whose corresponding classes are dense in L^. 

iii. Show that ^ is almost separable if and only if there exists a 
sequence (An)ncN of measurable subsets of X of finite measure 
such that the sequence (lyi^)neN is fundamental in 

iv. Let be the set of elements of ^ of finite measure, modulo 
the relation of equality m-almost everywhere. If A, B G we 
write d(A, B) = m(AAB), where AAB = (AU B) \ (ACiB). 
Show that d makes into a complete metric space, separable 
if and only if the a- algebra ^ is almost separable. 

Hint, {^f,d) can be identified with the subset of consisting 
of (classes of) characteristic functions of elements in with the 
metric defined by the norm |1 * ||i. 

14. Assume pG [l,oo). 

a. Let ^ be the set of finite families (An)n<no i^^ ^ such that 
“ m(An n Am) = 0 if n ^ m, and 
- 0 < m(An) < cx) for every n < no- 
If ^ = (An)n<no an element of we define an operator on 



Show that is a continuous linear operator on of norm at 
most 1. 

b. If £/ and ^ are elements of write Q ^ if every element of ^ 
is contained, apart from a set of measure zero, in an element of 



m(A \B) ~ m{B \ A) = 0. 



LP by 
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and if every element of is, apart from a set of measure zero, the 
union of the elements of ^ contained in it. 

Let = (^n)n<no be an element of ^ and let / be a linear com- 
bination of functions 1^^, for n < no- Show that, for every ^ ^ 

such that we have T^f = f. Deduce that, for every e > 0 

and every f e there exists ^ ^ ^ such that 

G ^ and ^ E IIT^/ - f\\p < e. 

Hint Use the fact that the set of integrable piecewise constant func- 
tions is dense in (see the remark on page 146). 
c. Assume that m has finite mass and that there exists a sequence (s^n) 
of ^ increasing with respect to C and such that = {X}. Assume 
also that UneN generates ^ (you can check that there is such a 
sequence if the cr-algebra ^ is separable: see Exercise 13). Denote by 
the set of piecewise constant functions that are constant on each 
element of Show that |Jn is dense in for 1 < p < oo. (You 
could use Exercise 11, for example). Deduce that, for every f E 
the sequence (T^^f) converges to / in L^. 

Example. Choose for X the interval [0, 1], for m the Lebesgue mea- 
sure on A, and for ^ the Borel cr-algebra of X. Find a sequence 
{^/n) satisfying the conditions stated above. 

We say that a sequence (fn)neN of c^-measurable functions converges 
in measure to a c^-measurable function / if, for every e > 0, 

m{{x e X : \fn{x) - /(a;)| > e}) — > 0. 

a. Assume p G [1, oo). 

i. Bienayme-Chebyshev inequality. Take / G Show that, for 
every 5 > 0, 

m({xeX:|/(a;)|>(5})<r'’||/||P 

ii. Let {fn) be a sequence of elements of that converges in to 
/ G L^. Show that the sequence {fn) converges to / in measure. 

b. Let {fn) be a sequence of measurable functions that converges in 
measure to a measurable function /. 

i. Show that there exists a subsequence {fn^) such that, for every 

keN, 

m{{x e X : \fn^{x) - f(x)\ > 2“*^}) < 2-^ 

ii. For each G N, let Zk be the subset of X defined by 

Z,= [j{xeX:\U^{x)-f{x)\>2-^}. 

j>k 

Then set Z = HifeGN Prove that m{Z) — 0. 
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iii. Deduce that the sequence (fuk) converges to / m-almost every- 
where. 

iv. Show also that, for every e > 0, there exists a measurable subset 
A of X of measure at most e and such that the sequence (fuk) 
converges uniformly to f on X \ A. 

Hint. Choose A = Zk, with k large enough. 

c. Suppose m{X) < +oo. Let (/n) be a sequence of measurable func- 
tions that converges m-almost everywhere to a measurable function 
/. Show that the sequence (/n) converges in measure to /. 

Hint Take e > 0. For each integer N G N, put 

Ajv = {x G X : |/n(x) — f(x)l < e for all n > N}. 

Show that there exists an integer iV G N for which m{X \ Aj\j) < e, 
and therefore that m{X \ An) < € for every n> N. 

Deduce that, for every integer n> N, 

m({a: 6 E : |/„(x) - f{x)\ > e}) < s. 



16. Suppose p G [1, oo]. Let (/n)nGN be a sequence in such that the series 
Wfn ~ fn-\-i\\p Converges. Show that the sequence (/n) converges 
almost everywhere and in L^. 

Hint Suppose first that m{X) is finite and prove that in this case 

nGN 



If m is arbitrary and p < oo, check that the set {x G X : fn{x) ^ 
for some n G N} is a- finite. 

17. Equiintegrability. Assume p G [l,oo). A subset of is called equi- 
integrable of order p if for every £: > 0 there exists S > 0 such that, for 
every measurable subset A of X of m-measure at most S, 

j \ f\^dm < e for all / G 
a. i. Show that every subset of for which 

lim / \f\^dm = 0 uniformly with respect to f GJtf (*) 

j{\f\>n} 

is equiintegrable of order p. Deduce that every finite subset of 
is equiintegrable of order p. 

Show that, conversely, every bounded subset Jif of that is 
equiintegrable of order p satisfies (*). 
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ii. Take C LP. Suppose there exists an element g e nonneg- 
ative m-almost everywhere, such that, for every / G we have 

\f\^9 m-almost everywhere. Show that Jif is equiintegrable of 
order p, 

iii. Let (/n)n€N be a sequence in that converges in to /. Show 
that the family (/n)n€N is equiintegrable of order p. 

Hint. You might check that, if A is a measurable subset of X, 
then 



Ifl^drn^ . 

b. We now assume that m has finite mass. 

i. Let (/n)nGN be a sequence in and let / G IP. Show that 
the sequence (/n)neN converges to / in LP if and only if these 
conditions are satisfied: 

- The sequence {fn)neN converges in measure to / (see Exercise 
15 above for definition). 

- The family {fn}neN is equiintegrable of order p. 

ii. Let (/n)neN be a sequence of elements of that converges in 
measure to a function /. Assume that there exists g £ such 
that \fn\ < \g\ for every n G N. Show that f £ and that the 
sequence (/n) converges to f in L^. 

iii. Let {fn)neN be a bounded sequence in that converges almost 
everywhere to a function /. Check that / G L^. Then show that, 
for every real q £ [l,p), we have limn^oo Wfn ~ f\\q = 0. 

Hint. Note that if A is a measurable subset of X and if ^ G 
then \g\^dm < 

18. Uniformly convex spaces. A Banach space E is called uniformly convex 
if it has this property: 

If (xn) and (2/n) are sequences in the closed unit ball B{E) of E satisfying 
\\Xn + yn\\ 2, then \\Xn - 2/nll ^ 0. 

a. Show that every Hilbert space is uniformly convex. 

b. Show that, for n > 2, the space with the norm || • l|i or the norm 
II • Iloo is not uniformly convex. 

c. Let £■ be a uniformly convex space. Show that every nonempty con- 
vex closed subset of E contains a unique point of minimal norm. 

d. Let E be a uniformly convex space. 

i. Let / be a linear form on E of norm 1 and let (xn) be a sequence 
of elements of E of norm 1. Show that, if f{xn) 1, the sequence 

(xn) converges. 

Hint. You might show that (xn) is a Cauchy sequence, using the 
fact that f{xn + Xm) — > 2 when n^m ^ -fcx). 
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ii. Deduce that the absolute value of any continuous linear form on 
E attains its maximum in the closed unit ball of E. 
e. Assume p E (1, oo). 
i. Show that 



x + y 



P < for all x,yec. (*) 



ii. Set D ~ {z E C : \z\ < 1}. Show that the function (p defined on 
Dhy 

|1 + z\^ 

~ 1 + \z\P 

is continuous from D to [0,2^”^] and that p(z) = 2^“^ if and 
only if 21 = 1. Deduce that, for every 77 > 0, there exists 6{r]) > 0 
such that, for every (x,y) E with \x - y\> r), 



x + y 






|xr + |y|^ 



iii. Take £ > 0 and let / and g be points in the closed unit ball of 
such that ||/ — g\\p > e. Set 

E={x£X\ \ f{x)-g{x)\ >e2“^/Pmax(l/(a;)|,|g(a:)|)}. 

A. Show that j \f — gl^dm < e^/2. Deduce that 
Jx\E 



L 






2 • 2P 



(You might use (*) with x = f and y ~ —g-) 
B. Show that 



f + 9 ^ 

2 p 



<l~6 




2P+1 ’ 



where 5 is as in part e-ii above. 

Hint Use (*) in X\E and the conclusion of e-ii in taking 
p = e/2^/P, 

C. Deduce that is uniformly convex {Clarkson^s Theorem). 

f. Let X be a metric space and give E ~ Cb{X) the uniform norm || • ||. 
Suppose that X contains a point a that is not isolated, and fix a 
sequence (x^) of pairwise distinct points in X that converges to a. 
For f E E, put 

Hf) = 

n€N 
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i. Show that L is a continuous linear form on E of norm 2 and that 
|L(/)1 < 2 for all / € B{E), 

ii. Set C — {f e E : L{f) — 2}. Show that (7 is a nonempty 
closed convex set in E, that ||/|| > 1 for all / G C, and that 
inf /€C 11/11 = 1. 

19. Suppose m is a Radon measure. If 1 < p < oo, we denote by 

or, more simply, by the set of equivalence classes of functions / 
such that, for every compact K in 7T, the function Ik/ lies in We 
denote by the set of elements of having compact support (the 
support of an element of was defined on page 145). 

a. Show that, if 1 < p < Q < oo, then C and L? C LJ. 

b. Find a metric d on such that, for every sequence {fn)neN in 
and every / G the condition limn_y-|_oo d{f^fn) =0 is equivalent 
to the condition that limn->^+ool|lx(/n — /)||p = 0 for every compact 
K of X. Show that is complete with this metric. 

Hint You might work as in Exercise 12 on page 57. 

c. Show that the space is dense in with the metric d. 

2 Duality 

We consider again in this section a measure space (Y, and a measure m 
on We assume here that m is cr-finite. We will determine, for 1 < p < oo, 
the topological dual {L^)' of the space L^. 

So fix p e [1, +oo) and let p' be the conjugate exponent of p, so that 
1/p + 1/p^ = 1. Note first that every element ^ G defines a linear form 
Tg on L^, as follows: 

Tgf ^ j fgdm for all / G (*) 

As an immediate consequence of the Holder inequality, the linear form Tg 
is continuous and its norm in (L^)' is at most that of gin . We will show 
that one obtains in this way all continuous linear forms on L^. 

Theorem 2,1 // 1 < p < oc, the linear map g Tg defined on by 

(*) is a surjective isometry from onto {L^Y^ 

If p — p' ~ 2, this is of course an immediate consequence of the Riesz 
Representation Theorem (Theorem 3.1 on page 111) in the Hilbert space 
The basic scheme of the proof is to reduce the problem to this case. 
This can easily be done if 1 < p < 2, but we will give a proof that is valid 
for every p G [1, oo), whose main idea goes back to J. von Neumann. 

Proof. The proof of Theorem 2.1 will be carried out in several steps. The 
crucial point is the following lemma. 
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Lemma 2.2 Suppose m has finite mass. Let T be a continuous linear 
form on L^. If T is positive {that is, if Tf > 0 for every f e such 
that / > 0), there exists a measurable function g > 0 such that, for every 

f ^ 

fg e and Tf = j fg dm. 

Proof (All functions are assumed real- valued without further notice.) Since 
the linear form T is positive, we can define on (A, a measure A of finite 
mass by setting 

X{A) - T(1a) for all (**) 

That A is cr-additive follows easily from the continuity and linearity of T 
(using the Dominated Convergence Theorem, which is allowed because m 
has finite mass). Then we set 



i/ = A + m. (t) 

Since T acts on classes of functions, we see that m{A) = 0 implies A(A) = 0; 
thus, for Ag^, 

iy{A) — 0 m{A) =0 ^ A(A) = 0. 

Hence the linear form / J/dA is well defined on L^(i/) and we have, for 
every / e L‘^{u), 

jjd\\^ < y \f\^d\y\x{X)y^^ < ll/||L-(.)(A(X))'/^ 

By the Riesz Representation Theorem (Theorem 3.1 on page 111) applied 
to the Hilbert space L^(i/), there exists an element h in such that 

f/dX = ffhdv for all / e L‘^(u). (t) 

In particular, 

0 < \{{h < 0}) = / hdi/ < 0, 

J{h<0} 

which implies that ^ > 0 i/-almost everywhere. Likewise, 

A({ft > 1}) = / hdu > \[{h > 1}) -h m{{h > 1}), 

which implies that h <l m- almost everywhere and so i^-almost everywhere. 
Hence we can choose a representative of h such that 0 < /i(o:) < 1 for every 
xGX. 
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Now let / be an m-integrable piecewise constant function. By (**), (J), 
and (t), 



At the same time, by approximating h with piecewise constant functions 
and using the continuity of T, we see easily that J fhdX = T{fh), We 
deduce that 



Since this holds for every m-integrable piecewise constant /, it also holds 
for every / G L^{m) such that / > 0 (use an increasing approximating 
sequence; see the remark on page 146). Now let / G L^{m) be such that 
/ > 0. For every integer k, inf (//(l-ft), k)e LP{m), so 



By making k approach infinity and using again the continuity of T, we get 



Lemma 2.3 I/Te there exists a measurable function g such that, 

for all f G L^, 



Proof For / G set TJ = Re(T/) and T 2 / = Im(T/). Then Ti and 
T 2 belong to (L^)'. If Lemma 2.3 is true in the real case, we can apply it 
to Ti and T 2 to obtain real functions g\ and g 2 , and clearly the function 
9 = gi-\- ig 2 works for T. Therefore we can suppose we are in the real case. 

In this case T can be written as the difference of two continuous and 
positive linear forms on (apply Remark 2 on page 88 to the lattice L^). 
So we can in fact suppose that T is a positive continuous linear form on 
Lj^, and we do so. 

Since the measure m is cr-finite, there exists a countable partition (Kn) of 
X consisting of elements of ^ of finite measure. For each integer n, let rUn 
be the restriction of m to Kn- If / G L^(mn), denote by / the extension 
of f to X taking the value 0 on X \ Kn- The linear form on L^(mn) 
defined by / T(/) then satisfies on Kn the hypotheses of Lemma 2.2. 



Therefore there is a positive measurable function gn on Kn such that, for 
all / G LlirUnY 







Thus, g = h/{\ — h) serves our purposes. 

We now get, without having to assume that m has finite mass: 



□ 



fg G and 
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Now let g be the measurable function on X whose restriction to each Kn 
IS Qji. li f ^ L'’^{rn) and / > 0, we have / = l^^e series being 

convergent in L^(m). By the continuity of T and monotone convergence in 
the integral, we deduce that 

Tf = Y^T{f\K„) = X! / / fddm. 

Thus g satisfies the necessary conditions. □ 

Lemma 2.4 With the notation of Lemma 2.3, we have g G and 
WqWp' < ll^llp; where || • ||p is the norm in (L^)'. 

Proof. Since the measure m is a-finite, there exists an increasing sequence 
(An) of elements of ^ of finite measure that cover X. 

1. Case p = 1. Suppose the conclusion of the lemma is false. Then the set 
{l5l > IITII j} has positive measure, so there exists 5 > 0 such that the 
set A = {|^| > \\T\\[ + e} has positive measure. Let a be the function 
that equals |^|/^ on ^ 0} and 1 on = 0}. Then, on the one hand, 

T{alAnA„) = / dm > (||r||; + e) m(A n An) 

JAnArt 

and, on the other. 



TiaUnAj < \\T\\[m{AnAn). 

There certainly exists an integer n for which m{A H An) > 0, so we 
deduce that ||T||i + £ < \\T\\[, which is absurd. 

2 . Case 1 < p < oo. Define a as in the preceding case and, for n G N, set 
Bn = Ann {|^^| < n} and fn = lBr.(^\g\^’~^- Then, for every n, 

^ \gfdm = Tfn < m ’ 

1 / 

laf’dm') < ||T||;, 

whence we deduce the result by making n approach infinity. □ 

Thus we have proved the following fact: For every T G (L^)' there exists 
g G such that 

T = Tg and ||^||p. = ||T||;. 

The proof of Theorem 2.1 will be complete if we show that the map 
g Tg \s injective. Suppose that g G and Tg = 0. Defining a sequence 
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(An) and a function a as in the proof of Lemma 2.4, we see that, for every 
n, the function Qn = o:1a„ is an element of n L^, and so 

f \g\dm = 0. 

This proves that ^ = 0 m-almost everywhere. □ 

Remark. Theorem 2.1 is false for p = oo. In general, is not isometric to 
the topological dual of L^, only to a proper subset thereof. (On this topic, 
see Exercises 3, 4, and 5 below.) 

Exercises 

In all the exercises, m denotes a cr-finite measure on a measure space 

1. Suppose that X is an open set in (with d > 1) and that m is the 
restriction to X of Lebesgue measure on M^. Fix p G (0, 1). Let L be a 
continuous linear map from to a normed vector space E, where we 
have given the metric dp defined in Exercise 1 on page 147. Show 
that L = 0. In particular, the topological dual of (L^,dp) is {0}. 

Hint Show that, for every e > 0, the inverse image under L of the 
closed ball B(0, e) of E is a closed and convex neighborhood of 0 in L^. 
Then use the result of Exercise 1 on page 147. 

2. Set X = {0, 1} and let u be the measure on ^{X) defined by i^dO}) = 1 
and z>'({l}) = oo. Show that L^{v) is not isometric to the dual of L^(z/). 

3. Recall from Exercise 7 on page 11 that cq stands for the subspace of 
consisting of sequences that tend to 0 at infinity. Show that the map 
that associates to each element g of the linear form on cq defined by 

'^g • f ^ ^ ^ fngn 

nEN 

is a surjective isometry from onto Cq. 

4. A realization of the topological dual of (I). Let I be an infinite set. 
Denote by A(/) the set of finitely additive functions p from ^{I) to 
[0, H-oo), that is, those satisfying 

p{A U B) = p{A) + p{B) — p{A n B) for all A,Be ^{I) 

and /i(0) = 0. 

a. Take p G A(J). Define a linear form Lp on the set of piecewise con- 
stant functions on I as follows: If p = Ylk=i where {Ik)i<k<n 

is a partition of / and gi, . . . ,gn put 

n 

fc=l 
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i. Check that Lfj,{g) is well defined for every piecewise constant 
function g and that |l/;i(p)| <M(Cll9ll oo* 
ii. Show that can be uniquely extended to a positive continuous 
linear form on £^{I) of norm /i(/), which we still denote by L^. 

b. Show that, for every positive linear form L on there is a 

unique /i G A(/) such that L = L^. 

c. Describe the topological dual of 

d. i. If / G and / > 0, define a map /i/ on ^{I) by setting 

ieA 

Show that fif e A(/). Write down explicitly, 
ii. It is a classical consequence of the axiom of choice that, given any 
infinite set E, there is a finitely additive function ^{E) -> {0, 1} 
that is not identically zero^ and assigns to every finite subset of 
E the value 0. Let /i be such a function for the set I. Show that 
there exists no / G £^{I) such that / > 0 and g, = fif. Deduce 
that there cannot he f £ £^{I) such that 

= E 9 € 

iei 

5. About the topological dual of . We say that a linear form T on L^{m) 
satisfies Property (P) if, for every decreasing sequence (/n) of L^{m) 
that converges m-almost everywhere to 0, the sequence (Tfn) converges 
to 0. 

a. Take g £ L^{m). Define the linear form Tg on L^{m) by setting 

Tgif) = jfgdm. 

Show that Tg is continuous, that it has Property (P), and that its 
norm in (L^(m))' equals ||^||i. 

b. Consider a continuous and positive linear form T on L^{m) that 
has Property (P). Show that there exists a unique ^ > 0 in L^(m) 
such that T = Tg. 

Hint Define a measure A of finite mass on ^ by \{A) = T(l^). 
Then imitate the proof of Lemma 2.2, using the remark made on page 
146 about the denseness of piecewise constant functions in L^{m). 

c. Let T be a continuous linear form on L^(m) that satisfies Property 
(P). Define and T~ according to the method of Theorem 4.1 on 



llf /X is such a function, the set = /x ^({1}) is called an vitrafilter on /. 
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page 87 (see Remark 2 on page 88). Show that T+ and T~ belong 
to (L^(m))' and satisfy (P). 

Hint. Let (/n) be an increasing sequence of positive functions in 
L^{m) that converges almost everywhere to / G L^{m). Show that, 
if g is ^-measurable and 0<5< /, then 



defined hy g Tg is an isometry whose image consists of those 
elements of {L^{m)Y that have Property (P). 

6. The Radon-Nikodym Theorem 

a. Let 1/ be a cr-finite measure on ^ such that any A G of m- 
measure zero has [/-measure zero. Show that there exists a positive 
measurable function g such that 



Hint Reduce to the case where u has finite mass. Then show that 
the map / J f du defined on L^{m) is a continuous linear form 
satisfying Property (P) of Exercise 5, and use the result in the last 
question of that exercise. 

b. Show that this result remains true if we assume that m is a positive 
Radon measure and i/ is a bounded complex Radon measure on X, 
and do not require g to be positive, but merely in L^(m). 

Hint Apply the previous question to the positive measures (Re i/)"*", 
(Rez/)~, (Imi/)"’", and (Im[/)“, defined according to the notation of 
Theorem 4.1 on page 87 and the discussion on page 89. 

7. Conditional expectation in L^. Let be a cr-algebra contained in ^ 
and let m' be the restriction of m to Suppose m' is cr-finite. 
a. Suppose p G (l,oo]. Show that, for every / G L^{m), there exists 
a unique / G L^{m') such that, for every element A of of finite 
measure. 



Hint Let p' be the conjugate exponent of p. Consider the linear 
form on (jn') defined by ^ i-> / gf dm and apply Theorem 2.1 on 
page 159. 

b. Show that, for every / G L^(m), there exists a unique / G L^(m') 
such that, for every element A of c^'. 



T{g)= lim T(inf(g,/n)) < Hminf T+(/„). 

n— >-+oo ' ' n->+oo 

Deduce that limn^oo ^^(/n) = 

d. Deduce from the facts above that the map from L^(m) to (L^(m))' 




for all A G 
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Hint. Argue as in the preceding question, using Exercise 5d above 
instead of Theorem 2.1. 

c. Suppose p e [l,oo]. Show that the map Tp from L^{m) to 
defined by T{f) = / is linear and continuous, and that it satisfies 
iiTpii < 1, 

/>0 => Tpf>0, 

and Tpf = / for all / e L^(m'), where we have identified L^(m') 
with a subspace of L^{m). 

d. Show that T 2 is the operator of orthogonal projection from L^{m) 
onto L^(m'). 

e. Show that, if 1 < p, g < 00 , then Tp = Tq on L^{m) n L^{m). Thus 

we can define an operator T on Up€[i 00] whose restriction to 

each L^(m) is Tp. We call T the operator of conditional expectation 
given . 

8. Suppose p, g G [1, 00 ). Let T be a continuous linear map from L^((0, 1)) 
to L^((0, 1)). Show that there exists a function K from (0, 1)^ to K with 
these properties: For every x e (0, 1), the function y K{x,y) lies in 

((0, 1)) (where p' is the conjugate exponent of p), and 

f Tf{y) dy = f K{x, y)f{y) dy for all / G L^((0, 1)) and x G (0, 1). 
Jo Jo 

9. Weak convergence in spaces. Examples. Let p € [1, 00 ] and p' be con- 
jugate exponents. We say that a sequence (/n)neN in L^(m) converges 
weakly to an element / of L^{m) if 



lim / fngdm ^ / fgdm for all g e (m). 

n-)^+oo J J 

To avoid confusion, when a sequence in L^{m) converges in the sense of 
the U*{m) norm we will say here that it converges strongly in 

a. Prove that every sequence in L^{m) that converges strongly also 
converges weakly. 

b. Show that a sequence (fn) in L^(m) converges weakly to f £ L^{m) 
if and only if it is bounded and, 

ifp=l, lim / f^dm— I f dm for all A 

n-^+00 



tMore generally, a sequence (fn) in a normed vector space E is said to converge 
weakly to f G E if, for every L € E\ the sequence (Lfn) converges to Lf. A sequence 
(Ln) in E' is said to converge weakly-* to L € E* if, for every f £ Ey the sequence 
(Lnf) converges to Lf. The definition given in the text for spaces corresponds, in 
the case p ~ 00 , to weak-* convergence in considered as the topological dual of . 
If 1 < p < 00 , LP has as its dual, but can also be considered as the dual of 
(Theorem 2.1). In this case, weak convergence and weak-* convergence coincide. 
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- ifp>l, lim / fndm= / f dm for all A G with m(A) < oo. 

n->+oo 

Hint Use the Banach-Steinhaus Theorem (Exercise 6 on page 22), 
Proposition 4.3 on page 19, and the remark on page 146. 

c. Suppose that 1 < p < oo. Show that a sequence (/n) in converges 
weakly to / G if and only if it is bounded and 

lim fn{i) — f{i) for all i G N. 



d. Schur’s Lemma. Show that a sequence in converges weakly if and 

only if it converges strongly (to the same limit). 

Hint Suppose otherwise. 

i. Show that there exists a sequence (/n) of elements of of unit 
norm that converges weakly to 0 and thus, in particular, such 
that /n(^) -> 0 for every i G N. 

ii. Construct by induction two strictly increasing sequences of in- 
tegers (Ij) and (rij) such that, for every integer j, 

-fj-l +CX) 

51 |/n,(i)l < I and 5] ^ i 

i=0 

iii. Let h :N -^K. satisfy the following properties: If i is such that 
Ij-i < i < Ij, then \h{i)\ = 1 and /nj(0^(0 == |/ni(0|- Show 
that, for every integer j, 

L 

fn,{i)h{i)>l 

2=/j_ 1 4-1 



and deduce that 



4-00 
i=0 



> 



iv. Deduce that the sequence (/^^ ) does not converge weakly to 0. 

Finish the proof. 

e. Suppose that m is Lebesgue measure on the Borel cr-algebra of M 

and that 1 < p < oo. Let / G vanish outside the unit ball of 
and have norm 1 in L^. For each n G N, set fn{x) = Show 

that the sequence {fn) is a sequence of norm 1 in that converges 
almost everywhere and weakly (but not strongly) to 0 in L^. 

f. Suppose m is Lebesgue measure on the interval (0, 1). Show that the 

sequence {fn) defined by fn{x) — converges weakly (but not 

strongly) to 0 in every for 1 < p < oo, and that it does not 
converge almost everywhere. 

Hint You might start with the case p = 2 (see Exercise 1 on page 129). 
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10. Weak convergence in spaces j continued. Let p G (l,oo] and p' be 
conjugate exponents. 

a. Suppose L^'(m) is separable (or, which is the same, that L^{m) is 
separable: see Exercise 13b on page 154). Show that every bounded 
sequence in L^{m) has a weakly convergent subsequence. 

Hint Argue as in the first part of the proof of Theorem 3.7 on 
page 115. 

b. Let (/n) be a bounded sequence in L^(m). 

i. Show that there exists a cr-algebra that is separable (in the 
sense of Exercise 13 on page 153), contained in and satisfies 
these properties: 

- For every n G N, /„ has a .^'-measurable representative. 

” The restriction m' of the measure m to is cr-finite. 

ii. Prove that, for every g G L^'(m), there exists an element G 
LP'(m') such that 

jfgdm = J fg^dmf for all / G L^(m'). 

Hint Use the operator Tp^ defined in Exercise 7 on page 165. 

iii. Show that the sequence (/n) has a weakly convergent subse- 
quence in L^(m). 

Hint By Exercise 13 on page 153, the space (m') is separable. 

11. Let (cn)nGZ be a sequence of complex numbers. Define functions Sn and 
Kyn by setting 



m— 1 



Sn{x) = V Krnix) = - V 5„(x). 

m ^ 



k=~~n 



n=0 



Show that, if the sequence (Kn) is bounded in L^((— 7r,7r)), with 1 < 
p< 00, there exists an element / of L^((-7r,7r)) such that 



Cfi 






' dx for all n G 



Hint Extract from the sequence (Kn) a subsequence that converges 
weakly in LP((-7 t, tt)) (see Exercise 10). The weak limit of this subse- 
quence can be used for /. 

12. We assume that m is a Radon measure and use the notation and defi- 
nitions of Exercise 19 on page 159. Fix p G [1, cx)) and denote by p' the 
conjugate exponent of p. 

a. For g G L^\ denote by Tg the linear form on defined by 

Tgf = j fgdm. 
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Show that this defines a linear isomorphism between and the 
space of continuous linear forms on (with the metric d). 

Hint To prove surjectivity, considerer a continuous linear form T 
on Show that there exists g G such that Tf = f fgdm for 
every f E Then show that the support of g is compact, and finish 
the proof. 

b. A linear form T on is said to be continuous if, for every compact 
K in X, the restriction of T to the space {/ G : Supp f C K} 
with the norm || • \\p is continuous. We denote by (Tg)' the set of 
continuous linear forms on LJ. If 5 G we denote by Tg the 
linear form on defined by Tgf = f fgdm. Show that this defines 
a linear isomorphism between and {L^y. 

Hint Take T G Show that, for every compact X, there exists 

a unique gK ^ ^ supported within K and such that 

T{lKf) = j ^Kfgx dm for all / € I/. 

Then show that you can define g G by setting iKg = 9k for all 
K compact. Wrap up. 

13. Assume that m{X) < +00 and that there exists a sequence of 

measurable subsets of X such that the sequence (l^^)neN is fundamen- 
tal in L^(m) (see Exercise 13b on page 154). Show that the expression 




defines a norm on (m) and that the subsets of (m) bounded with 
respect to the norm || • [|oo are relatively compact with respect to | • |. 
(Use Exercises 9 and 10.) Show that the space (L°°(m), | • |) is complete 
if and only if it has finite dimension. 

Hint Use Exercise 4 on page 54. 



3 Convolution 

Notation. In this section, the measure space (X, under study will be 
the spaee X = with its Borel cr-algebra ^ = <^(A'), and the measure 
will be Lebesgue measure m = A = dxi . . . dxd^ 

If / is a function from to K, we denote by / the function on R^ 
defined by x ^ /(“^); moreover, if o G R^, we set Taf{x) = f{x — a). 
The function Taf thus defined is called the translate of / by a. The maps 
/ i“> / and / Taf are linear and preserve measurability. Since Lebesgue 
measure is invariant under symmetries and translations, these operations 
are also defined on equivalence classes of functions modulo sets of Lebesgue 
measure zero. 
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If / is a function (or equivalence class of functions) and a, 6 € we 
clearly have 



Tainf) = Ta+bf, Taf = (r_o/)', Tq/ = /. 

Proposition 3.1 // 1 < p < oo, the family forms an abelian 

group of isometries of L^. 

^f ^ < p < oo and f e the map $/ from to defined by 
$/ : a Taf is uniformly continuous. 

Proof The first assertion follows immediately from the remarks preceding 
the theorem (in particular, from the translation invariance of A). 

To prove the second assertion, since \\raf ~ ^’bfWp " W'^a-bf “ /lip? it is 
enough to show that is continuous at 0. Suppose first that / € Cc(R^). 
Then / is uniformly continuous on R'^ and so, if £ > 0, there exists ry > 0 
such that \y ~ y'\ < r] implies \f{y) — f{y')\ < Hence, if |a| < 37 , 

\\raf - /lip = \f(x -a)- f{x)\Pdx^ 

< ff(A(a + Supp /) + A(Supp /)) 



that is to say, 

\\Taf - /lip < e(2A(Supp/))^^^, 

showing that #/ is continuous at 0 in this case. 

Now, if / is any element of L^, take a sequence (fn) in Cc(R^) converging 
to / in (see Theorem 1.6 on page 146). The continuity of at 0 then 
follows from the fact that the functions $ / converge uniformly to (since 

ll^/„(«)-^/(a)llp = ll/n-/||p). " □ 



When / e the map a Taf from R^ to is continuous if and 
only if / has a uniformly continuous representative; see Exercise 6 below. 

Let G [ 1 , 00 ] be conjugate exponents. If / G and ^ G , the 
convolution of / and p is, by definition, the function / * ^ on R^ defined 
by 



(/ * 9){x) = J fix- y)g{y) dy. 



For 2 : G R^, the function in the integrand is indeed integrable, being the 
product of Ta;/ G and g G . Thus / + ^ is well-defined as a function 
on R^. Using the invariance of Lebesgue measure under translations and 
symmetries, one checks easily that 



f *9 = g*f- 
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Proposition 3.2 Let e [l,oo] be conjugate exponents and suppose 
f E and g e . Then f * g is uniformly continuous and bounded^ and 

ll/*5lloo < II/IIpIIsIIp'- 

Moreover j ifl<p< oo, we have lim| 3 ;|_)._|_oo / * 9i^) = ^5 same is true 
if p = 1 and g has compact support 

Proof. The Holder inequality yields 

\if*g){x) - {f*g){x')\ < \\Txf -Tx'f\\p\\g\\p' for all x,x' e 

the uniform continuity of / if p < oo follows because of Proposition 3.1. 

If p = 00 , we have p' = 1 and the property remains true since f * g = g * f- 
We also have ||/ * p||oo < ll/llpll^llps ^^e Holder inequality and the 
fact that ||tx/||p = II /lip for every x. This implies, in particular, that the 
bilinear map {f,g)^f*g is continuous as a map from x to 
with the uniform norm. Suppose that / G Cc(M^) and that g £ has 
compact support. We claim that 

Supp(/ *g) C Supp/ + Supp^?; 

indeed, Supp / + Suppp is compact and for x ^ Supp / + Suppp we have 
Supp(ra,/) n Suppp = (x - Supp/) n Suppp = 0, so (/ + g){x) = 0. Since 
Supp /+Supp g is compact, we conclude that f*gE Cc(M^). The last claim 
of the proposition follows, because Cc(M^) is dense in for 1 < p < oo 
and because the uniform limit of a sequence of continuous functions with 
compact support tends to 0 at infinity. □ 

We will now extend the definition of the convolution product. Let / and 
g be (equivalence classes of) Borel functions. We say that / and g are 
convolvable if, for almost every x £ E^, the product {rxf)g lies in If 
/ and g are convolvable, the convolution of / and p is, by definition, the 
equivalence class of functions f ^ g defined almost everywhere by 

(f*g){x) = f f{x-v)g{y)dy. 

Clearly, / and g are convolvable if and only if g and / are, and in this case 

f*g = g*f- 

By reasoning as in the proof of Proposition 3.2, we obtain the following 
property. 

Proposition 3.3 If f and g are convolvable equivalence classes of func- 
tions^ 



Supp(/ *g) C Supp / + Supp 5 - 
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In particular, if / or ^ has compact support, we have 
Supp(/ *g) C Supp/ + Suppg 

(since, if F is closed and K is compact, F K is closed). Thus, the con- 
volution of two classes of functions with compact support has compact 
support. 

The next theorem presents a sufficient criterion for the existence of the 
convolution. As usual, we set l/oo = 0. 

Theorem 3.4 (Young’s inequality) Suppose that p,q e [l,oo] satisfy 
l/p+ 1/q > I, and let r he defined by 1/r = 1/p-h l/q - 1. If f £ and 
g £ L^, then f and g are convolvable, f * g £ and 

\\f*g\\r<\\f\\p\\gh- 

Note that this applies, in particular, tor = p = g = l. 



Proof 

1. We can assume that r < oo, since r = oo corresponds to the case q = p' 
treated in Proposition 3.2. Moreover, r < oo implies p, ^ < oo (if p = oo, 
for example, then q = 1 and r — oo). We can also assume that / > 0 
and p > 0, by substituting |/| and |p| for / and g, 

2. Consider first the case where p = I, 1 < p < oo, and r = q.By applying 
the Holder inequality to the measure m = /A, we get 

/ 9 {x - y)f{y) dy < (^jgO{x - y)f(y) dy TV f{y) dy^ 

and 

/ (/ - (y/ 9 '‘{x-y)f{y)dyds^ f{y)dy^ 

By Fubini’s Theorem and the translation invariance of Lebesgue mea- 
sure, the right-hand side of this inequality equals ||p||q||/||i- We deduce 
that g and / are convolvable, that g * f £ and that ||p * /||g < 
\\g\\q ll/ll 1 - The case where p = 1, 1 < p < oo, and r = p is analogous. 

3. Finally, take the case 1 < p, p < oo, so that max(p,p) < r < oo. We 
continue to suppose, without loss of generality, that /, p > 0. Then 

/(x - y)g{y) = (x - y)g'‘/''{y)f^~^^''{x - y)g^~‘^^''{y)- 



Using the Holder inequality with the conjugate exponents r and r' = 
r/(r — 1), we obtain 



//(X -y)9{y)dy 



< (y - y)9^{y) dy^ (^J f^{x- y)g'^{y) dy'^ 



1-1/r 
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In the second integral on the right-hand side, we use Holder’s inequal- 
ity with the conjugate exponents p{r—l)/{r—p) and q{r-l)/{r-q) (to 
check conjugacy use the relation 1/r = l/p + 1/q — 1). We obtain 

j (x - y)g^ (y) dy < f’^iy) dy^ " " g^(i/) dy^ , 

which finally leads to 

j (^j f{x-y)g{y)dy^ dx<^jj fP{x-y)g'>{y)dxdy'^ ll/llp'*’ llfflir’- 

The double integral in this expression equals ||/||^ \\g\\qi once more by 
Fubini’s Theorem. We deduce that / and g are convolvable, that f*g^ 
and that ||/ * < |l/l|p \\g\\q, □ 

Proposition 3.5 Let p,q^r G [1, +oo] be such that lfp-\-lfq-{-lJr > 2. 
If f G g G and h G then f * {g * h) and {f * g) * h are well 
defined and belong to where s is given 6?/ 1/s = 1/p-f 1/^ + 1/r — 2. In 
addition, 

f *{g*h) = {f *g)*h. 

Proof. That f * {g * h) and {f * g) * h are well defined and belong to 
follows from Theorem 3.4. Next, 

{f*{g*h))(x) = jj f{x-y)g{y-z)h{z)dydz 

"" If ^)9{y)K^) dydz = ((/ *g)* h){x), 

which concludes the proof. (As an exercise, the reader might justify these 
formal calculations, especially the use of Fubini’s Theorem.) □ 

Corollary 3.6 The operations + and * make into a commutative ring. 

Proof. The convolution product is commutative and, by Theorem 3.4, 
is closed under it. Proposition 3.5 says it is also associative. The rest is 
obvious. □ 

In addition, is a Banach space and * is a bilinear map from x 
to such that 



||/*5||i < li/llillfflli for all f,g€l\ 



We say that the convolution product makes into a commutative Ba- 
nach algebra. 
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Approximations of Unity 

The ring (L\ -f, ♦) has no unity (see Exercise 1 below). However, there are 
entities that behave under convolution approximately like unity, in a sense 
we now make precise. 

By definition, an approximation of unity or Dirac sequence is any 
sequence (<^n)nGN in satisfying these properties: 

- For every n E N, we have ^ 0 and J (pn{x) dx = 1. 

- For every £ > 0, 

lim / ipn{x)dx = 0. 

For example, one can start from any nonnegative- valued function (p e 
such that / ip{x) dx = and set, for n > 1, 

(Pn{x) = n^(^(nx). 

A change of variables shows that f (pn{x) da: = 1; moreover, 

/ (fn{x)dx= / <p{x)dx, 

J{\x\>£} J{\x\>ri£} 

and this last expression tends to 0 as n tends to infinity, by the Dominated 
Convergence Theorem. (See also Exercise 2 on page 36.) If, in addition, (f 
is continuous and supported within B(0, 1), the sequence {(pn) constructed 
in this way is called a normal Dirac sequence. 

The alternative name “approximation of unity” for Dirac sequences is 
explained by the next proposition. 

Proposition 3.7 Suppose p E [l,oc) and let ((/?n)neN Dirac se- 
quence, If f E then 



f*Pn^L^ and ||/ * <^n||p < ||/||p for every neN, 



and 



lim f = f in L^. 

n-^-\-oo 

Proof. That f ^ pri ^ and ||/ * Pn\\p ^ ||/||p follows from Theorem 3.4. 
Further, for almost every a:. 



|/(a;) - (/*(/j„)(a;)| < J \f{x) - f{x - y)\(pn{y) dy 

< (^j\f{x) - fix-y)\’’ipn{y)dy'^ , 



the latter inequality being a consequence of Holder’s inequality applied to 
the measure Pn(y) dy. We deduce that 



II/- /*V^n||p < J \\f - Tyf\\l‘Pn{y)dy. 
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Now, for every £ > 0, we can write 

/ \\f -Tyf\\p‘fin{y)dy < sup ||/-r3,/||P+ (2||/||p)'’ f ^n(y)dy, 

J |y|<e «/{|y|>£} 

by breaking into the disjoint union of {|j/| < e} and {|2/| > e}. It follows 
that 

limsup 11/ - / + ‘PnWp < sup 11/ - TyfWp. 

n-f+oo \y\<£ 

Now it suffices to apply Proposition 3.1. □ 

Remark, If we assume in addition that, for every n G N, the function 
cpn lies in and has compact support. Proposition 3.2 implies that 
Co(M^) for every n G N. This happens, in particular, when {(fn) is 
a normal Dirac sequence. In this particular case, we see from the preceding 
calculations that, for any p G [1, oc), any / G and any n G N, 

\\f-f*V>n\\p< sup |l/-7j,/||p. 

\y\<^/n 

This will lead to a criterion of relative compactness in L^. 



Relative Compactness in If 

Theorem 3.8 Suppose p G [l,oo) and let H be a subset of L^, In order 
for H to be relatively compact in , it is necessary and sufficient that the 
following three properties be satisfied: 

i. H is bounded in L^. 

ii. lim / \f{x)\^dx = 0 uniformly with respect to f e H, 

H->+oo J{\x\>R} 

iii. lima-^o 7'af = / uniformly with respect to f E H. 

Proof Since is complete, H is relatively compact if and only if it is 
precompact (Theorem 3.3 on page 14). 

Suppose H is precompact. Take £ > 0 and let /i, . . . , /^ be elements of 
such that the balls B(/i, £), . . . , B{fk, e) cover H. In particular, property i 
of the theorem is satisfied. By the Dominated Convergence Theorem, there 
exists i?o > 0 such that, for any R> Rq and any j G {1, . . . , fc}. 




thus, for any R> Rq and any f E 

( f |/(x)|^dx) < 2e. 

V{|a:|>R} / 
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Similarly, by Proposition 3.1, there exists 77 > 0 such that, for any a with 
\a\ < rj and any j E {1, . . . , k}, 



Thus, if H is precompact, properties i~iii of the theorem are satisfied. 

Suppose, conversely, that those three properties are satisfied, and fix 
£ > 0. By property ii, there exists ii > 0 such that 



Let {(pn) be a normal Dirac sequence. As we saw in the remark preceding 
the theorem, we have, for any n > 1 and any / G 



\if *‘PN)ix) - (f *^n)(x')\ < \\Txf -Tx'f\\p\\<PN\\p' for all /€L^, 



where p' is the conjugate exponent of p; whereas the invariance properties 
of the Lebesgue measure imply that 



Then it follows from assumptions i and iii and from the Ascoli Theorem 
(page 44) that the subset of C{B{0^R)) consisting of the restrictions to 
jB(0, i?) of the functions (continuous on M^) / * cpN, with f e H, is rel- 
atively compact and so precompact in C{B{Q,R)), Hence there exists a 
finite sequence (/i, . . . , fk) of elements of H such that, for every f e 
there exists j E {1, . , . , A:} such that 



\{f “ ifj *^jv)(^)| < £A(H(0,i?)) for all x e H(0, i?). 



\\rafj-fj\\p < e, 



and so, for any a with \a\ < rf and any f E H, 

\\raf - f\\p < 3e. 




\\f-f*^n\\p< sup ||/-Ty/||p. 



Hence, by property iii, there exists an integer AT G N such that 
11/ - / * ^n\\p < e for all f e H. 

Now, by Holder’s inequality, for any x, x' E we have 



W'^xf 'Tx'fWp — Il'Tr— x'/ /lip* 

Thus, for every f e H and every x, x' E 

|(/*¥’w)(a:) - (/*^^)(x')| < \\Tx-x'f - f\\p\\¥>N\\p' 



and 



|(/*V’w)(x)| < ||/||plbN||p'. 
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and so 

ll/-/.llp< ( / \f{x)\^dxY\( f MxWdxY" 

+ 11/ - / * Vi’Jvllp + ll/j - fj* <fN\\p 

+ X(B{0,R)y/P sup |(/*¥’iv)(x)-(/j*^Jv)(a:)|, 

xeB{0,R) 

this last result being obtained via the triangle inequality starting from 

1/ - fj\ < l{|a:|>fl} 1/1 + l{|x|>H}l/jl 

+ \f-f*^N\ + \fj-fj*‘PN\ + l{|x|<K} 1/ * <PJV - /j * 

Pulling everything together we obtain \\f — fj\\p < 5e, which shows that 
is precompact. 



Exercises 



1 . 



2 . 



a. Let ((Pn)n6N be a normal Dirac sequence. Show that {<fn) converges 
almost everywhere to 0. Deduce that it does not converge in 

b. Deduce that the algebra does not have a unity; that is, there is 
no element g of such that / + ^ = / for all / C LL 

c. More generally, show that, if p € [l,oo], there is no element g of 
such that / * ^ = / for all / c 

Hardy’s inequality. Let p € (l,oo) and p' be conjugate exponents. If / 
is a function or equivalence class of functions on (0, +oo), define / on 
M by 



fix) = e-l^fie). 



Finally, if / G X^((0, +co)), define 



r/(x) = l r f it) dt 

^ Jo 



for X > 0. 



a. Show that / G X^((0, +oo)) if and only if / G L^(IR) and that, in 
this case, ||/||lp((o,-}-oo)) = II/||lp(k)- 

b. Let g be the function defined on R by 

gix) = e~®/P'l(o,4.oo)(ar). 

Show that g G L^(R) and that, if / G XP((0, H-oo)), we have Tf~ 
f^g. Deduce that T is a continuous linear operator from L^((0, +oo)) 
to itself, of norm at most p\ 



□ tl! 
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c. For n G N, let fn be the function defined on (0, +oo) by 



Show that, for every n G N, we have /„ G L^((0, +oo)) and 

ll/n|kp((0,+oo)) = 1* 

Show also that limn->+oo ||^/n||Lp(( 0 ,+oo)) = Deduce that T has 
norm p' . Show likewise that, for all x > 0, lining T fn{x) = 0. 
(See also Exercise 17 on page 228.) 

3. The convolution product in £^{X), We say that two functions / and g 
from Z to C are convolvable if 

|/(n — fe)| |^(A:)| < +00 for all n G Z. 

kez 

If this is the case, the convolution f * g is defined by 

(/ * g)(n) = Y^f{n- k)g{k) for all n € Z. 

fcez 

a. Show that / and g are convolvable if and only if g and / are, and 
that in this case f * g = g * f- 

b. Let p^q E [1, oo] be such that 1/p + 1/^ > 1, and suppose / G P{Z) 

and g E Show that / and g are convolvable, that f*g G ^^(Z), 

where 1/r = 1/p + l/q ~ 1, and that ||/ * g\\r < \\f\\p ||p||q. 

c. Show that the normed space ^^(Z) with the operation * is a com- 
mutative Banach algebra with unity. 

d. i. For m G Z, we denote by Sm the function on Z defined by 

^m(^) = 1 if n = m and otherwise. Show that, for 

TTl^P G Z, dfyi * Jp = 

ii. Let ^ be the set of continuous linear forms ^ on £^(Z) that are 
not identically zero and satisfy 

^{f*g) = for all /,5 e £*(Z). 

Let U be the set of complex numbers of absolute value 1. If u G U, 
prove that the linear form defined on ^^(Z) by 

kez 

belongs to 

iii. Show that the map u ^ thus defined is a bijection between 
U and 
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Hint If $ 6 there exists (f G such that 

^(/) = E fov all f e e\z). 

feez 

Now show, using part i, that (p{n + m) = (p{n)(p{m) for every 
n, m G Z; deduce that is of the form <f{n) = with u G U. 

4. We denote by • the scalar product on 

a. Riemann-Lebesgue Lemma, Show that, if / G 

lim / 

Hint Show that, if ^ ^ 0, 

= -F(r,^/|5|./,e). 

Deduce that |2F(/,^)| < 11/ - r^^/i^p/lli- 

b. For / e L^, we define a map / by 

/(^) = j e“ V(a;) dx for all ^ e R**. 

Prove that / G C'o(R^) and that the uniform norm of / is at most 

ll/lli. 

c. Show that the map ^ Co(R^) defined by ^(/) = / is a 

continuous linear map and that 

= for all /, 5 gL^ 

The map ^ is called a morphism of Banach algebras from 

to (7o(M^) (where the latter space is considered with its ordinary 

multiplication). 

5. The spectrum of the algebra L^. The goal of this exercise is to charac- 
terize the spectrum of the algebra that is, the set ^ of nonzero 
continuous linear forms $ on such that 

Hf*9) = W)H9) ioval\f,geL\ 

Once more we denote by • the scalar product on R*^. 
a. Show that, for every ^ G R*^, the linear form defined by 

Mf) = j e^-^f[x)dx for all / gL^ 



belongs to 
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b. Let if be a bounded continuous function from to C, not identically 
zero and such that 



iii. Deduce that there exists ^ € IR^ such that (f(t) = for every 
t€lR^. 

Hint Set aj = {d(p/dtj){0). Show that the function 1 1 -> 
is constant. 

c. Let ^ be an element of 

i. Show that there exists (p G such that 

$(/) z= J f{x)ip{x)dx for all / € 

ii. Show that, for every element / of 

^(Ta/) = ^{f)(p{a) for almost every a e IR^. 

Hint Show that, for every g ^ L^, 



(p(s + t) = (p{s)(f{t) for all s,t e IR^. 



i. Show that (^(0) — 1. 

ii. Show that, for every e > 0, 



Deduce that ip is of class , and then that 




for all t G 




J da = = $(/ * g) 




iii. Deduce that ip has a representative in (76(R^) (which we still 
denote by ip) satisfying 



= ^(/)<p(«) for all f G and a G 



iv. Then show that 



ip{a + 6) = ip{a)ip{b) for all a, 6 G R^ 



and deduce that there exists ^ G R^ such that p{t) = e’^'^ for 
every t G R*^. 
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d. Show that the map ^ is a bijection between and M , 

6. Suppose / G 

a. Show that, if / admits a uniformly continuous representative, the 

map R^ — ^ given hy a Taf is continuous. 

b. Conversely, suppose the map a Taf from R^ to is continuous. 

i. Show that, for almost every x in R^, 

\fi^) - fix - 2/)| < \\Tyf - /Iloo for almost every y G 

Hint Use Fubini’s Theorem, 

ii. Let {ipn) be a Dirac sequence. Show that 



11/ /*^n||oo^ J W'^yf f\\oo^n{y)dy. 

Deduce that 

lim l|/-/*<^n||oo = 0. 

n— >cx) 

iii. Show that / has a uniformly continuous representative. 

7. Let {ifn)n£N be a normal Dirac sequence. Show that, for every continu- 
ous function / on R^, the sequence {f^ifn)neN converges to / uniformly 
on every compact of R^. 

8. Convolution semigroups. Consider a family positive ele- 

ments of satisfying these conditions: 

- f pt{x) dx = 1 for all t> 0. 

- pt^s =Pt*Ps for all t,s > 0. 

- limt_^o /{|x|>e} Pti^) dx-^{) for all s > 0. 

Such a family will be called a convolution semigroup in the sequel. 

a. Suppose p G [1, oo). For every / G L^, set Ptf = Pt * f- Show the 
following facts: 

i. For every t > 0, Pt is a continuous linear map of norm 1 from 
LP to LP. 

ii. PtPs = Pt-^s for all t,s > 0. 

iii. limt_,o Ptf - / in LP for all / G Lp. 

iv. For all / G the map 1 1 -^ Ptf from R“^* to Lp is continuous. 

b. The Gaussian semigroup. Show that the family (pt) defined by 



Pt(x) = 



1 

(27Tt)^/2 ^ 



\x\^/2t 



satisfies the conditions for a convolution semigroup. 

Hint. Recall that e~^^dx — To prove that pt^Ps = Pt+s? 
use the fact that Lebesgue measure is translation invariant. 
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c. The Cauchy semigroup. Now assume that d = 1. Show that the 
family (pt) defined by 

Pt{x) = - 72 - 7—2 

satisfies the conditions for a convolution semigroup. 

Hint. To show that Pt*Ps= Pt-\-s^ start by checking that 

1 1_ 1 

52-1-2/2 

V t‘^-\-{x-yy ^ 52-f2/2 

d. Suppose p = 00 . Show that properties i and ii are still satisfied, and 
that properties iii and iv are satisfied for / G if and only if / has 
a uniformly continuous representative. 

e. Show that the result of part a is still true if is replaced everywhere 
by the space Co(R^) with the uniform norm, or by the space Cu,b{^^) 
of uniformly continuous bounded functions with the uniform norm. 

9. We adopt the definitions and notation of Exercise 19 on page 159, in 

the special case where m is Lebesgue measure on 

a. i. Suppose p G [1, 00 ) and let H he a. subset of satisfying condi- 

tions i and iii of Theorem 3.8. Show that H is relatively compact 
in with the metric d. 

Hint. Revisit the proof of Theorem 3.8. 
ii. Let p,q,r G [l,+oo) be such that 1/r = 1/p-h l/q - 1. Show 
that, if G G L^, the set 

{G*f:feL« and ||/||, < 1} 
is relatively compact in {L\^^,d). 

b. Let p,g,rG [1, +oo) be such that 1/r = 1 /pH- 1/^— 1. Show that any 

function / G can be convolved with any g ^ and that for 
such functions we have f*g andSupp(/*p) C Supp/H-Suppp. 

c. Show that, if p,p' G [1, oc] are conjugate exponents, the convolution 
of a function / G and a function g G L^' belongs to G(R^). 

d. Suppose m G N* U {oo}. Show that, if / and p is a function of 

class with compact support, / ♦ p is of class G^ and, for every 
(pi, . . . ,pd) G such that |p| = Pi H h Pd < m, we have 

dxP' 

e. Show that this equation remains true if we assume that f £ L\ and 
that p is of class C'^ with arbitrary support. 
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10. Compactness in for 0 < p < oo. Let 7 be a set. 

a. Suppose p E [l,oo). Show that a subset H in £^{I) is relatively 
compact if and only if it is bounded and there exists, for every e > 0, 
a finite subset J of I such that 

l|l/\j/||p<e for all/ 6 if. 

(Compare with Theorem 3.8.) 

Hint. Use Exercise 8 on page 17. 

b. Suppose p e (0, 1). Consider the space £^{I) with the metric dp de- 
fined in Exercise 1 on page 147. Show that the result of the preceding 
question remains valid if we replace || • ||p by | • |p = dp{ • , 0). 

Hint. Use Exercise la on page 148 to adapt the method above. 



Part II 



OPERATORS 



5 

Spectra 



I Operators on Banach Spaces 

We fix here a Banach space E over K = R or C, and we wish to study the 
(noncommutative) Banach algebra L{E) of continuous linear maps from E 
to E, the product operation being composition. We use the same notation 

II • II for the norm on E and the associated norm on L{E), and we denote 
by I the identity map on E. Thus, I is the unity of the algebra L{E). An 
element T G L{E) is called invertible if it has an inverse in L{E); that is, 
if there exists a continuous linear map S such that TS = ST = I. Because 
composition is associative, T has an inverse in L{E) if and only if it has 
a right inverse (an element U such that TU = I) and a left inverse (an 
element V such that VT = I) in L{E). Clearly, if T is invertible, it is 
bijective and its inverse in L{E) is unique and equals the inverse map T~^. 
Thus, for T G L{E), the following properties are equivalent: 

- T is invertible. 

- T is bijective and T~^ is continuous. 

- kerT = {0}, imT = E, and T~^ is continuous. 

In fact, the map inverse to a bijective continuous linear operator from E 
onto E is always continuous; this follows directly from the Open Mapping 
Theorem, itself a consequence of Baire’s Theorem (Exercise 6 on page 22). 
We will not make use of this result here. 

Finally, we note that, if T and S are invertible elements of L{E), the 
composition TS is also invertible and {TS)~^ = S~^T~^. 
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We make the convention that T® = / for T G L{E). 

Proposition 1.1 The set ^ of invertible elements in L{E) is an open 
subset of L{E) containing I. The map T T~^ from ^ to ^ is continu- 
ous. 

More precisely, ifTo^J^ and \\T - To\\ < ||To"i-S then T e ^ and 

-|-oo +00 

T-‘ = ^(/ - To-iT)”To-' = E {I - TT^T- 

n=0 n=0 

Proof Take Tq e 

1. First, 

11/ - To-'TII = \\To\To - T)\\ < ||To-'|| ||T - To|| 

and 

||/-TTo-i|| = ||(To-T)To-'|| < ||T-To|| ||To-'||. 

Thus, if II T - Toll < ||Tq“^||“\ the series 

+00 j-OO 

5](J-To-'T)"To-' and ^To-'(/ - TTo-i)" 

n=0 n—0 

converge absolutely and so converge. At the same time, one easily sees 
by induction that, for all n G N, 

(/ - To-‘T)X' = - TToT ■■ 

the equality is certainly true for n = 0 and, if it holds for n G N, we 
have 

(J - To-‘T)”+'To-i = (/ - To^T)"{To^ - To-'TTo-i) 

= (J-To-1t)”To-'U-7’To-') 

= T^^{I-TToT^\ 

Thus, the two series are equal. Let S be their sum. 

2. We check that S is indeed the inverse of T. 

ST = STo{{To^T -/) + /) 

4-00 4-00 

= - J^{I - To-‘T)"+' + E(^ - = I. 

n=0 n=0 

(These manipulations are justified because the product is a continuous 
bilinear map from L{E) x L{E) to L{E) and because the series converge.) 
Likewise, 

TS = ((TTo-i - /) + 7)To5 

4-00 4-00 

= - - TTo-i)"+' + E(^ - = I- 

n=0 n=0 
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Thus, if II T — Toll < II Tq ^11 \ the element T is invertible and T ^ is 
indeed given by the series in question. 

3. In particular, if ||T - To|| < ||To“^||“\ 

j-oo 

n=l 

_ IITo-^ll ||J - Tq-^TII ^ IITq-^P ||T - Toll 
1-\\I-T^^T\\ - l-||T-ro||||To-i||’ 

which shows that the map T ^ T~^ is continuous at Tq. □ 

Remark. According to the proof, the map T t-> T~^ from ^ to L{E) has 
a local series expansion everywhere. This would allow us to show that this 
map is in fact of class C^. 

Definitions and Notation. Suppose T G L{E). A spectral value of T is 
any element A G K such that XI — T is not invertible. The set of spectral 
values of T is called the spectrum of T and is denoted by (t{T). Any 
point of IK that is not a spectral value of T is called a regular value or 
resolvent value of T. The set p{T) = K \ a{T) of regular values of T is 
called the resolvent set of T. 

An eigenvalue of T is any element A G IK such that XI — T is not 
injective (so that ker(A/ — T) ^ { 0 })- Thus, every eigenvalue of T is a 
spectral value of T, but the converse is generally false (unless of course if 
E has finite dimension or, more generally, if T has finite rank; see Exercise 
13 below). 

If A is an eigenvalue of T, the space ker(A/ — T) is called the eigenspace 
associated with A. We denote by ev(T) the set of eigenvalues of T. 

Example. Take E = C{[0,1]) and let T be the operator that associates to 
f e E the function Tf defined by 

Tf(x)= f f{t)dt. (*) 

Jo 

One sees right away that ker T == {0} and imT = G C^([0, 1]) : ^(0) = 0}. 
Thus T is injective but not surjective: that is, 0 ^ ev(T) but 0 G (t{T). We 
now show that 0 is the only spectral value of T. 

To this end, take A ^ 0 and g e E. If f e E satisfies 



Xf-Tf = g, 



(**) 



the function h = Tf is an element of C^([0, 1]) such that 



h{0) = 0 and A/i' — h — g. 



(t) 
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Conversely, if /i G ^^([0, 1]) satisfies (f), the function / = /i' is a solution 
of (*♦). Now, it is easy to check that the differential equation (f) has as its 
unique solution 

h{x) = ^ £ g{t)e-^^^dt. 

Therefore (**) is satisfied if and only if 

fix) - 1 + g{t)e-^^^dt ^ . 

whence we deduce that A is a regular value of T and that 

((A7 - T)-‘fl)(x) = i(^gix) + ^J^ g(t)e-^/^dty 

To summarize, ev(T) == 0, cr(T) = {0}, and p{T) = K\ {0}. 

Proposition 1.2 Suppose T G L{E). The limit limn-^oo exists 

and 

lim inf 

n— yoo tiEN* 

This value is denoted by r(T). Moreover j the spectrum (t(T) is a compact 
subset o/K and 

|A| < r(T) for all X G a{T). 

In particular, we see that r(T) < ||T|| and so 

|A| < ||T|| for all A G (t{T). 



Proof 

1. Set a = infngN* Certainly we have 

o< lim inf ||T"||1/”. 

n->+oo 

Take e > 0 and let no G N* be such that HT^olli/^o < a e. Given 
n G N* we can write, by dividing with remainder, n = p{n)no + ^(n), 
with p{n) G N, q{n) G N and 0 < q{n) < Uq. Thus 

||T”|| < \\T\\^^'^\ 

Since limn->+oo = 0 and limn- 4 +ooP(^)/^ = l/^o, we deduce 

that 

limsupllT^f/^ < ||T^o||i/no < a-fe. 

n— >+oo 

This holds for all e > 0, so limn-^-i-oo ||T^||^/^ = a. 
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2. The map A {XI — T) from K to L{E) is clearly continuous. Therefore, 

by Proposition 1.1, p{T) is open and cr(T) is closed. All that remains to 
show is that cr(T) is bounded by r(T). 

3. Take A G K such that |A| > r(T), and consider r G (r(T), |A|). Since 
r > r(T), there exists an integer no G N* such that 



The series \ n ij^n converges absolutely in L{E) (since r < |A1) 

and it is easy to see that 



and so that A G p{T). Since this holds for all |A| > r(T), the proof is 



We take up again the operator T on E = C([0, 1]) defined by equation 
{*) on page 189. Clearly, ||T|| = 1. On the other hand, an easy inductive 
computation shows that, for every n G N*, 



so that llT^ll < 1/n!, which implies that r(T) = 0. Here, then, r(T) < ||T||. 
For T G L{E) and A G p(T), write 



Proposition 1.3 Suppose T G L{E). For all A, // G p{T), we have 

R{\, T) - R{p, T) = {p- A)i?(A, T)R{p, T) = {p- X)R{p, T)R{\, T). 

(This is called the resolvent equation.) Moreover, the map A i-> i?(A, T) 
from the open subset p{T) ofK to L{E) is differentiable and 



II j-ny ^ fi > 




n=0 ' ^ n=0 



complete. 



□ 




R{\,T) = {XI -T)-\ 



frR{X,T) = -{R{X,T))\ 



Proof. First, 



R{\, T) - i?(M, T) = R{X, T) ((/xJ - T) - {XI - T)) R{n, T) 
which proves the resolvent equation. In particular, 



1 {R{X + h,T)- R{X, T)) = -R{X, T)R{X + h, T), 
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with h eK* and A, A-h/i G p{T). By the continuity of the map A /?(A, T) 
(an immediate consequence of Proposition 1.1) and the continuity of the 
product in L{E), we obtain 

lira 1 {R{X + ft, T) - R(X, T)) = - {R{X, T))^ 

h—^O tl 

which concludes the proof. □ 

We know that, if E is finite-dimensional, the spectrum of T can be empty 
if IK = M but not if IK = C, since d’Alembert’s Theorem (the Fundamental 
Theorem of Algebra) guarantees that the characteristic polynomial of T 
has at least one complex root. We shall show that this is also the case in 
infinite dimension. 

Theorem 1.4 Suppose T G L{E). //K = C, the spectrum cr{T) of T is 
nonempty, and 

r(T) = max {|A| : A G 

In contrast, T may have no eigenvalues, even when IK = C, as shown by 
the example on page 189. 

The real number r(T) is called the spectral radius of T. 

Proof 

1. For z G p(T), set Rz = R{z,T). By step 3 in the proof of Proposition 
1.2, we know that \z\ > r{T) implies that 

+00 

R, = 

n =0 

the series converging absolutely in L{E). We deduce that, for every 
t e (r(T),+oo), 

j-oo 

n =0 

the series converging uniformly with respect to 0 G M in L{E). Multi- 
plying by with p G N, and integrating the result from 0 to 

27 t, we obtain, by the continuity of the Riemann integral with values in 
L{E) (see Exercise 5 on page 20, for instance), 

p2n j~QO r2TT 

/ {te^y+^Rteie = V / d9 = 27tT'’. 

•^0 n = 0-^0 

Thus, for every p G N and t > r{T), 

T^ = ir (te'y+^Rte^edB. 

ZTT Jq 



1 Operators on Banach Spaces 193 



2. We now prove that the spectrum of T is nonempty. Assume the contrary. 
Applying the preceding equality in the case p = 0, we have 

1 

I = — I dO for all t > r{T). 

27t Jq 



But, if we suppose that p(T) = C, the function Jo given by 



1 



te^^Rf^iedO 



is defined and continuous on [0, H-oo) and is of class on (0, H-oo); 
moreover 



for all OO. 

(In what concerns differentiation under the integral sign, the Riemann 
integral of functions with values in a Banach space behaves as that of 
scalar functions.) But 






dz 



z=te*' 



and 

z=te^^ 

since we saw in Proposition 1.3 that the map z Rz from p{T) to L{E) 
is differentiable (holomorphic). Thus 



r! T 1 /•27T o 

= ^ foralH>0. 

We deduce, using the Mean Value Theorem for Banach-space valued 
functions, that Jq is constant on [0, +oo), which cannot be the case 
since Jo(0) = 0 and Jo{t) = 7 for t > r(T). This contradiction shows 
that cr{T) is nonempty. 

3. Set p ~ max{|A| : A E cr{T)}. We know by Proposition 1.2 that p < 
r{T). For n G N* and t> p, set 



1 

As before, we see that dJn/dt = 0 on (p, +oo). Thus Jn{t) = for 
every t > p. Now write Mt = max {UTi^eie \\ : 0 e [0, 27t]}. Then 

II j.n|| ^ for all n G N* and t > p. 



which implies that r(T) <t for every t > p, and so that r(T) < p. □ 
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Now fix T G L{E). To every polynomial P = ao + aiX H \-anX^ with 

coefficients in IK, we can associate the operator P{T) e L{E) defined by 

P{T) = T 0>lT -h * * • + CLnT^ . 

Clearly, for any A, /x G K and P, Q G K[X], 

{XP + fiQ){T) = XP{T)+^iQ{T), PQ{T) = P{T)Q{T), 1(T) = /. 

In other words, the map P ^ P{T) from K[X] to L{E) is a morphism of 
algebras with unity. We will compare the spectrum of P{T) with the image 
under P of the spectrum of T. 

Theorem 1.5 (spectral image) IfTE L{E) and P G K[X], we have 

P{a{T)) C a(P(T)), 



with equality if K = C. 

Proof 

1. Take A G IK. Since A is a root of the polynomial P — P(A), there exists 
a polynomial Qx G K[X] such that P — P(A) — {X — X)Q\. Then 

P{T) - P{X)I - (T - XI)Qx{T) = Qx{T){T - XI), 

Suppose that F(A) ^ cr(P(r)), and set 5 — (P(A)/ - P{T)) ^ Then 

{XI - T)Qx{T)S = SQx{T){XI -T)^I, 

showing that {XI — T) is invertible, with inverse SQ\{T) — Q\{T)S\ 
thus A ^ <j(T). Thus A G <j(T) implies P(A) G <j(P(r)), which is to say 
P{a{T)) C a{P{T)). 

2. Suppose that IK = C and that P has degree at least 1 (if P is constant, 
the result is trivial). Take /z G cr(P(T)). Write the polynomial P - /z as 
a product of factors of degree 1: 

P-/z-C(X-Ai)...(X-An), 



with C ^ 0. Then 

P(T) - /z/ = C{T ~ Xil ) . . . (T - An/). 

Since, by assumption, P(T) — /z/ is not invertible, one of the factors 
T - Xj I is not invertible. Then, for this value of j, we have Xj G cr(T). 
Since P(Aj) = /z, this shows that fj> G P(<j(T)). □ 

Remark, In most of this section, we haven’t really needed the fact that 
we are dealing with operators; all we’ve used is the structure of L{E) as 
a Banach algebra with unity. These results extend to any Banach algebra 
with unity. 
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Exercises 

1. Let T be a continuous operator on a Banach space E, Show that the 
inequality |A1 > \\T\\ implies 

||(A/-T) 1|| < |;^|_ 11^11 • 

2. Let T be a continuous operator on a Banach space E and let (An)neN 
be a sequence in p{T) converging to A € K. Show that, if the sequence 
(i?(An,T)) is bounded in L{E)^ then A G p{T), 

Hint Show that the sequence (i?(A„,T)) converges in L{E). Let S be 
its limit. Show that S{XI — T) = {XI — T)S = /. 

3. Let X be a metric space. Take E = Cb{X) and let T be a positive 
operator on E (recall that this means that T/ > 0 for any f ^ E with 

/> 0 .) 

a. Show that \Tf\ < T\f\ for every f ^ E, 

Hint Take x £ X and let a be a complex number of absolute value 1 
such that \Tf{x)\ = aTf{x). Show that aTf{x) — T(Re(a/))(x). 

b. Take A G IK such that |A| > r{T). Show that 

|li?(A,T)||<||i?(lAl,T)ll. 

Hint Show that, for every f £ E^ 

\R{X,T)f\<R{\X\,T)\f\. 

c. Deduce that r(T) £ a{T). 

Hint Take A £ cr(T) such that 1A| = Consider a sequence 

(An)nGN Converging to A and such that |Anl > r{T) for every n G N. 
Then use Exercise 2. 

4. Let (An)n€N be a sequence of complex numbers and p a real number in 
the range [1, +oo). Define an operator T on by setting 

{Tu){n) = Xnu{n) for all n G N. 

a. Show that T is continuous if and only if the sequence (A^) is bounded. 

b. When T is continuous, compute its eigenvalues and spectrum. 

5. Suppose p£ [1, oc]. Define an operator S on P by setting 

{Su){n) = u{n 4- 1) for all n G N. 

We call S the left shift. 

a. If p < 00 , show that ev(S') = {A G IK : |A| < 1}. If p = oo, show that 
ev(5) = {AGlK:|A|<l}. 

b. Deduce that a{S) — {A G K : |A| < 1} in both cases. 
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6. Spectrum of an isometry. Let E he a. Banach space and T an isometry 
of E (recall that this means T E L{E) and \\Tx\\ = ||a:|| for all x G E). 
Set D - {A G K : |A| < 1}, C = {A G K ; |A| = 1}, and 5 - D U C. 

a. Show that ev(T) C C, that cr{T) C D, and that, if A G fA, 

im(AJ-T)-E AG/o(r). 

b. Let (An)n€N be a sequence in £> fi p{T) converging to A G D. Show 
that A G p{T). 

Hint. Show that ||i?(An,T)|| < 1/(1 - lAn|) for every n G N; then 
use Exercise 2. 

c. Show that D fi p{T) is open and closed in D. Deduce that D n p{T) 
is either empty or equal to D. 

d. Show that the spectrum of T is either contained in C or equal to D. 
Show that the first case occurs if and only if T is surjective, 

e. Assume that E ~ with p G [l,oo], and that T is defined by 
(Tu)(0) = 0 and 

(T?i)(n) = u{n — 1) for all n G N*. 

(T is called the right shift.) Show that the spectrum of T equals D, 
and that T has no eigenvalues. 

7. Spectrum of a projection. Let E be a Banach space and let P E L{E) 
be such that = P, P ^ 0, and P ^ I. Show that ev(P) = a{P) = 
{0,1}. (The converse holds if P is assumed hermitian: see Exercise 13 
on page 212.) 

8. Let S and T be continuous operators on a Banach space E. 

a. Show that ST and TS have the same nonzero spectral values. 

Hint. If U is the inverse of XI — ST., consider V = / + T C/5. 

b. Show that, if 5 or T is invertible, then (t{ST) = a{TS). What hap- 
pens in the general case? (You might consider the operators 5 and 
T introduced in Exercises 5 and 6e above.) 

9. Let X be a compact metric space and take 9? G C{X). Let T be the 
operator defined on C{X) by 

Tf = (pf for all / G C(X). 

Show that cr{T) = ^{X) and that 

ev(P) — {a G K : = A) has nonempty interior}. 

What if we consider T as an operator from L^{m) to itself, where m is 
a positive Radon measure on X and p G [1, 00]? 
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10. Let T be the operator defined on C([0, 1]) by 



'|/( 0 ) 



T{f){x) = 



Jo Jx^ - J/2 



dy if X ^ 0. 



if a; = 0, 



Show that T is a continuous operator from (^([0, 1]) to itself and that 
||T|1 = 7t/2. Show that every point in the interval (0, 7t/2] is an eigen- 
value of T. Compute the spectral radius of T. 

11. Suppose p e [1, oo] and let S be the operator on L^((0, 1)) defined by 



for /, as a function of A G K* and g G L^((0, 1)). Determine the eigen- 
values and spectral values of S. 

Hint If Sf = A/, with / G L^((0, 1)) and A G C*, then / is of the form 
f{x) = ax^. 

12. Same questions for the operator T defined on L^((0, 1)) by 



13. Spectrum of a finite-rank operator. Consider a Banach space E and an 
element T G L{E) of finite rank, which means that the image of T is 
finite-dimensional (see, for example. Exercises 11 and 12). 

a. Set F = imT and let Tp be the operator on F given by restriction 
of T to F. Clearly, Tp G L(F). Show that T and Tp have the same 
nonzero eigenvalues. 

b. Take A G IK* and put S = XIp-Tp G L{F), where Ip is the identity 
on F. Assume that S is invertible. Show that A G p{T). 

Hint. Show that XI — T is injective. Then compute 



and deduce that XI — Tis bijective and that its inverse is continuous, 
c. i. Show that a{T) fi IK* = ev(T) D K*. 

ii. Show that, if E is infinite-dimensional, then 0 G ev(T). 

iii. Show that cr(T) = ev(T). 

14. Let E be a Banach space and take T G L{E). Denote by F the closure 
of imT. If 5 G L{E) and S(F) c F, denote by Sp the element of L{F) 
that is the restriction of 5 to F. 




Solve the equation 



Xf-Sf = g 




{XI - T){I + S~^T) 
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a. Suppose A € p{T). Show that R{X,T){F) C F and deduce that 
A e p{Tf) and R{X,Tf) = {R{X,T))f- 

b. Suppose A e p{Tf) \ {0}. Show that (A/ - T) is injective and that 
{XI - T){I + R{X,Tf)T) = XL Deduce that A € p{T) and that 

R{X,T) = j{I + R{X,Tf)T). 

c. Deduce from the preceding results that 

<T(T)nK* C (t(Tf) C a(T). 

d. Show directly that 

r(T) - t{Tf). 

Hint (Tf)" = {T^)f and T" = 

15. Volterra operators. Suppose K € C([0, 1]^) and let T be the operator 
on C([ 0 , 1 ]) defined by 

T(/)(x)= f K{x,y)f{y)dy. 

Jo 

a. Show that, for every positive integer n and every / G C([0, 1 ]), 

|r*/(x)| < ll/ll 

where || • || is the uniform norm in (^{[ 0 , 1 ]) and in ^([ 0 , 1 ]^). 

b. Determine the spectral radius and then the spectrum of T. 

16. a. Let E be a Banach space endowed with an order relation < satisfying 

these conditions: 

- for any f,geE, f < g if and only if 5 ~ / > 0 ; 

- for any f e E and A G R"*", / > 0 implies Xf > 0; 

- for any /,5 e E, 0<f<g implies ||/|| < \\g\\. 

(For example, all the function spaces studied in the preceding chap- 
ters, such as Cb{X), Cq{X), and so on, have these properties 
when given the natural order relation.) Let T G L{E) be a positive 
operator (recall that this means Tf > 0 for all / G E with / > 0), 
and suppose that A G R"*". Show that, if there exists a nonzero ele- 
ment / in E such that 



/ > 0 and Tf > Xf, 



then r(T) > A. 

Hint. Show that ||T”/1| > A"||/|| for every n G N. 
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b. Let be a continuous map from [0, 1] to [0, 1] and K a continuous 
map from [0, 1]^ to Define an operator T e L(C[0, 1])) by setting 

r(p(x) 

Tf{x)= / K{x,y)f{y)dy for all / G C([0, 1]) and a; G [0, 1]. 
Jo 

i. Prove that, if ip{x) < x for every x G [0, 1], then r(T) = 0 (see 
Exercise 15). 

ii. Suppose there is a point xq G (0, 1) such that 

K(xq,xo) > 0 and (p{xo) > Xq. 

Show that r(T) > 0. 

Hint. By assumption, there exists S > 0 such that, for every 
x,ye [0,1], 

\x—xo\<S and \y—Xo\<6 => K{x,y)>S and ip{x)>x-\-6. 

Now consider the element / in C([0, 1]) defined by 
f{x) = {S - Ix-xol)"^ 

and show that \x — xq\ < S implies Tf{x) > 5^/2. Deduce that 
Tf > 6^f/2. 

17. Let T be a continuous operator on a Banach space E for which the 

sequence (||T’^||)nGN converges to 0. Show that / — T is invertible, that 
the series is absolutely convergent in L(E), and that its sum 

is 

Hint Show that r(T) < 1. 

18. Consider a compact space X and a linear operator T on C(X). Assume 
that T is positive (if / G C{X) satisfies / > 0, then Tf > 0). 

a. Show that T is continuous and that ||T1| = ||T1||, where the right- 
hand side is the norm in C{X) of Tl, the image under T of the 
constant function 1 on X. 

Now suppose that there exists a constant C > 0 such that, for all 
n G N and all x G X, we have 

0 < Y^irnXx) < c. 

j=0 

b. Show that, given any pair (p,q) of nonnegative integers, we have 
j^p+Ql < CT^l. Show also that, for every point x in X, the sequence 
{{T'^l){x))neN converges to 0. 

c. Deduce that the sequence of functions (T’^l)neN converges uniformly 
on X to 0. (You might use Exercise 4 on page 30.) 
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d. Deduce that r(T) < 1 and that the series converges ab- 

solutely in C(X) (see Exercise 17). 

19 . Let T be a continuous operator on a Banach space E. Show that, for 
every e > 0, there exists 5 > 0 such that 

a{S) c{XeK: d(A,a(T)) < e} for every S e L{E) with ||T-5|| < S. 

Hint Set M — sup{||(A/ - T)~^\\ : d(X,a{T)) > e}. Show that M is 
finite (see Exercise 1) and that S = 1/M works. 

20. Approximate eigenvalues. Let T be a continuous operator on a Banach 
space E. By definition, and approximate eigenvalue of T is any A G K 
for which there exists a sequence (xn)n€N of elements in E of norm 1 
such that limn-^+oo Txn — Xxn = 0. We denote by aev(T) the set of 
approximate eigenvalues of T. 

a. Suppose A G K and write a (A) = inf||a,||=i ||Ax — Tx||. Show that 
A is an approximate eigenvalue of T if and only if a(A) — 0. Show 
also that the map A i-> a(A) from K to is continuous (in fact, 
1-Lipschitz). 

b. Show that aev(T) is compact and that 

ev(T) C aev(T) C cr(T). (*) 

c. Show t hat a ev(T) contains the boundary of cr(T'), that is, the set 
cr(T) n p{T). In particular, aev(T) is nonempty if K = C. 

Hint. Use Exercise 2 above. 

d. i. Suppose S G L{E) is not invertible. Show that, if there is (7 > 0 

such that 

||a:|| < ^115x11 for all x G E, 
the image of S is not dense in E. 

Hint. The assumption implies that the map x Sx from E to 
im 5 has a continuous inverse U. If im 5 is dense in E, then U 
can be extended to a continuous linear map from E to E. 
ii. Suppose that A G cr(T). Show that, if im(A7 — T) is dense in E, 
then A is an approximate eigenvalue of T. Is the converse true? 

e. Suppose that T is an isometry (see Exercise 6 above). Show that 

aev(T) = a{T) H {A G K : |A| - 1}. 

Hint. One inclusion is obvious. To prove the other, you might use 
Exercise 6. 

f. Find operators T for which the inclusions (*) are strict. 

21. Continuous one-parameter groups. Let E be a Banach space. 
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a. Suppose A e L(E). For t G M, put 



+00 ffi 

P(t) = exp(tA) = 53 ^ 

n=0 



Show the following facts: 

A. P is a continuous function from R to L(E). 

B. P(0) = I and P{t s) = P{t)P{s) for all 5 G M. 

C. P is of class and dP/dt = AP. 

b. Conversely, consider a function P from R to L{E) satisfying proper- 
ties A and B above; we call the family {P{t))t£u a continuous lone- 
parameter group of operators. 

i. Show that there exists h G R“*”* such that P{s) ds is invertible. 
Fix such an h for now on, and put 

A = {P(h)-I) (f P{s) ds 

ii. Show that 

P{s) dsj P{t) = J P{s) ds for every t G R, 

and deduce that P satisfies property C above. 

iii. Compute 

^(P(t)exp(-M)) 

and deduce that P{t) = exp{tA) for every t G R. 





2 Operators in Hilbert Spaces 

In this section, we consider the particular case where P is a Hilbert space 
not equal to {0}. We make heavy use of the results established in Section 3 A 
of Chapter 3 (pages 112 and following). To simplify the notation we assume 
that K = C, but all results in this section remain true for K = R (see 
Exercise 1 below). We first give a simple result that links the spectral 
properties of an operator T G L(E) with those of its adjoint T*, defined 
on page 112. 

Proposition 2.1 Suppose T G L{E). Then: 

i. kerT = (imT*)-^. 
ii. imT= (kerT*)-^. 
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iii. T is invertible if and only if T* is, and in this case 

= (T-*)*. 

Proof For x E E, we have x G ker T if and only if 

{Tx \y) = (^x\ T*y) = 0 for all y £ E, 

which proves the first assertion. The second is a consequence of the first, 
in view of Corollary 2.7 on page 108 and of the equality T** = T. Finally, 
if T is invertible, we have TT~^ = T~^T = I and, by Proposition 3.3 
on page 112, = I. Therefore T* is invertible and 

The next result follows immediately. 

Corollary 2.2 IfTe L{E), then 

a{T*) = {A : A e a{T)}. 

If X E p{T), then X E p{T*) and 

i?(A,n = (i?(A,T)r. 

In contrast, there is generally no relation between the eigenvalues of T 
and those of T* (part ii of Proposition 2.1 allows us to say only that A is 
an eigenvalue of T* if and only if the image of A/ — T is not dense). For 
example, E = and T is the right shift of Exercise fie on page 19fi, 
defined by (Tu)(0) = 0 and 

(Tu)(n) = u{n — 1) for all n G N*, 

there are no eigenvalues. But it is easy to see that the adjoint of T is none 
other than the left shift of Exercise 5 on page 195, defined by 

{T*u){n) = u{n + 1) for all n G N; 

thus ev(T*) - {A G C : |A| < 1}. 

Recall that an operator T E L{E) is called hermit ian if it coincides with 
its adjoint T*. 

Proposition 2.3 The spectral radius and the norm of a hermitian oper- 
ator on E coincide. 

Proof. If T is hermitian. Proposition 3.4 on page 113 says that ||T^|| = 
||T|p. Iterating this property, which we can do because the square of a 
hermitian operator is hermitian, we obtain 

||T2”|| = ||Tf" forallnGN. 



2 Operators in Hilbert Spaces 203 



We conclude that 



r(T)= lim \\T^Y'" = n 

n->+oo" " 

since the limit of the sequence equals the limit of any of its 

subsequences. □ 

We can now deduce immediately from Proposition 3.4 on page 113 the 
following corollary: 

Corollary 2.4 For T G L{E), 

||T|| = y/r{TT*) = ^/r{T*T). 



2A Spectral Properties of Hermitian Operators 

Proposition 2.5 Every hermitian operator T on E has the following 
properties: 

i. The eigenvalues ofT are real 

ii. For every X E Cj we have im(A/ — T) = (ker(A/ — T))"*-. 

iii. The eigenspaces of T associated with distinct eigenvalues are orthogo- 
nal 

Proof Suppose that A is an eigenvalue of T, and let x ^ E be an associated 
nonzero eigenvector, so that Tx = Xx and x ^ 0. Then 

A||xp = (Ax I x) — (Tx I x). 

Since the operator T is selfadjoint, we have (Tx|x) G R and so A G IR, 

which proves the first part of the proposition. 

The second part is an immediate consequence of the equality im5 = 
(ker5*)^, valid for all S G L{E) by Proposition 2.1. 

Finally, if A and p are distinct eigenvalues of T and if x and y are corre- 
sponding eigenvectors, we have 

A(x I y) = (Tx 1 1 /) = (x I Ty) = p{x | y), 

since G R. Therefore (x ] y) = 0. □ 

The next theorem states, in particular, that the spectrum of a hermitian 
operator T is also contained in M. 

Theorem 2.6 Let T be a hermitian operator on E, Put 

m = inf {(Tx|x) : x E E with Hxl| = l}, 

M = sup{(Tx \x) : X E E with l|xl| = l}- 

Then cr(T) C [m,M], m G cr(T), and M E cr{T). 
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In other words, [m, M] is the smallest interval containing the spectrum 
of T. 

Proof 

1. Take A G C and a nonzero element x in E. Then 

Denote by d{\) the distance from A to the interval [m, M]: 
d(A) = min{|A — t\:te [m, M]}. 

Then, by the Schwarz inequality and the definition of m and M, 

||Ax - Tx\\ ||x|| > |(Ax - Tx I x)| > d{\) ||o:||^. 

It follows that 



II Ax — Tx\\ > d{X) ||x|| for all x £ E. (♦) 

Suppose that A ^ [m, M]. Then d{\) > 0 and, by (*), A/-T is injective. 
We now prove that im(A/ — T) is closed. If {yn)neN is a sequence in 
im(A/ — T) converging to y £ E, with 2/n == Axn — Txn for each n, 
equation (*) implies that (xn)ncN is a Cauchy sequence and so converges 
to some X £ E, which clearly satisfies Xx — Tx = y. Thus y £ im(A/— T). 
We then deduce from Proposition 2.5 that 

im(A/ -T) = (ker(A/ - T))-^. 

But, since A does not belong to [m, M] either, the operator XI - T is 
also injective. We deduce that A/ — T is a bijection from E onto itself. 
Since, by (*), the inverse of this map is continuous (and has norm at 
most l/d(A)), we get A £ p{T). Therefore (j{T) C [m, M]. 

2. We prove, for example, that m £ (t{T). (That M £ a{T) follows by 
interchanging T and — T.) Set S = T — ml. By the definition of m, S is 
a positive hermitian operator. The map (x,y) i-> {Sx | y) is therefore a 
scalar semiproduct on E. Applying the Schwarz inequality to this scalar 
semiproduct, we get 

|(5x|y)|'‘<(5x|x)(5y|y) for ail x,yeE. (**) 

At the same time, by the definition of m, there exists a sequence (xn)neN 
of elements in E of norm 1 such that limn->+oo(‘5xn | Xn) = 0. By (**), 



||5x„||2 < {Sxn I {S^Xn \ SXn)^/^ < (5x„ | X„)'/2 ||5f ||5x, 
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so that 

which implies that lim^i-^+oo Sxn = 0. If m were not a spectral value of 
r, the operator S would be invertible in L{E) and Xn = S~^Sxn would 
tend to 0, which is absurd. Therefore m G cr(T). □ 

Remark. The second part of this proof did not use the completeness of E. 
Thus m and M are spectral values for any hermitian operator T, even if 
the underlying space E is not complete. In particular, the spectrum of any 
hermitian operator on any scalar product space is nonempty. 

Suppose T is hermitian. Recall that ||T|| = max(|m|, |M|) (see Proposi- 
tion 3.5 on page 114), and that T is called positive hermitian if m > 0 (see 
page 114). The next corollary is an immediate consequence of the preceding 
results. 

Corollary 2.7 A hermitian operator T on E is positive hermitian if and 
only if its spectrum cr{T) is contained in If this is the case, \\T\\ G cr(T). 

2B Operational Calculus on Hermitian Operators 

We saw in Section 1 (page 194) that each element T in L{E) defines a 
morphism of algebras P i-> P{T) from C[X] to L{E). Now, for T hermitian, 
we will extend this morphism and define /(T) for every continuous complex- 
valued map / defined on the spectrum of T. 

Let T be a hermitian operator on E.lfP = ao+aiXH \-anX'^ G C[X], 

we write P = do d\X H h dnX'^ and |Pp = PP. 

Proposition 2.8 For every P G C[X], we have (P{T))* = P{T) and 

Proof. The first assertion is an immediate consequence of the fact that 
T is hermitian (see Proposition 3.3 on page 112). Next, for P G C[X], 
Proposition 3.4 on page 113 gives 

\\P{T)\\ = \\P{T)P{Tyf^ = W\Pf{T)f\ 

But, since |Pp(T) is positive hermitian, 

|||P|2(T)||=maxa(|P|2(T)), 

by Corollary 2.7. By the Spectral Image Theorem (page 194), we have 
<t(|P| 2(T)) = |P|2(cr(T)), so 

\\piT)\\ = ( \pmY^" = 



which concludes the proof. 



□ 
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Theorem 2.9 The map P P{T) defined earlier from C[X] to L{E) 
extends uniquely to a linear isometry f f{T) from C{a{T)) to L{E). 
Moreover: 



i. if9){T) = f{T)g{T) for all fig G C{cr{T)). 

ii. (/(T))* = f{T) for all f G C{a{T)). 

iii. a{f{T)) = f{a{T)) for all f G C{cr{T)) (spectral image). 

Proof 

1. Let n be the subset of C(a{T)) consisting of restrictions of polyno- 
mial functions to cr(T). By Proposition 2.8, two polynomials P and 
Q that have the same restriction to (t{T) must satisfy P{T) = Q{T), 
since ||P(T) — Q{T)\\ = maxt^^(T-) |P(^) — Q{t)\ = 0. Therefore the 
map P i-> P{T) defines an isometry from II to L{E). By the Stone- 
Weierstrass Theorem, II is dense in C{a{T)) (see Example 2 on page 34). 
Using the fact that L{E) is a Banach space, we can apply the Extension 
Theorem and extend this isometry in a unique way to a linear isometry 
on C{a{T)), which must satisfy the first two properties of the theorem 
since it extends a map that does. 

2. If A ^ f{a(T)), the function 1/(A — /) is continuous on cr(T), and clearly 

(A/-/(T))-i = (^)(T) 

and A G p{f{T)) (the norm of the operator (A/ — f{T))~^ being the 
inverse of the distance from A to /(cr(T))). Thus a{f{T)) C f{a{T)). 

3. Now take / G C^{a{T)), / > 0, with /(T) invertible. We wish to 
show that 0 ^ /(cr(T’)). Since cr(/(T)) C f{a{T)) C it follows that 
— 1/n is a regular value of f{T) for any n G N*, and, by the preceding 
discussion. 

Now, the function A /?(A, /(T)) is continuous on p{f{T)), so 
lim R{-l/n,f{T)) = R(0,fiT)) = -{f{T)r\ 



At the same time, the map / f{T) is isometric from C{a{T)) (con- 
sidered with the uniform norm, still denoted by || • ||) to L{E)\ therefore 



||i?(-l/n,/(T))|| 



1 

-1/n-/ 



If / vanished anywhere in cr(T), the value of \\R{—\/n, /(T))|| would go 
to infinity as n -hoc, which is a contradiction. Therefore / does not 
vanish on cr(T), which is to say 0 ^ f{a{T)). 
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4. Finally, take / G C{a{T)). Suppose that A G p(/(T)). Then the operator 
XI~f{T) is invertible, as are its adjoint XI~f{T) and hence the product 
(A/~/(r))(A/-/(T)) - |A-/|2(T). Since |A-/p is a positive function, 
we can apply step 3 to it. This implies that the function jA — /p does 
not vanish on <t(T); therefore the same is true of A — /. Thus shows that 
A i /(a(T)), and so that /(<j(T)) c a(/(T)). □ 

Corollary 2.10 Let f be a continuous function from cr(T) to C. The 
operator f{T) is hermitian if and only if f is real- valued. It is positive 
hermitian if and only if f >0, 

Proof. The first assertion follows from part ii of Theorem 2.9. The second 
follows from part iii of the same theorem and from Corollary 2.7. □ 

Example. If T is a positive hermitian operator and if a E (0, +oo), we can 
define T'*, which is a positive hermitian operator. Then 

for all a, /3 > 0, 

a(T“) - t E a{T)} for all a > 0. 

Moreover, the map a h-> T" is continuous from (0, +oc) to L{E). 



Exercises 

1. Let E be a real Hilbert space and T a symmetric operator on E. 

a. Show that the proof of Theorem 2.6, and so also the theorem itself, 
remain valid. Deduce that, if there is a constant C > 0 such that 

{Tx\x)>C\\xf ioraWxeE, 

T is invertible. 

b. Let P — + aX + 6 be a real polynomial having no real roots. 

Show that P{T) is invertible. 

Hint. P can be written as P = (X -f a)^ + (3^, with a E E and ^ > 0. 
But then, for every x E P, we have {P{T)x | rr) > 

c. Show that for any P E R[X] we have P{cf{T)) = cr(P(T)). (Thus 
the spectral image property is valid for symmetric operators when 
IK = E.) 

Hint. Imitate the proof of Theorem 1.5, using a factorization of the 
polynomial P ~ p over R and the previous question. 

d. Show that r{T) — ||Tl| = max{|A| : A E (r{T)}. 

Hint. For the second equality, one might use part a of this exercise 
and Proposition 3.5 on page 114. 

e. Show that the results of Section 2B remain valid when K = R. 
Hint. In view of parts a-d, one can use the same proofs. 
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2. Let A and B be complementary orthogonal subspaces in a Hilbert space 
E, and suppose T G L{E). Assume that T leaves A and B invariant, 
that is, T{A) c A and T{B) C B, Show that 

a(r) = (7(T|^)u<7(r|B). 

(You might show the corresponding equality involving the resolvent set.) 
Example. Determine the spectrum of the operator T defined on by 

{Tu){n) = u{n + 2) + ^ ^ n G N. 

(You might use Exercise 5 on page 195.) 

3. Let E be a Hilbert space and take T G L{E). Denote by aev(T) the 
set of approximate eigenvalues of T (see Exercise 20 on page 200). Also 
put 

i(r) = {(Tx|x):||x|| = l}. 

a. Show that the spectrum of T equals aev(T) U {A : A G ev(T*)}. In 
particular, a{T) = aev(T) if T is hermitian. 

Hint. Use Exercise 20d-ii on page 200. 

b. Show that aev(T) C i{T). 

c. Deduce that cr{T) C i{T). (This generalizes the first part of Theorem 

2 . 6 .) 

d. Deduce that, if K = C, 

r{T)< sup |(Tx|x)| < ||T||. 

11x11=1 

4. Let E be a Hilbert space over C. An operator T on E is said to be 
normal if TT* = T*T. 

a. i. We assume (in this subitem only) that E — Let (A„)neN 

be a bounded sequence on C and let T be the operator on E 
defined by 

r/(n) = A„/(n). 

Show that T is normal. Recall from Exercise 4 on page 195 that 
the spectrum of T equals the closure of the set 
ii. Deduce that, if E is infinite-dimensional, every nonempty com- 
pact subset of C is the spectrum of a normal operator on E. 
Hint. Use the previous result to handle the case where E is sep>- 
arable; then handle the general case using Exercise 2, 

b. i. Let T G L(E). Show that T is normal if and only if ||ra:|| = 

||T*a:|| for every x E E. 

ii. Let T be a normal operator on E. Show that, for every A G C, 
ker(A/-T)-ker(A/-T*). 
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Deduce, in particular, that A G ev(T) if and only if A G ev(T*). 
Show also that eigenspaces of T associated with distinct eigen- 
values are orthogonal. (Work as in the proof of Proposition 2.5.) 
c. Let T be a normal operator on E. 

i. Show that ||r|| = r(T). 

Hint Start by proving that r(TT*) < r(T)^. 

ii. Deduce that 



5. Let r be a continuous operator on a separable Hilbert space. Show that 
if T is hermitian it has countably many eigenvalues. Show that this 
conclusion still holds if T is only assumed normal (see Exercise 4), but 
not if we make no assumptions on T. 

6. Let {Tn) be a bounded sequence of positive hermitian operators on a 
Hilbert space E satisfying, for every n G N, the condition Tn+i > 
(that is, - Tn is positive hermitian). Set M = sup^^j^j ||T„||. 

a. Take n, m G N such that m < n. Show that Tn,m — ~~ T'm is a 

positive hermitian operator of norm at most M. Using equation (**) 
on page 204 with S — Tn,m? deduce that, for every x G E, 



b. Deduce that for every x e E the sequence (T„x) converges and that 
the map T defined by Tx — limn^+oo^n^ is a positive hermitian 
operator. 

7. Define an operator T on the Hilbert space E = L^((0, +oo)) by setting 



||T||= sup \{Tx\x)\. 



(Use Exercise 3.) 



\\TnX - < M^((T„x I x) - {TmX I x)) ||xf 




for all / G E and x G (0, +oo). 



It was shown in Exercise 3 on page 149 that 




a. Let L be the operator on E defined by 



Lf{x) = 




e ^^f{y) dy for all / G E and x G (0, +oo). 



L is called the Laplace transform operator on L^((0, +oo)). Show 
that L is a hermitian operator and that = T. Deduce that T is a 
positive hermitian operator and that ||L|| — ^/tt. 
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Hint. To prove that L is continuous, one can write, for f € E 
nonnegative- valued, 

r-\-oo r+oo 

{Lf(x)f= e--yf(y)dy f {y') dy' . 

JQ Jq 

b. Show that im(T) c ^((O, +oo)) and deduce that 0 is a spectral value 
of T. Show that 0 is not an eigenvalue of T. (Start by showing that 
L is injective.) 

c. Show that [0, tt] is the smallest interval containing the spectrum of 
T (in fact the two sets coincide). 

8. Let T be a hermitian operator on a Hilbert space E. For / G (7®(a(T)) 
and g G C{f{a{T)))^ show that 

(^o/)(T) = ^(/(T)). 

In particular, if a, /? > 0 and T is positive hermitian, (T")^ = 

9, Explicit construction of the square root of a positive hermitian operator. 
(This exercise is meant to be solved without recourse to the results 
of Section 2B.) Let T be a positive hermitian operator on a Hilbert 
space E. 

a. Suppose in this item that ||r|| < 1, and consider the sequence of 
hermitian operators (Sn) defined by 5o = 0 and 

5n+i = ^(/ - T + Si) for all n > 0. 

i. Show by induction on n that 0 < Sn < Sn+i < I for every 
integer n G N, where U > V means that U ~ V is positive 
hermitian. 

Hint Set U = I — T. Show by induction that, for every integer 
n G N, the operators Sn and 5n+i - Sn can be expressed as 
polynomials in U with positive coefficients. 

ii. Deduce that there exists a positive hermitian operator S such 
that limn-v+oo SnX = Sx for every x e E. (Use Exercise 6 
above.) 

iii. Set R = I — S, Show that = T. 

iv. Show that R commutes with every operator on E that commutes 
with T. 

b. Now make no assumption on the norm of T. Show that there exists 
a hermitian operator R such that R^ ~ T and that commutes with 
every operator that commutes with T. 

10. Let E he 3i Hilbert space. 

a. Let T be a hermitian operator on E. Show that, if / G C{cr{T))^ the 
operator /(T) commutes with every operator on E that commutes 
with T. 
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b. Uniqueness of the square root of a positive hermitian operator. Let 
T be a positive hermitian operator on E and set R = Let R' 
be a positive hermitian operator such that = T. 

i. Show that RR' = R'R. 

ii. Let X and X' be positive hermitian operators such that = R 
and (X')^ = R'. Show that, for every x E E, 

\\Xyf + \\X’yf = 0, where y = {R-R')x. 

iii. Deduce that \\{R—R')x\\^ = 0 for every x E E, and so that 
R = R\ 

c. Let T and S be positive hermitian operators on E such that ST = 
TS. 

i. Show that ST is a positive hermitian operator. 

Hint One might introduce U = 5^/^. 
ii. Show that, if S < T (that is, if T — S' is positive hermitian), then 

g2 < 

Hint. Note that = (T+S){T-S). 

11. Polar decomposition. Let T be a continuous operator on a Hilbert space 
E, and set P = (T*T)V2. 

a. Show that kerP = kerT and that imP = (kerP)-^. 

b. Show that there exists a unique operator U E L{E) such that 

- \\Ux\\ = ||x|| for every x E (kerT)-^, 

- Ux = 0 for every x E ker T, and 

- T = UP. 

Hint. If X G imP and x = Pz, we must have Ux = Tz. 

c. Show that U*U is the orthogonal projection operator onto (kerT)^. 

d. Show that if T is normal (TT* = T*T), then UP = PU. 

Hint. One can use the fact that an operator commutes with P^ if 
and only if it commutes with P (see Exercise 10a, for example). 

e. Example. Determine the operators U and P when where E = L^(jn) 
(m being a measure on a measure space (X, ^)) and T is defined 
by 

Tf = af for all f E E, 

for a fixed a E 

12. Let T be a hermitian operator on a Hilbert space E. Show that every 
isolated point of the spectrum of T is an eigenvalue of T. 

Hint. Let A be an isolated point of o-{T). Define a function / on cr(T) 
by 

f(t) = P if < = A, 

1 0 otherwise. 

Then / is continuous on cr{T) and /(T) ^ 0. Show that (T— A/)/(T) = 0 
and conclude. (You can also prove that /(T) is the orthogonal projection 
onto ker(T — XI).) 
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13. Let T be a hermitian operator on a Hilbert space and suppose (r{T) = 
{0, 1}, Show that T is an orthogonal projection operator. 

Hint The function / defined by f{x) ~ — x vanishes on the spectrum 

of T. 

14. Let m be a measure on a measure space {X,^) and take ip G Lg^(m). 
Define an operator T on L^{m) by 

Tu = (fu for all u 6 L^{m). 

Determine the operator /(T), for each continuous function /. 

15. Spectral measure. Let T be a hermitian operator on a Hilbert space E 
and set X — cr(T). 

a. Suppose u,v e E. Show that there exists a complex Radon measure 
Pu,v on X such that 

{f(T)u I v) = puAf) for all / € C{X), 

Show that, for every u £ E, the measure pu,u is positive. 

b. Let ^ be the space of bounded Borel functions on X, and suppose 
/ G Show that the map 

/ / dfXu.v 

is a sesquilinear, skew-symmetric, continuous form on E. (Sesquilin- 
ear means linear in the first argument and skew-linear in the second.) 
Deduce that there exists a continuous operator on which we de- 
note by /(T), such that 

if{T)u\v) = / / dfiu,v for all u, u G E". 

Check that ||/(T)1| < sup^g^ l/WI- 

Hint Approximate / by a sequence of functions in C{X) bounded 
by sup^^jif l/(^)l; then use the Dominated Convergence Theorem. 

c. Show that the map from ^ to L{E) taking / to f{T) is a morphism 
of algebras and that (f{T))* = /(T) for all / G 

d. Let (fn) be a bounded sequence in ^ that converges pointwise to a 
function /. Show that limn->+oo fn{T){u) = f{T)(u) for every u e E. 
Hint Show that limn->+oo(|/n-/P(^)(^^) | u) = 0. 

e. Suppose a G X and let fa be the restriction to X of the function 
l(-oo,a]* Show that a < b implies /a(T) < fb{T) (this notation means 
that fb{T) — /a(T) is positive hermitian). Show also that fa{T) and 
fb{T) are orthogonal projection operators, as is fb{T) — /o(T) if 
a <b. 
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Compact Operators 



1 General Properties 

Consider two normed spaces E and F over the same field K — E or C. As 
usual, we denote by L(E, F) the space of continuous linear maps from E to 
F, and use the same notation || • || for the norm in F, in F, and in L(F, F). 
Thus, if F € L(F, F), we have ||r|| = sup{||Txl| : x G E with ||x|| < l}. 

We say that an element T in L(F, F) is a compact operator if the 
image of the closed unit ball B{E) of F is a relatively compact subset of 
F. We denote by JF (F, F) the set of compact operators from F to F, and 
we write JF (F) = JF (F, F). 

Clearly, an element T of F(F, F) is a compact operator if and only if the 
image under T of every bounded subset of F is relatively compact in F. 

Note that the Riesz Theorem (page 49) can be expressed as follows: The 
identity map on F is a compact operator from F to F if and only if F is 
finite-dimensional. 



Examples 

1. Every finite-rank operator T from F to F is compact. (Recall that an 
operator is said to have finite rank if its image has finite dimension, 
and infinite rank otherwise. The dimension of the image of a finite- rank 
operator is called its rank.) Indeed, T maps F(F) to a bounded, and 
therefore relatively compact, subset of imT. Since any compact set in 
imT is compact in F, the image T(F(F)) is relatively compact in F. 



214 6. Compact Operators 



2. Consider compact metric spaces X and y, a function K e C{X x Y)^ 
and a (possibly complex) Radon measure /z on Y, We define an operator 
Tk from C{Y) to C{X) by 

TKf{x) = y)f{y) dn{y) for all / £ C{Y) and x e X. 

(In this situation the map K is called the kernel of the operator Tk-) 
The operator Tk is compact: this was proved on page 44 when /x is a 
positive Radon measure, and the proof can be immediately adapted to 
the case where jj, is not necessarily positive, 

3. Let a and b be real numbers such that u < 6, and suppose K £ C([a, 6)^). 
Let a and p be continuous functions from [a, 6] to [a, 6], For / £ C([a, 6]) 
and X £ [a, 6], we put 

rp{x) 

T/(x)= / K{x,y)f{y)dy. 

Ja{x) 

The operator T thus defined from C{[a^ 6]) to itself is compact. 

Proof. Let Hit'll be the uniform norm of K. Then, for every / € C([a, 6]), 



lir/||< ll^ll ll/ll. 

Therefore T{B{E)) is a bounded subset of C([o, b\). On the other hand, 
if xi,X 2 £ [a, 6] and / £ C([a,6]), 

\Tfix,)-Tf{x 2 )\ 

< ll/ll X (ll^ll (l/?(^ 2 ) - + |a(rE 2 ) - a(an)|) 

+ {b-a) sup \K{xi,y) - K{x 2 ,y)\). 

Z/6[o,b] ^ 



Since K is a. uniformly continuous function on [a, 6]^, this shows that 
T{B{E)) is an equicontinuous subset of (^([a, &]). The result now follows 
from the Ascoli Theorem (page 44). □ 



In particular, the integration operator 

Tf(x)= r f{t)dt 

Jq 

is a compact operator from C([0, 1]) to itself. 

4. Other examples of compact operators have been seen in the exercises: 
between Holder spaces (Exercise 5 on page 45), the map f ^ f from 
C^([0, 1]) to C^([0, 1]), with 5 > p > 0; and between discrete Sobolev 
spaces (Exercise 7d on page 104), the map / t-v / from to with 
r < s. 
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We now study certain closure properties of compact operators. 

Proposition 1.1 is a vector subspace of L{E,F). 

Proof. Consider compact operators T and S from E to F and elements 
A, ^ G IK. Then 



{XT pS){B{E)) C XT{B{E))-\-fiS{B{E)). 



But, if Ki and K 2 are compact sets in F, the set XK\ + pK 2 ^ being the 
image of the compact K\ x K 2 under the continuous map (x, y) ►-> Xx+py^ 
is also compact. □ 



Proposition 1.2 Let R be a compact operator from E to F. If Ei and 
Fi are normed spaces and ifTe L{Ei,E) and S G L(F, Fi) are arbitrary ^ 
the composition SRT is a compact operator from Ei to Fi. 



Proof Indeed, 

SRT{B{Ei)) c ||T|15(i?(B(£:))). 

Since a continuous image of a compact set is compact, the result follows. 



□ 



Corollary 1.3 J^(F) is a two-sided ideal of the algebra L{E). 

Proposition 1.4 If F is complete, the limit in L{E,F) of every conver- 
gent sequence of compact operators from E to F is a compact operator. 



Proof. Let (Tn)neN be a sequence of compact operators from F to F that 
converges to T in L{E,F). By Theorem 3.3 on page 14, it suffices to show 
that T{B{E)) is precompact. Choose e > 0 and let n G N be such that 
11^ — Tn\\ < s/3. We can cover Tn{B{E)) with a finite number k of balls 
B{Tnfj,s/3), where /i, . . . , /fc € B{E). Suppose / G B{E) and let j < khe 
such that \\Tnf — TnfjW < e/3. By the triangle inequality, \\Tf — Tfj\\ < e. 
Therefore 



k 



T{B{E)) C U B{Tf,,e), 
j=l 



and T{B{E)) is precompact. 



□ 



The result of the proposition can fail if F is not complete: see Exercise 
8 on page 222. 

Since every finite-rank operator is compact, as we saw in Example 1 on 
page 213, Proposition 1.4 has the following important consequence: 

Corollary 1.5 If F is complete, every limit in L{E,F) of finite-rank op- 
erators is a compact operator. 



This provides a frequently useful criterion for proving that an operator 
is compact. 
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Examples 

1. Let and (F,^) be measure spaces endowed with cr-finite mea- 

sures m and /x, respectively. Let p G [l,+oo) and p' be conjugate ex- 
ponents, and suppose K ^ L^{m x p). We define an operator Tk from 

(p) to L^{m) by setting, for every f ^ (p) and m-almost every 

xe X, 

TKfix) = j K{x,y)f{y)dn{y). 

(As in Example 2 on page 213, the map K is called the kernel of the 
operator T^.) Then Tk is a compact operator. 

Proof. We use the same notation || • || for the norms in L^{m x p) and 
in L{L^ (p), L^(m)). We deduce easily from Holder’s inequality and Fu- 
bini’s Theorem that Tk is continuous and that 

\\Tk\\ < ||/^||. W 

Suppose that K is an element of L^{m) (8> L^(p), the vector subspace 
of L^(m X p) spanned by the elements f <S> g : (x,y) f{x)g{y) for 
/ G LP{m) and g G L^(/i); that is, suppose 

k 

K{x,y) = Ylfj{x)gjiy). 

Then the image of Tk is contained in the span of the family {/i , . . . , /fc}, 
so Tk has finite rank. 

Now, if K G L^{m X p) is arbitrary, K is the limit in L^{m x p) of a, 
sequence in L^{m) L^{p) (see Exercise 12 on page 153). But 

then, by (*), the sequence (TK^)neN converges to Tk, showing that Tk 
is compact by Corollary 1.5. □ 

Notice that the compactness of the operator considered in Example 2 

on page 213 could be proved by the same method, using Example 5 on 

page 35. 

2. Hilberts chmidt operators. Let E be an infinite-dimensional separable 
Hilbert space. If (en)neN is a Hilbert basis of E, we say that an operator 
T G L{E) is a Hilbert— Schmidt operator if the series of numbers 

II converges. One can show (Exercise 21 on page 140) that 
this definition does not depend on the Hilbert basis considered. Now 
let Pn be the orthogonal projection from E onto the span of the family 
i^j)o<j<n- One can show that, if T is a Hilbert-Schmidt operator, the 
sequence {TPn)neN converges in L{E) to T (see Exercise 21 on page 140 
again). Thus, every Hilbert-Schmidt operator is a compact operator. 

In the case E = (m) , where m is a cr-finite measure on a measure space 

(X, ^) (still assuming E separable), the Hilbert-Schmidt operators on 
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E are exactly the operators of the form Tk defined in the preceding 
example, with K E L"^{mxm) (see Exercise 21 on page 140 once more). 

We observe that, for many (but not all) Banach spaces F, Corollary 
1.5 has a converse: Every compact operator from F to F is the limit of a 
sequence of operators of finite rank. See Exercise 24 on page 232. 

lA Spectral Properties of Compact Operators 

Consider again an arbitrary normed space E. We do not assume that E is 
complete, but we use nonetheless the notions and notation introduced in 
Chapter 5 (page 189): spectral values, regular values, eigenvalues, spectrum, 
and so on. 

Proposition 1.6 Let T he a compact operator from E to E. 

1. The kernel of the operator I — T has finite dimension. 

2. The image of I — T is closed. 

3. The operator I — T is invertible in L{E) if and only if it is injective. 
Proof 

1. Write F = ker(/ — T). Then F is a closed subspace of E and 

B{F) = T{B{F)) c T{B{E)) n F, 

which is compact. By the Riesz Theorem (page 49), F is finite-dimen- 
sional. 

2. Take y E im(7 — T) and let {xn) be a sequence in E such that 

liin {xn-Txn)^y- 

n— >+oo 

First case: the sequence {xn) is bounded. Since T is compact, we can 
assume, by passing to a subsequence if necessary, that the sequence 
{Txn) converges to some point z e E. Then lim 7 i_^_|.oo = V + z 
and, by the continuity of T, we get 2 : = T{y-^z), which implies that 
y = {y+z) - T{y^-z) G im(/ - T). 

Second case: the sequence {xn) is not bounded. For every n G N, set 
dn = d{xn, ker(/ — T)). Since ker(/ — T) is finite-dimensional by part 1, 
there exists a point Zn G ker(7 — T) such that \\xn — Zn\\ = dn (indeed, 
the continuous function x d{xn,x) must achieve its minimum over 
the nonempty compact set B{xn^ ll^nll) H ker(7 — T)). 

If the sequence (dn) is bounded, we can replace Xn by Xn — Zn to reduce 
to the first case; thus y G im(7 — T). 

Otherwise, by taking a subsequence, we can assume that the sequence 
(dn)nGN tends to + 00 . Since the sequence {{xn — Zn)/dn) is bounded, we 
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can assume, again by passing to a subsequence, that T((x„ — Zn)ldn) 
converges to a point u ^ E (since T is compact). We deduce that 

lim d~^(xn - Zn) = U+ lim d~^y = u, 

n — ^“Hoo 71 — ^-|”00 

which implies two things: that Tu = u (by the continuity of T), so that 
u e ker(/ - T); and that, for n large enough, ||a;n ~ Zn - dnu\\ < dn^ 
But this contradicts the definition of Therefore the sequence (dn) is 
bounded and y C im(/ - T), which proves part 2. 

3. We now assume that the operator / — T is injective. To prove its sur- 
jectivity, we will use a general lemma. 

Lemma 1.7 If F is a proper closed subspace of a normed vector space 
G, there exists u G G such that ||u|| = 1 and d{u,F) > 

Proof Take v e G\F and set <5 = d{v, F) > 0. Certainly there exists 
w £ F such that ||u — ti;|| < 25. Then the point u = \\v ~ it;||”^(u — w) 
works: if z £ F, we have 

proving the lemma. □ 

We now argue by contradiction. Set Ei — im(7 - T) and suppose that 
El ^ E. For every n G N, set En = im(7 - T)” (and set Eq = E). 
We show by induction that, for every n G N, the subspace En is closed, 
En ^ En-\-li and En ^ £^n+l* 

The claim holds for n = 0 by assumption. Suppose it holds for n G N. 
Clearly, T{En) C En\ thus T induces a n operator Tn € L{En)^ The 
set Tn{B{En)) is contained in T{B{E)) D En, which is compact since 
En is closed. Therefore is a compact operator on En^ Since = 
{In — Tn){En), where In is the identity on En, part 2 above applied to 
Tn implies that En+i is closed in En and so in E. It is also clear that 
En-\-i D ^^n+ 2 - Finally, because we assumed 7 ~ T to be injective, the 
subspaces F?n+i — (7 - T){En) and F?n +2 = {^ ~ T){En+i) cannot be 
equal since En / F?n+i* This completes the induction step. 

By applying Lemma 1.7, we now obtain a sequence {un)neN such that, 
for every n G N, 

Un € En, ||Un|| “ 1» and d{Un, En'^-l^ ^ 2 * 

Then, for n < 

TUn - TUm = Un- Vn,m with Vn,m == TUm + (7 - T)Un ^ £'n+l- 
It follows that 



||Twn - TumW ^ ^ n^m. 
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Since every point of the sequence {Un)n£N lies in B{E), this contradicts 
the relative compactness of T{B{E)) (no subsequence of {Tun)neN is a 
Cauchy sequence). This contradiction proves that I — T is surjective. 
There remains to show the continuity of (/ — T)~^. Here again we argue 
by contradiction, by assuming that there is a sequence {xn)neN that does 
not tend to 0 and such that lim^-j-i-oo — Txn) = 0 (this condition 
is equivalent to (/ — T)”^ not being continuous at 0). By passing to 
a subsequence if necessary, we can assume that ||xn|| > s, for every 
n G N and a fixed £ > 0. Now put Un = Xn/||^rn||. Since T is a compact 
operator, we can assume, again by passing to a subsequence, that the 
sequence (Tun)neN converges to a point v G E. But then limn-).oo Un = 
u, which implies that ||u|| = 1 and, by the continuity of T, that v — Tu, 
contradicting the injectivity of / — T. □ 

We can now state our main theorem, which shows that, as far as spectral 
properties are concerned, compact operators behave almost like operators 
of finite rank (see Exercise 13 on page 197). 

Theorem 1.8 Let T be a compact operator from E to E. 

1. If E is infinite- dimensional, 0 zs a spectral value ofT. 

2. Every nonzero spectral value ofT is an eigenvalue ofT and has a finite- 
dimensional associated eigenspace. 

3. The spectrum of T is countable. If it is infinite, its nonzero elements 
can be arranged in a sequence (An)neN such that, for all n gN, 

|An+i| < I An I and lim An = 0. 

71 — ^-|-(X) 



Proof 

1. Suppose that 0 is not a spectral value of T. Then I = TT~^ is a com- 
pact operator by Proposition 1.2. By the Riesz Theorem (page 49), this 
implies that E is finite-dimensional. 

2. Take A G IK*. Then A is an eigenvalue of T if and only if / — T/ A is not 
injective, and ker(A/ — T) = ker(/ — T/A). On the other hand, A is a 
spectral value of T if and only if / — T/A is not invertible in L{E). Thus 
it suffices to apply Proposition 1.6 to prove assertion 2. 

3. For assertion 3, it is enough to show that, for every £ > 0, there is 
only a finite number (perhaps 0) of spectral values A of T such that 
|A| > £. Suppose, on the contrary, that, for a certain £ > 0, there exists 
a sequence {Xn)neN of pairwise distinct spectral values of T such that 
I An I > £ for every n G N. By part 2, all the An are eigenvalues of T. 
Thus there exists a sequence (cn) of elements of E of norm 1 such that 
TCfi = AnCn for every n G N. Since the eigenvalues An are pairwise 
distinct, it is easy to see (and it is a classical result) that the family 
{^nlnGN is linearly independent. For each n G N, let En be the span of 
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the n-h 1 first vectors eo, . . . , e^. The sequence (En)neN is then a strictly 
increasing sequence of finite-dimensional spaces. By Lemma 1.7, there 
exists a sequence {un)neN of vectors of norm 1 such that, for every 
integer n G N, 

Un e En+i and d{un,En) > I 

(in fact, since En has finite dimension, we could replace | by 1 here). 
Define Vn = The sequence (vn) is bounded by 1/e. Moreover, 

if n > m, 

TVfi TVfjfi = Ufi '^n,m with Vn,m ~ H r T^Uji. 

But TVffi G Efflux c Efi and T’)(-E/n-fi) C En. Thus Vn,m ^ En 

and \\Tvn—Tvm\\ > | , contradicting the compactness of T (the sequence 
(^n)n€N is bounded and its image under T has no Cauchy subsequence, 
hence no convergent subsequence). □ 

Example. We now discuss a compact operator whose spectrum is count- 
ably infinite, and we determine this spectrum explicitly. Consider the op- 
erator T on the space C([0, 1]) (with the uniform norm) defined by 

pl — x 

Tf{x)= / f{t)dt for all/GC([0,l]). 

Jo 

We know from Example 3 on page 214 that T is a compact operator. By 
Theorem 1.8, zero is a spectral value of T, but clearly it is not an eigenvalue. 
To determine the spectrum explicitly, it is enough to find the eigenvalues. 
Let A be an eigenvalue of T and let g G (^([0, 1]) be a corresponding nonzero 
eigenvector, so that 

Ap(x) = / g{t) dt for all x G [0, 1]. 

Jo 

Since A is nonzero, g is necessarily of class in [0, 1]; moreover ^(1) = 0 
and 

Xg\x) = -^(1 - x) for all x G [0, 1]. 

It follows that g is of class in [0, 1] and that 

^^0, ^(1)=0, ^'(0) = 0, A^'(l) = -y(0), (*) 

Xg”{x) — —g{x)/X for all x G [0, 1]. (**) 

The solutions of the differential equation (♦*) satisfying ^'(0) = 0 are the 
functions g{x) — Acos{x/X). In order for such a function to satisfy condi- 
tions (*), it is necessary that cos(l/A) = 0 and sin(l/A) = 1, which is to 
say 1/A = 7t/2 4- 2fc7r, with A; G Z, or yet 



7t/ 2 -h 2A:7 t’ 



with fc G Z. 
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Conversely, if A ~ 1/(7t/2 + 2fc7r) with k £ one easily checks that the 
function g defined by g{x) — cos{x/X) is an eigenvector of T associated 
with A. Thus 

We also see that all the eigenspaces of T have dimension 1 and that the 
spectral radius of T is 2/7t. 

Exercises 

1. Let E be an infinite-dimensional Banach space and F any normed vector 
space. Let T be an operator from E to F for which there exists a constant 
a > 0 such that \\Tx\\ > a||x|| for every x £ F. Show that T is not 
compact. 

2. Let be a sequence of complex numbers and let T be the operator 

on (where p E [1, +oo)) defined by 

Tf{n) - An/(n) for all / £ ^ and n £ N. 

We know from Exercise 4 on page 195 that T is continuous if and only 
if the sequence (An)n€N is bounded. 

a. Show that T is compact if and only if limn->+oo A„ = 0. 

Hint You might use Exercise 10 on page 183, for example. 

b. Suppose p = 2. Show that T is a Hilbert-Schmidt operator if and 
only if 

lAnP < -foo. 

nGN 

c. Let S be the right shift in where p £ [1, +oo) (see Exercise fie on 
page 19fi). Is 5 a compact operator? 

d. Suppose that the sequence (A„)n€N tends to 0. Determine the eigen- 
values and the spectral values oiTS. 

3. Let X be a compact metric space and suppose (p £ C{X), Show that 
the operator T on C{X) defined by Tf — ipf is compact if and only if 
(p vanishes on every cluster point of X. 

Hint Suppose that T is compact and that |(p(x)l > 0 at a point x £ X. 
Then there exists a closed neighborhood Y of x on which |<p| > 0. Show 
that the restriction of T to C'(Y) is an invertible compact operator in 
L{C{Y)) (to show compactness you will probably need Tietze’s Exten- 
sion Theorem, Exercise 7a on page 40). Deduce that Y is finite. For the 
converse, use Ascoli’s Theorem, page 44. 

4. Let P be a polynomial not vanishing at 0 and let T be a linear operator 
on an infinite-dimensional normed space F. Assume P{T) = 0. Show 
that T is not compact. 
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5. Let ^ be a Hilbert space and suppose T 6 L{E). Show that T is a 
compact operator if and only if T* is one. 

Hint. Let {xn) be a bounded sequence in E. Put M = sup^ ||a:n|| and 
define yn = T*Xn for each integer n. Show that, for every n, m G N, 



Deduce that T* is compact. 

6. a. Let T be a continuous operator on a Hilbert space E. Show that T 

is compact if and only if the image under T of every sequence in E 
that converges weakly to 0 is a sequence that converges (strongly) 
to 0. 

Hint. For the “iP part, use Exercise 12 on page 121 and Proposition 
3.8 on page 116. For the converse, use Theorem 3.7 on page 115. 

b. Show that this result remains true if E = where m is a cr- 

finite measure on a measure space (X,c^) and p G (1, +oc). (Weak 
convergence in L^{m) was defined in Exercise 9 on page 166. You 
can also use Exercise 10 on page 168.) 

c. Show that this result is false if E = £^. 

Hint. Use Exercise 9d on page 167. 

7. Let /i be a positive Radon measure on a compact metric space X, with 

support equal to X. Suppose K G C{X x X). Fix p G [1, oo) and denote 
by Ep the space C{X) with the norm induced by that of Define 

an operator T from Ep to itself by 



Show that T is compact, and deduce that the spectrum of T does not 
depend on p. 

8. Let E be the space C^([0, 1]) with the norm || • ||e defined by 



where || • || denotes the uniform norm on [0, 1]. Let F be the same space 
C^([0, 1]) with the uniform norm on [0, 1]. Let T be the operator from 
E to F defined by 



||j/n - J/mll^ < 2M||Tj/„ - TymW- 




for all X e X. 



II/IU = 11/11 + ll/'ll, 



Tf = f for all /ec^ ([0,1]). 



a. Show that the norm of T equals 1. 

b. Show that T is not compact. 

c. Let (Tn) be the sequence in L{E^F) defined by 



Tnf = Bnf for all / G jF, 
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where Bn is the Bernstein operator defined in Exercise 3 on page 37. 
Show that each Tn has finite rank and that the sequence (Tn) con- 
verges to T in L{E, F). 

Hint Using the estimates from Exercise 3 on page 37, show that 
\\T-Tn\\<{2n)-^/\ 

d. Deduce that the hypothesis that F is complete cannot be omitted 
from Proposition 1.4 or Corollary 1.5. 

9. Suppose p e [l,oo]. Define an operator T on the space L^([0, 1]) by 
setting 



Tf{x) = f */(f) 
Jo 



dt 



for all / G L^{[0^ 1]) and x G [0, 1]. 



Show that T is compact and determine its spectrum. 

Hint Notice that any eigenvector associated with a nonzero eigenvalue 
must be a continuous map. Therefore the eigenvalues can be determined 
as in the text; see page 220. (In particular, the spectrum of T does not 
depend on p.) 

10. Let E and F be Banach spaces and let E and F be dense subspaces of 
E and F, respectively. Consider a compact operator T from E to F, 

a. Show that T can be extended in a unique way to a continuous op- 
erator T from E to F. Show that f is compact and that im T C F. 
Deduce that T is also compact, when considered as an operator from 
E to F. 

b. Assume E = F and E = F, Show that T and f have the same 
nonzero eigenvalues and that the eigenspace associated with a given 
nonzero eigenvalue is the same for T and T. 

c. Apply this to Exercise 7 above in order to show that the study of 
the spectrum of the operator T on Ep is reducible to the study of a 
compact operator T on L^{p). 

11. Let E be one of C([0, 1]) or I/^([0, 1]), where p G [1, oo]. Determine the 
spectrum of the operator T from E to itself defined by 




mm{x,y)f{y)dy 



f yf{y) dy + x f 
Jo Jx 



f{y) dy. 



Hint Note that T is compact and that an eigenvector f of T associated 
with a nonzero eigenvalue is a differentiable function and satisfies /(O) = 

/'(I) = 0. 

12. Let T be the linear operator on I/^((0, 1)) defined by 

Tf(x) = [ dy for all / G L^((0, 1)) and x G [0, 1]. 

Jo 



a. Show that T is a compact hermitian operator and that ||T|| < 1. 
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b. Suppose / e C([0, 1]) and put g = Tf. Show that g G C^([0, 1]) and 
that ^(0) = g'{0), g{l) = -g'{l), and 

g''{x) — g{x) = —2f{x) for all x E [0, 1]. 

c. Conversely, suppose g G ^^([0, 1]) satisfies ^(0) = ^'(0) and ^(1) == 

Put / - -{g" - g)/2. Show that g = Tf. 

Hint. Consider h = g — Tf. 

d. Show that imT is dense in I/^((0, 1)) and deduce that 0 is not an 
eigenvalue of T. Is 0 a spectral value of T? 

Hint. For denseness, note that, by part c, imT contains the space 
Cc ((0, 1)) of functions with compact support in (0, 1). 

e. Show that, if / G C([0, 1]) and g = Tf^ then 

(Tf \f) = l {\g{x)\^ + |g'(x)|2) dx + |»(l)p + |5(0)|^) . 
Deduce that, for every / G T^((0, 1)), 

(T/1/)>|11T/11^. 



f. Show that (j{T) C [0, 1]. 

g. For A G (0, 1], set a\ — y/{2 — \)/\. Show that A G cr(T) if and only if 

(1 — a\) sinoA + 2aACOsaA — 0. 

Deduce that <r(T) = {0} U {An}n€N, where, for every n G N, 

2 2 
1 -f (tt/ 2 + n7r)2 ^ ^ 1 -{- {nivY ' 

13. A Sturm-Liouville problem. Suppose g G C([0, 1]), and consider the 
differential equation 

{pfy-qf = g, (E), 

on the interval [0, 1], with boundary conditions 

^o/'(0) - ai/(0) = 0, 0of{l) - Mil) = 0. (BC) 

Here ^ is a continuous function on [0, 1] and p is a function of class 
on [0, 1] taking positive values only, in addition we assume that 
and (/?o,A) 7^ (0,0). By definition, a solution of the 
problem (E)^ + (BC) is a function / of class on the interval [0, 1] 
satisfying conditions (E)^ and (BC). 

a. Suppose for now that the boundary value problem (E)o + (BC) has 
only the trivial solution (identically zero). 
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i. Take a nontrivial solution fi of (E)o with aof[{0) - Oi/i(0) = 0 
and a nontrivial solution /2 of (E)o with /?o/ 2 (l) “ /?i/ 2 (l) = 0. 
Justify the existence of fi and /2 and prove that the expression 

W = {fi{x)f2(x) - /l(x)/2(x))p(x) 



is constant and nonzero on [0, 1]. 
ii. Define a function G on [0, 1]^ by 



G{x,y) 



’ f 2 {y)h(x) 

/i(y)/2(x) 

I w 



if 0 < X < y < ly 
if 0 < 2/ < X < 1. 



{G is the Greenes function associated with the problem (E) + 
(BC).) Let T be the operator from C([0, 1]) to itself defined by 



T/(x)= f G{x,y)f{y)dy. 

Jo 

Show that T is compact and that, if g E C'([0, 1]), the function 
f = Tg is the unique solution of (E)^ + (BC). 
iii. A. Show that im T equals the set of functions of class on [0, 1] 

that satisfy (BC). 

B. Take A G IK*. Show that ker(AJ— T) equals the set of solutions 
on [0, 1] of the equation 

{m'y - {(I + = 

that satisfy (BC). Deduce that ker(A7 — T) has dimension at 
most 1. 

b. Suppose that aoai = /?o/?i = 0, that q is nonnegative- valued, and 
that, if ai = Pi = 0, then q is not identically zero. Show that the 
problem (E)o + (BC) has only the trivial solution. 

Hint Let / be a solution of (E)o + (BC). Show that 



fq{t)\f{t)\^dt+ f\{t)\f{t)fdt = 0. 

Jo Jo 



c. Study the particular case p — 1, q = 0, ao = Pi = 0. Write down 
the corresponding function G. Compare with Exercise 11. 

d. Suppose that ao = Po = 0 and that q{x) > 0 for every x G (0, 1). 

i. Show that ^ > 0 implies —Tg > 0; thus — T is a positive operator. 
Hint Suppose y > 0 and write / = Tg. Check that / is real- 
valued. Suppose next that there exists a point x G [0, 1] such 
that f{x) > 0, and work with a point of [0, 1] where / achieves 
its maximum. 
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ii. Deduce that G{x,y) < 0 for every {x,y) e [0, 1]^. 

iii. Show that this remains true if we assume only that q>0. 

Hint Approximate qhy q-\-e and prove that the kernel Ge cor- 
responding to q + 6 converges to G. 

14, A particular case of Krein-Rutman Theorem. Let X be a compact met- 
ric space. Consider E — C^{X) and let T be a positive compact operator 
from E to itself. We wish to show, among other things, that if T has 
a positive spectral radius r(T), it has a nonzero, nonnegative- valued 
eigenvector associated with the eigenvalue A = r{T). 

Denote by E~^ the set of f e E such that / > 0, and define E'^* = 

£+\{ 0 }. 

a. For / e E ~^* , we put 

r(/) = max{p : pf <Tf} 



r = sup{r(/) : / € E^*}. 

Show that r is well defined and that r = r(T). 

Hint You might have to use Exercise 3a on page 195. 
b. We suppose for now that if / G E~^* then Tf{x) > 0 for all x e X. 

i. Show that r > 0. 

ii. Show that there exists an element g G E~^* such that r = r{g). 
Hint Check that there exists a sequence (/n)n€N of elements of 
E~^* of norm 1 such that limn->+oo ^(/n) = ^ and that, by passing 
to a subsequence, one can assume that the sequence (T/n)n6N 
converges to some element g of E. Show that g G E"*"* and that 
'f'ig) > Wrap up. 

iii. Show that Tg = rg. 

Hint Show that, if Tg / rg, we have rTg{x) < T{Tg){x) for 
every x; then finish. 

iv. We will show that the eigenspace Er associated with the eigen- 
value r has dimension 1. 

A. Show that, if h G Er, the functions (Re h)'^, (Re h )~ , (Im h)'^, 
and (Im/i)~ belong to Er. 

Hint Work as in part b-iii. Observe that, for example, 
T((Reh)+) > (T(Reh))+ = r(Reh)+. 

B. Let h e Er he such that h > 0. Show that there exists p > 0 
such that h = pg. 

Hint Consider p = max{A > 0 : Ap < /i}. If h — pp 7^ 0, 
we have h{x) — pg{x) > 0 for all a: G X, which leads to a 
contradiction. 

C. Deduce that Er is spanned by p. 
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c. Let /z be a positive Radon measure on X, of support equal to X. 
(Why is there such a measure?) For 6 > 0, put T^f = Tf -]-e f f d^i. 

i. Show that Tg is a compact operator in E and that Tef{x) > 0 
for every / G and x e X. 

ii. Show that, if r >0, there exists g G E~^* such that Tg = rg. 
Hint. Let be the positive real number associated with Tg and 
take ge G of norm 1 and such that Tege = Tg^g. Show that 
Tg > r; then that there exists a sequence {Sn)neN approaching 0 
and such that gs^ converges to g. (Observe that in this case the 
eigenspace associated to r need not have dimension 1.) 

15. Let m be a measure of finite mass on a measure space (X, c^), and take 
K G L^(m X m). Show that, for every G (l,+oo), the operator 
T defined from L^{m) to L^{m) by Tf{x) = f K{x,y)f{y)dm{y) is 
compact. 

Hint. Use Example 1 on page 216 and the fact that, if s > r, the 
canonical injection / •-> / from U{m) to U{m) is continuous. 

16. Take p G [l,oo]. Consider a cr-finite measure m on a measure space 
(X, and a map K : X^ — > K that is measurable (with respect to the 
product (7-algebra on X^) and such that the expression 

CK = max(sup / \K{x,y)\dm{y), sup / \K(x,y)\dm{x)\ 

VxGX J yeX J J 

is finite. 

a. Show that the equation 

= j K{x,y)f{y)dm{y) 

defines a continuous operator Tk from L^{m) to itself of norm at 
most Ck- 

Hint. Write \K{x,y)\ = \K{x,y)\^^^\K{x,y)\^^^\ where p' is the 
conjugate exponent of p. 

b. Suppose that m is Lebesgue measure on the Borel <j-algebra of X = 
[0, 1] and that K{x,y) = \x — y|“", with a G (0, 1). 

i. Check that K satisfies the assumptions of part a. 

ii. For each n G N, set Kn = inf(X, n). Show that the operators 
TKn froni jL^([ 0, 1]) to itself are compact. 

Hint. Note that Kn G C([0, 1]^). 

iii. Show that, for every n G N*, 

^ ^ (1— a)/a 

^K-Kr, S n ^ . 

1 — a 

iv. Deduce that the operator Tk from L^([0, 1]) to itself is compact. 
(See also Exercise 21e below.) 
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17 . Two examples of noncompact kernel operators. 

a. We consider the operator T defined on L^((0, -foo)) in Exercise 3 on 

page 149 and we maintain the assumptions and notation of part c of 
that exercise. Set Show that \\pe\\p = 1? 

lim \\Tpe\\p = 

e—^O 

and that, for every x > 0, 

lim T(pe(x) = 0. 

€ — ^0 

Deduce that, unless T is the zero operator, it cannot be a compact 
operator on L^((0, -l-oo)). 

b. Let T be the operator defined on L^((0, +oo)), with p G (1, oo), by 

Tfix) = - ff{y)dy. 

^ Jo 

Using the last part of Exercise 2 on page 177, prove that T is not a 
compact operator on L^((0, -foo)). 

18 . For r G [0, 1), we define an operator on the Hilbert space P by 

{Tru){n) = r^u{n). 

a. Show that Tr is compact for any r G [0, 1) (see Exercise 2). 

b. Consider a sequence (rn) in [0,1) converging to 1 and a bounded 

sequence in converging weakly to u. Show that the sequence 

converges weakly to 0. 

Hint Show first that, for every v e P, the sequence {Tr^v)nen con- 
verges (strongly) to u in 

c. Deduce that, if T is a compact operator from to itself, then 

lim \\TTr - T\\ = 0. 

1 — >^ 1 “ 

Hint. Reason by contradiction and use Exercise 6a. 

d. Show that, if T is a compact operator from to itself, we have 

lim TrT = lim T^TT^ - T 

r— >-l~ r— 



in 

Hint. Show first that linir-^i- TrT = T, using Exercise 1 on page 20. 
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19. Hankel operators. For / G 1]), we set 

Cn{f)= f forallnGN. 

Jo 

We associate with / a linear map T/ on by setting 



+ 00 

(Tfu)ip) = ^*(«)cn+p(/) for all p e N. 

n=0 

a. Suppose u e We denote by u the sum in I/^([0, 1]) of the series 

Show that, for every integer p G N, 

{Tfu){p)= 

Jo 

Deduce that the operator T/ from to itself is continuous and that 
its norm is at most ||/||oo- 

b. Show that, if there exists iV G N such that 

^n(/) = 0 for all n > iV, 

the operator T/ has finite rank. Deduce that, if / is continuous on 
[0, 1] and /(O) = /(I), then T/ is compact (as an operator from 
to itself). 

c. If / G I/°^([0, 1]) and r G [0, 1), put 

-foo 

fr{t) = 

n=0 

i. Show that this series converges uniformly, that fr is continuous 
on [0, 1], and that /r(0) = /r(l)- 

ii. Show that if T/ is compact we have 

liin ||T;,-T/||=0. 

r-^l“ 

Hint. Use Exercise 18d. 

iii. Show that, if Tf is compact, there exists a sequence {(pn) in the 

span of the functions t i-> (where k e N) such that the 

sequence (T^^^) converges to Tf in L{i^). 

20. Let E" be a normed space having an order relation < compatible with 
addition and multiplication by positive scalars, and such that, for all 
/, p G E, the condition 0</< g implies ||/1| < |lp||. Suppose also that 
the set of nonnegative elements is closed in E. (For example, all the 
function spaces studied in the preceding chapters, such as E^, Cb{X), 
and Co(X), satisfy these properties when given the natural order.) Let 
T be a positive compact operator on E (positive means that Tf > 0 for 
all / G E such that / > 0), and suppose A G 
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a. Take h e E. Suppose that there exist elements fo and go of E such 
that 

fo ^ poj Tfo > Xfo + h, and Tgo < Xgo -f h. 

Show that the sequences {fn)n£N and (^n)n€N defined by 



r E fn — h j _ Tgn h 

/n +1 — 7 and pn+l \ 



for all n C N converge to two (not necessarily equal) solutions foo 
and goo of the equation 



Tf = Xf-hh 

satisfying fo < foo 9oo ^ 9o- (In particular, ii h = 0 and the 
inequalities /o < 0 and ^ 0 are not both true, A is an eigenvalue 
of T. Compare with Exercise 16 on page 198.) 
b. Take E = C([0, 1]), define T by 

Tf{x) = f'K{x,y)f{y)dy for all / G C([0, 1]) and x G [0, 1], 

Jo 

where K is a. continuous map on [0, 1]^ with values in [O, |] , and let 
k be an element of C®^([0, 1]) taking values in [0, 1]. Show that the 
two sequences (fn) and (p„) defined as above with fo = 0, go = 2, 
h = —k, and A = 1 converge to the unique solution / of the equation 



f(x)- f K{x,y)f{y)dy = k{x) 
Jo 



for all X G [0, 1]. 



21 . Let X and Y be compact metric spaces. 

a. Let fji : y ^ fjiy he a map from Y to the space of Radon 

measures on X. Assume that y is weakly continuous in the following 
sense: for every / G C(X), the map y ^ J f d^y from Y to IK is 
continuous. (You might check that y, is weakly continuous if and only 
if it takes convergent sequences in Y to weakly convergent sequences 
of measures on X; see exercise 7 on page 91.) For m G 9Jl(AT), denote 
by ||m|| the norm of m, considered as an element of the topological 
dual of C{X), 

i. Define |/i| = sup^^^y \\fiy\\. Show that |/x| < -hoo. 

Hint Use the Banach-Steinhaus Theorem, page 22. 

ii. Show that the equation 

Tfifiv) = J /(^) for all / G C(A') and y eY 

defines a continuous linear operator from C{X) to C(Y), of 
norm |/z|. 
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b. Conversely, prove that, for every continuous linear operator T from 
C{X) to C'(y), there exists a weakly continuous map /x from Y to 
dJl{X) such that T = T^. 

c. Let /i be a weakly continuous map from Y to Show that the 

operator is compact if and only if /x is continuous as a map from 
Y to the Banach space OT(X) = C{X)'. 

Hint. Use Ascoli’s Theorem, page 44. 

d. Let r be a continuous linear operator from C{X) to C{Y). Show 
that T is compact if and only if there exists a map K from Y x X 
to K and a positive Radon measure m on X such that 

(*) Tf{y) = j K{y,x)f{x) dm{x) for all / G C{X) and 2/ G Y, 

the map K being required to satisfy the following conditions: 

- For every y eY^ the map Ky : x ^ K{y, x) belongs to L^{m). 

- The map y Ky from Y to L^{m) is continuous. 

Show also that, in this case, 

||T|| = sup f \K{y,x)\dm{x). 

y^Yj ' 

Hint For necessity, use Exercise 8 on page 91, then the Radon- 
Nikodym Theorem (Exercise 6 on page 165), and Exercise 4 on 
page 90. 

e. Take a G (0,1). Show that the operator T from C([0, 1]) to itself 
defined by 

r/(x)= f\x-y\-<^f(y)dy 

Jo 

is compact. Find its norm. (See also Exercise 16b above.) 

22. Let X be a compact metric space and m a cr-finite measure on a measure 
space Let p G (l,oo) and p' the conjugate exponent, 

a. Let AT be a function from X x Q to K satisfying these conditions: 
(HI) For every x e X, the function Kx : s K{x^s) belongs to 
LP\m). 

(H2) The map x Kx takes convergent sequences in X to weakly 
convergent sequences in L^\m). 

(Weak convergence in L^' is defined in Exercise 9 on page 166.) 
i. Check that (H2) is equivalent to the following property: 

(H2)' For every / G the map x ^ j H{x, s)f{s) dm{s) from X 
to K is continuous. *' 

ii. Define \K\ = sup^,^^ jlXxllp'- Show that \K\ is finite. 

Hint Consider {Kx)xex as a family of continuous linear forms 
on L^{m) and use the Banach-Steinhaus theorem, page 22. 
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iii. For / G L^{m) and x e X, put 

TKf{x) = j K{x,s)f{s)dm{s). 

Show that the linear operator Tk from L^{m) to C{X) thus 
defined is continuous and ha^s norm \K\. 

b. Conversely, prove that, for every continuous linear operator from 
L^{m) to C{X), there exists a function K from X x to IK satisfying 
conditions (HI) and (H2) and such that T = Tk- 

Hint. Use Theorem 2.1 on page 159. 

c. Let X be a function from X x to IK satisfying conditions (HI) and 
(H2). Show that the operator Tk is compact if and only if the map 
X ^ Kx from X to (m) is continuous. 

Hint. Use Ascoli’s Theorem, page 44. 

23 . Let E be a normed space. Suppose there exists a sequence {Pn)neN in 
L{E) consisting of finite-rank operators of norm at most 1 and such 
that limn-^+oo PnX = x for every x e E. (We know that this is the case 
for E = Co(X) when X is a locally compact separable metric space (see 
Exercises 1 on page 30 and 11 on page 56), and also when E = 

if p G [1, +cxd) and m is a measure of finite mass on a mecisure space 
(X, ^) whose (j-algebra is separable (Exercise 14c on page 155).) 

a. Show that E is separable. 

b. Show that every separable scalar product space has the property 
that we are assuming about E. 

Hint. Let (en)n€N be a Hilbert basis. Take for Pn the projection 
onto the finite-dimensional vector space spanned by {ei)i<n- 

c. Show that every compact operator from a normed space F to E is 
the limit in L{F, E) of a sequence of operators of finite rank. 

Hint. If T is a compact operator from F to F, consider Tn = PnT 
and use Exercise 1 on page 20. 

24 . (This exercise generalizes the preceding one to the case of nonseparable 
normed spaces.) A normed space E is said to have the approximation 
property if, for every compact K in F, there exists a sequence (Fn)nEN in 
L{E) consisting of operators of finite rank that converges to the identity 
I uniformly on F; in symbols, 

lim sup \\PnX — x\\ = 0. 
n-^-hcOxeK 

a. Let F be a normed space having this property. Show that every 
compact operator from a normed space F to F is the limit in L(F, F) 
of a sequence of finite- rank operators. 

b. Show that every scalar product space satisfies the approximation 
property. 

Hint. If K is compact, the vector space spanned by K is separable. 
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c. Show that, for every p G [1, -hoo) and every measure m on a measure 
space (X, the space L^{m) has the approximation property. 
Hint For any integer n G N, a compact K in L^{m) can be covered 
by finitely many balls B(/f , 1/n), . . . , apply the 

result of Exercise 14b on page 154 to each f^. 

25. Let T be a compact operator on a normed space E. Let A be a nonzero 
eigenvalue of T, and put S — T — XL 

a. Show that, for every integer n, 

ker C ker 5(ker 5^+^) C ker 5^, T(ker S^) C ker S^. 

b. Deduce that there exists an integer n for which kerS’^ = ker 
Hint. Assuming otherwise, prove that one can construct a sequence 
{xn) such that, for every n. 



Show that for any two distinct integers m, n, we have \\Txn—Txm\\ ^ 
|A|/2, which is absurd. 

In the sequel n will denote the smallest integer for which ker 5^ = 

ker This integer is called the index of the eigenvalue A. 

c. Show that ker 5^ = ker for every integer k £N. 

d. Show that ker 5” and im are closed and that ker 5^^ Him 5^ = {0}. 

e. Show that the restrictions of S and S'^ to im 5^ are invertible ele- 
ments of L(im5’^). 

f. Deduce from the preceding results that E = ker 5^ 0 im and 
that the projection operators associated with this direct sum are 
continuous. Show also that ker 5^ is finite-dimensional. 

g. Let /X be an eigenvalue of T distinct from A, having index m. Show 
that 



Hint By Bezout’s Theorem, there exist polynomials P and Q such 
that 



h. Let (Afc) be the sequence of nonzero eigenvalues of T and (rife) the 
sequence of their indexes. For n G N, denote by Fn and Hn the 
vector subspaces of E defined by 



Show that Fn and Hn are closed, that Fn is finite-dimensional, that 
E = Fn^Hn^ and that the projection operators associated with this 
direct sum are continuous. 

Hint. Work by induction on n. 



Xn G kerS'"^+\ ||xn|| < 1, d(xn,ker5") > 



ker(T - iil)^ C im(T - A/)”. 



P(T)(T - XIY + Q(T)(T - = I. 
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2 Compact Selfadjoint Operators 

A classical theorem of linear algebra says that any normal operator (one 
that commutes with its adjoint) on a complex finite-dimensional Hilbert 
space is diagonalizable with respect to an orthonormal basis. Here we will 
see how this result generalizes to infinite dimension. We will restrict our 
study to compact selfadjoint operators, but the results extend almost with- 
out change to compact normal operators on a complex Hilbert space (see 
Exercise 8 below). In contrast, the compactness assumption is essential. 
For instance, one can easily check that the operator T on the Hilbert space 
L^([0, 1]) defined by 

Tf{x) = xf{x) for all / G L^{[0, 1]) 

is selfadjoint and has no eigenvalues. 

In all of this section we consider a scalar product space E over K = M or 
C and a compact selfadjoint operator T on E. Since we are not assuming 
that E is complete, the general definition of the adjoint (page 112) does 
not work; selfadjointness here means that 

{Tx \y) = (x\ Ty) for all x,y e E. 

Suppose that T has finite rank. Note that, for every x G E, 

Tx = 0 {Tx\y) = 0 ^OT all y £ E <=> xG(imT)"*“; 

thus kerT = (imT)-^ and, since imT is finite-dimensional, we have E = 
imT0 kerT (see Corollary 2.4 on page 107 and the remark after it). The 
operator T then induces on the finite-dimensional space im T an invertible 
selfadjoint operator whose eigenvalues equal the nonzero eigenvalues of T 
(this much is clear). Using the standard diagonalization results for hermi- 
tian and symmetric operators in finite dimension, we deduce that im T is 
the orthogonal direct sum of the eigenspaces of T associated with nonzero 
eigenvalues, and finally that 

E = 0 ker(A/ - T). 

A€ev(T) 

We now generalize this diagonalization property to the case where T is 
any compact selfadjoint operator. We assume from now on that T does 
not have finite rank. The argument is based on the following fundamental 
lemma: 

Lemma 2.1 Let S be a compact selfadjoint operator on a scalar product 
space F not equal to {0}. Then S has at least one eigenvalue and 



max {|A| : A G ev(5)} = ||5||. 
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Proof. Clearly, if A is an eigenvalue of 5, then [Aj < ||5||. On the other 
hand, we know from the remark following Theorem 2.6 on page 203 that 
there exists a spectral value A of 5 such that |A1 = sup|| 2 ,||^i |(5xla:)|, 
which equals ||5H by Proposition 3.5 on page 114 (whose proof did not use 
the completeness of E). We can assume 5^0 (else the result is trivial), so 
A is nonzero and must be an eigenvalue, by Theorem 1.8 on page 219. □ 

Theorem 2.2 Let A be the set of eigenvalues of T. Write A* = A \ {0} 
and, for each eigenvalue let E\ be the eigenspace ofT associated with A. 

- A is a countable, infinite, bounded subset of R whose only cluster point 
is 0. 

- The eigenspace associated with any nonzero eigenvalue of T has finite 
dimension. 

- Eigenspaces of T associated with distinct eigenvalues are orthogonal. 

- For each nonzero eigenvalue A of T, let P\ be the orthogonal projection 
operator onto E\. Then 



!■= 

A6A* 

in the sense of a summable family in L{E). 

The definition of a summable family in a normed vector space was given 
on page 127. 

We remark also that the orthogonal projection onto a finite-dimensional 
vector subspace of a scalar product space E is well defined, even when E 
is not complete; see the remark following Corollary 2.4 on page 107. 

Proof 

1. That all eigenvalues are real and that eigenspaces associated with dis- 
tinct eigenvalues are orthogonal comes from parts i and iii of Proposition 
2.5 on page 203, whose proof did not use the completeness of E. That 
eigenspaces associated with nonzero eigenvalues are finite-dimensional 
comes from Theorem 1.8 on page 219. 

2. We prove that A* is infinite. By Lemma 2.1, there exists an eigenvalue A 
of T such that |A| = ||T||. Since T is nonzero (recall that T has infinite 
rank), we deduce that A ^ 0 and so that A* is nonempty. Suppose 
that T has finitely many nonzero eigenvalues: A* = {Ai,...,Afc}. Set 
G = 0^=1 E\j and F = G^. Since G is finite-dimensional, E — F ^ G 
(once more by the remark following Corollary 2.4 on page 107). It is 
clear that T{G) C G. Since T is selfadjoint, we quickly deduce that 
T(F) C F. The operator T therefore induces an operator Tp from F 
to itself, and we easily check that Tp is compact, because F is closed. 
Naturally, Tp is a. selfadjoint operator on F, and it is nonzero {Tp = 0 
would imply im T C G, contradicting the fact that T has infinite rank) . 
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By Lemma 2.1, Tp has a nonzero eigenvalue A. We see then that A is 
a nonzero eigenvalue of T distinct from all the Aj, for 1 < j < k, since 
one of its associated eigenvectors lies in F and thus not in G. This is 
a contradiction. It follows that A* is infinite and, by Theorem 1.8 on 
page 219, A is countable and has 0 as its only cluster point. 

3. Let J be a finite subset of A* and put Gj = and Fj = 

Gj. Arguing as above and using Lemma 2.1, we see that T induces 
on Fj a compact selfadjoint operator whose norm equals ||Tp^|| = 
maxx^ev{TFj) 1^1- Now observe that, as before, every eigenvalue A of 
Tjpj is an eigenvalue of T (this is clear) but does not belong to J, 
since, by construction, Fj intersects trivially all the eigenspaces 
for fi £ J. Therefore ev(T^^) C A \ J. Conversely, if A G A \ J, the 
orthogonality property of eigenspaces implies that E\ C Gj — Fj, so 
A is an eigenvalue of Try Therefore ev(Tp^) = A\J and 



Meanwhile, the operator of orthogonal projection onto Gj is YlxeJ 
Thus, for every a; G F, we have x — YlxeJ C Fj and 



^ xeJ ^ ^ xeJ ' I' ' agj 



max lAI. 
A€A\J 



By orthogonality and the Pythagorean Theorem, we have 



X - ^ P\X 
A6J 



SO we conclude that 



< max lAI. 
■" AgA\ J 



By the definition of Pa? we have TPa = APa, so 



T-^^TPa 



T-Y.\Px 



xeJ 



< max lAl. 

A€A\J 



Now take £ > 0. Since 0 is the only cluster point of A, the set K of 
eigenvalues A with absolute value at least e is finite. But then, for every 
finite subset J of A* containing F, 



XeJ 



< max |A| < max |A| < e, 
AgA\ J XeA\K 



which proves the third assertion of the theorem. 



□ 
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Remark, More precisely, the preceding reasoning shows that, for every 
finite subset J of A*, 



A€J 



< max lAI. 
A€A\J 



Corollary 2.3 In the notation of Theorem 2.2, 



imT= 0 Ex. 

Proof, We know that Tx = Y^xeA* for every x e E.lt follows that 



imT C Ex, and hence imT C © Ex. 

AgA* A€A* 

On the other hand, if A G A*, we clearly have Ex C imT, proving the 
reverse inclusion. □ 



Theorem 2.2 and Corollary 2.3 can be expressed as follows: 

Corollary 2.4 

- The space imT has a countable Hilbert basis {fn)n£N consisting of eigen- 
vectors of T associated with nonzero eigenvalues. 

- The sequence (//n)nGN of eigenvalues associated with the vectors fn tends 
to 0 and 

Tx = Unix \fn)fn for all X E E. 

nGN 

The Hilbert basis (/„) is obtained simply by taking the union of all 
the finite Hilbert bases of the eigenspaces of T associated with nonzero 
eigenvalues. Note that in the sequence (pn) oach nonzero eigenvalue A of T 
appears dx times, where dx is the dimension of the eigenspace associated 
with Ex. 

The first assertion of Corollary 2.4 says in particular that 
a; = I /„)/„ for all x £ im T, 

n€N 



which is to say: 



Corollary 2.5 For every x e imT, 



aga* 



X = 



238 6. Compact Operators 



Corollary 2.6 Suppose that E is complete. Let Pq be the operator of or- 
thogonal projection onto Eq = kerT. Then 

X = ^ P\x for all X E E 

aga 



artd 

AeA 

Proof Since T is selfadjoint, we have Eq = kerT = imT"*". Therefore, if E 
is complete, E = Eq ^ imT by Corollary 2.4 on page 107. □ 

If, moreover, E is separable, so is kerT. Thus kerT has a countable 
Hilbert basis, by Corollary 4.7 on page 129. Taking the union of such a 
basis with the Hilbert basis of imT given by Corollary 2.4, we obtain the 
following diagonalization result: 

Corollary 2.7 If E is a separable Hilbert space, it has a Hilbert basis 
consisting of eigenvectors of T. 

This is still true if E is an arbitrary Hilbert space, but then we have to 
use the axiom of choice in order to guarantee the existence of a Hilbert 
basis for kerT and so for E (see Exercise 11 on page 133). 

2A Operational Calculus and the Fredholm Equation 

We assume here that E is complete and we consider a compact selfadjoint 
operator T on E. If A is an eigenvalue of T, we denote as above by E\ = 
ker(A7 — T) the eigenspace of T associated with A and by P\ the orthogonal 
projection onto E \ . 

Let / be a bounded function on the set ev(T). We define an operator 
/(T) on E by 



f{T)x= ^ f{X)P\x for all X G E. 

AGev(T) 

Since the eigenspaces E\ are pairwise orthogonal, we deduce from the Bessel 
equality that 

\\f{T)xf= and ||x||2= 

AGev(T) AGev(T) 

the second equality being a consequence of Corollary 2.6. We deduce that 

||/(T)||= sup 1/(A)|. 
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Therefore, for a compact selfadjoint operator, the operational calculus thus 
defined extends to all bounded functions the calculus defined on page 205 
for continuous functions and in Exercise 15 on page 212 for bounded Borel 
functions. In particular, if /x c K* is not an eigenvalue of T, we have 

— ^ {fi-X)~^Pxx for all X G (*) 

ACev(T) 

Suppose to the contrary that is a nonzero eigenvalue of T (so /x G R*). 
Then im(/x/ — T) is closed, by Proposition 1.6 on page 217, and so equal 
to by Proposition 2.1 on page 201 applied to the hermitian operator 
/x7— T. The operator T induces on a compact hermitian operator whose 
set of eigenvalues is ev(T) \ {/x}, and we can apply (♦) to this induced 
operator. We deduce, for x G the following equivalence valid for all 

Hy-Ty = x <=> y = ^ (m - A)~^Pax. 

A€ev(T) 

Next, if X G E^ and i/ G E, we can write y = y + z, with y G E^ and 
z ^ Efj,. It follows that fiy — Ty = x if and only if there exists z £ E^j, such 
that 

y = z+ ^ {fi- xy^Pxx. 

A€ev(T) 

To summarize, if we consider the Fredholm equation 



yy-Ty = x, (*♦) 

with y, £K* and x £ E, there are two possible cases: 

- y is not an eigenvalue of T. Then the equation (**) has a unique solution 
y, given by 

y= 51 {y-X)-^Pxx. 

A€ev(T) 

- /X is an eigenvalue of T. Then the equation (**) has infinitely many 
solutions if X G (ker(/x7 — T))-^ and no solutions otherwise. In the first 
case, the solutions are given by 

y = z+ ^ {fi-X)-^Pxx, 

Aeev(T) 



with G ker(/x7 - T). 



This dichotomy is called the Fredholm Alternative Theorem. . 
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2B Kernel Operators 

We study here the particular case of the Hilbert space E = where 

m is a (7-finite measure on a measure space Suppose in addition 

that E is separable. 

Consider a kernel K 6 i/^(m x m) such that K{x,y) = K{y,x) for 
(mxm)-almost every (x, y). The operator T = Tk associated to this kernel 
by the equation 

TKf{x) = jK{x,y)f{y)dm{y) 

is a compact selfadjoint operator (see Examples 1 and 2 on page 216). If 
A is a nonzero eigenvalue of T, let d\ be the dimension of the eigenspace 
associated with E\ — ker(A7 — T). We assume in the sequel that T does not 
have finite rank and, as in Corollary 2.4, we denote by {fnjneN a Hilbert 
basis of imT consisting of eigenvectors of T and by (^u)neN the sequence 
of corresponding (nonzero) eigenvalues. 

Proposition 2.8 With the notation and hypotheses above, 

+ 00 

K{x,y)f dm{x)drn{y) ^ d>A^. 

n=0 Aeev(T) 

A#0 

Proof. Take u G ker T. For almost every y, the function Ky : x K{x,y) 
lies in E and 

{Ky I u) — J K{x, y)u(x) dm(x) = Tu{y) — 0. 

The second of these equalities is true for almost every y: more precisely, 
for every y not in a subset Au of X of measure zero, and which a priori 
may depend on u. But, since E is separable, kerT is also separable. Let 
(wn)nGN be a dense subset of kerT. Then, for every y not belonging to 
the set A = IJnGN of measure zero, we have {Ky \ Un) = 0 for every 
n G N and, because of denseness, {Ky | w) = 0 for every u G kerT. It follows 
that Ky G (kerT)-^ = imT for almost every y. At the same time, for each 
n G N, 

i.Ky I /n) “ T fn{y) = A^n/n(2/) ~ nnfn{y) (*) 

for almost every y. We then deduce from the Bessel equality that, for almost 
every y, 

+00 

K{x,y)\^ dm{x) = \\Kyf = \fn(y)\'^ ■ (*+) 

n=0 

Now just integrate with respect to y to obtain the desired result. □ 

Remark. The preceding proposition is also a direct consequence of Exercise 
21 on page 140. 
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We know from Exercise 7 on page 110 that the space L^(m) (8) L^{m) 
is dense in L^(m x m). From the preceding proof, we obtain an explicit 
approximation of the kernel K by elements of (8) 

Proposition 2.9 We have 



+00 

K{x,y) = ^y.nfn{x)fn{y), 

n=0 

the series being convergent in L^{m x m). 

Proof. Set KN{x,y) = YH=oPnfn{x) fn{y)- By equality (*) above, for al- 
most every y, we have 

+CX) 

^ ^ A^n fn{y) fn 
n=0 

in the sense of convergence in L^{m). Thus, still by Bessel’s equality, 

j-oo 

x,y)-KN{x,y)^ dm{x) = \\{KM)y-Ky\^ = ^ ^^n\fn{y)f ■ 

n=N-\-l 

We deduce, integrating this equality with respect to y, that 

+00 

\\K-KNf= Y, 

n=N-\-\ 




where 1| * || represents the norm in L^(m x m). This proves the result. □ 

Proposition 2.10 Suppose that ^ : x J \K{x,y)\^ dm{y) belongs to 
L^{m). Then, for every n eN, we have fn G L^{m) and 

+00 

/ = I / e imT, 

n=0 

the convergence of the series taking place in L^{m). 

In particular, (fn) is a fundamental family in the space imT considered 
with the norm of L^{m). Recall that the convergence in L^(m) of the 
series Yln=o(f \fn)fn and the fact that the sum equals / are consequences 
of Corollary 2.4. 

Proof For every n G N we have 

fn{x) = — I K{x,y)fn{y)dm{y). 

Mn J 
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Therefore fn 6 L^{m) and ||/n||oo £ where L = ||^||oo- We show 

that the series \fn)fn satisfies Cauchy’s criterion on L^{m). Let 

/ = be an element of imT. For every n G N, (/ 1 /n) = {Tg\ fn) — 
{g I Tfn) = lin{g I /n). If fc < /, 

I 11^ I 

= \Ef^-{9\fn)fn{x)\ 

n—k ' 'n=k 

/ I \ 1/2 ✓ +00 \ 1/2 

<(El(5l/n)n (EMnl/nWn . 

by the Schwarz inequality. Now, by an earlier calculation (see equality (*♦) 
on page 240), we have 



n=0 

which finally implies that 



+00 - 

= J \K{x,y)\^ dm{y) < L, 



I / I \l /2 

'£{f\fn)fn <(EK»l/")n 
n=k ^ ^ n=k ^ 



which proves the result, since the series "^^=0 |(^ I /n)|^ converges by the 
Bessel inequality and so satisfies Cauchy’s criterion. □ 



Example. An important special C 2 ise in which the hypothesis of Proposi- 
tion 2.10 is satisfied is when m is a Radon measure on a compact space X 
and K is continuous on X x X. In this case, for every f E E, the image 
T/ is a continuous function: indeed, if x,x' G X, 

\Tf(x)-Tfix')\ < sup \K(x,y) - Kix',y)\m{Xy'^f\\. 

2/€X 

Thus it is enough to use the uniform continuity 6 f K on the compact set 
X X X. Therefore each fn is a continuous function and we deduce from 
Proposition 2.10 that, if Suppm = X, we have 



+00 

g = ^( 5 1 /„)/„ for every 5 = T/ € im T, 

n=0 

the series converging uniformly on X; that is, for every f £ E, 



4-00 

T/ = EMn(/l/n)/n 

n=0 

(since (g\fn) = {Tf\f„) = (/|T/„) = Mn(/|/n)), the series converging 
in the space C{X) considered with the uniform norm. 
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Exercises 

1. Let E he 8i Hilbert space, (/n)n€N an orthonormal family in E, and 
{fin)nen a real- valued sequence that tends to 0. Show that the equation 



+00 

Tx = ^fin{x \ fn)fn for all X G E 

n=0 

defines on E a compact selfadjoint operator T. (Thus, the property 
stated in Corollary 2 A characterizes compact selfadjoint operators whose 
rank is not finite.) 

2. Let T be a compact selfadjoint operator on an infinite-dimensional 
Hilbert space E. Let / be a continuous function on the set cr{T), Show 
that /(T) is compact if and only if /(O) == 0. (In particular, if T is 
positive, is compact.) 

Hint. For sufficiency use Exercise 1, for example. 

3. Let E be a scalar product space and T a compact selfadjoint operator 
on E. Let A be a nonzero eigenvalue of T. Show that ker(A/ — T) = 
(im(A/ — r))-^. Deduce that 



ker(A/ - T) n im(A/ - T) = {0}, 



then that ker(A/— T)^ = ker(A/-T). This shows, in particular, that the 
eigenvalue A has index 1 (see Exercise 25 on page 233), and therefore 
that 

E - ker(AJ - T) 0 im(AJ - T). 

4. Let T be the operator defined on L^([0, 1]) by 




f{y) dy. 



a. Show that the adjoint of T is given by 



/ f{y)dy 



Jx 



for all / G L^([0, 1]). 



b. Show that TT* is the operator T introduced in Exercise 11 on 
page 223. Deduce the spectral radius of TT*, then the norm of T. 

5. Deduce from Exercise 11 on page 223 that 



•j~oo 

E 



n=0 



1 

(2n+l)4 



TT 



4 



96 ’ 



+00 ^ 



n— 1 



TT 



4 



90 ’ 



then that 
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6. Take E = I/^([0, 1]) and define a function K on [0, 1]^ by 




if X + 2/ < 1, 
if X -h y > 1. 



a. Write down explicitly the operator T on E defined by the kernel 
K. Check that T is the extension to L^([0, 1]) of the operator on 
C([0, 1]) defined in the example on page 220. 

b. Show that E = imT. Use this to find a Hilbert basis consisting of 
eigenvectors of T. 

c. Deduce that, if y G (^^([0, 1]) and g{l) = 0, then 

g{x) = 2 ^ ( j g{t) cos((7t/ 2 -f 2mr)t) dA cos((7t/2 + 2mr)x) 

nez ^•'0 ^ 

= 2 ^ g{t) cos((2n -h l)7rt/2) cos((2n -f 1)7 tx/ 2), 
the series converging uniformly on [0, 1]. 

(This result can be obtained using Section 2B above, or using the 
theory of Fourier series by extending g to an even periodic function 
of period 4 such that g{2 — x) = —g{x) for every x G [0, 1].) 

7. Let T be a compact selfadjoint operator on a Hilbert space E, For every 
nonzero eigenvalue A of T, denote by P\ the orthogonal projection onto 
the eigenspace E\ = ker(A7 — T). Let x be an element of E, Show that 
the equation 

Ty^x (*) 

has a solution if and only if x € (ker T)-*- and 



A6ev(T) 

A^O 



< + 00 , 



and that in this case all the solutions are given by 

y = z ^ ^ kerT. 

AGev(T) 

A#0 



8. Diagonalization of normal compact operators. Let FJ be a Hilbert space 
over C. A continuous operator T on E is called normal if TT* = 
T*T. You might recall, for subsequent use, the result of Exercise 4b 
on page 208. 

a. Let T be a normal compact operator on E. Show that T has at least 
one eigenvalue A G C of absolute value |1T||. 
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Hint Put fi = ||T*T|| = \\T\\^. Show that // is an eigenvalue of 
T*r, that the associated eigenspace F = ker(/x/ — T*T) is finite- 
dimensional and is invariant under T and T*, and that T induces 
on F a normal operator Tp. Then show that Tp has at least one 
eigenvalue A and that |Ap = /i. (Note that here the fact that the 
base field is C is essential.) 

b. Show that all the results of the preceding section, from page 234 to 
the Fredholm Alternative Theorem, remain true without change for 
a normal operator T (on a complex Hilbert space), with the only 
exception that the eigenvalues of T need not be real in this case (see 
Exercise 4a-ii on page 208). 

c. Let T be a compact operator on E. Show that T is normal if and 

only if 

£;= 0 ker(A/-T), 

AGev(T) 

the direct sum being orthogonal. (See also Exercise 1.) 

d. An example. Let G be an element of L^([0, 1]), and extend it to 
a periodic function of period 1 on R. Consider the operator T on 
L^([0, 1]) defined by 

= f G{x - y)f{y) dy for all / e L^{[0, 1]). 

Jo 

i. Show that T is a normal compact operator. 

ii. Show that the eigenvalues of T are the Fourier coefficients of G, 
namely, the numbers Cn{G) defined for n G Z by 

Cn{G)= r G{x)e-^^^^^dx. 

Jo 

Show that the corresponding eigenvectors are the vectors of the 
Hilbert basis {en)n€Z defined by en{x) — 

iii. Show that, for every / G L^([0, 1]), 

T/(x) = 53c„(G)c„{/)e2--, 

hGN 

the series converging uniformly (and absolutely) on [0, 1]. 

9. Let T be a compact selfadjoint operator on a separable Hilbert space 
E. For each nonzero eigenvalue A of T, let d\ be the dimension of the 
associated eigenspace E\ = ker(A/ — T). Show that T is a Hilbert- 
Schmidt operator if and only if 

d\>? < -foo. 

AGev(T) 

A^O 



(See also Exercise 10.) 
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10. Singular values of a compact operator. Let be a Hilbert space and 
suppose T e L{E). For each n E N, define a nonnegative real number 
(^n{T) by 



On{T) = inf {||T -R\\:Re L{E), rank(fl) < n}. 

We know from Exercise 24 on page 232 that T is compact if and only if 
the sequence {an{T))neN tends to 0. In what follows, we suppose that 
T is compact. 

a. Show that the operator P = is selfadjoint and compact 

(see Exercise 2). 

We denote by {pn)neN the sequence of nonzero eigenvalues of F, in 
decreasing order and counted with multiplicity (that is, each nonzero 
eigenvalue A appears d\ times in the sequence (/in), where d\ is the 
dimension of ker(A/ — F)). The entries of this sequence {pn) are 
called the singular values of the operator T. 

We denote by {fn)neN a Hilbert basis of imF such that, for every 

X eE, 

+00 

PX = ^Pn{x\fn)fn 

n=0 

(see Corollary 2.4). If T has finite rank iV, we use the convention 
that /in = 0 and /n = 0, for n> N, the Hilbert basis of im F being 
the finite family (/o, • . . , /iv-i). 

b. Check that, if T is selfadjoint, its singular values equal the absolute 
values of the eigenvalues of T. 

c. Schmidt decomposition of the operator T. Show that there exists an 
orthonormal family (pn)neN in E such that 

+00 

Tx = ^2 I fn)9n for all X e E. 

71=0 

Hint. Put gn = Ufn, where U is the operator such that T = UP 
defined in Exercise 11 on page 211. 

d. i. Let R G L{E) be an operator of rank at most n. Show that 

||T- ii|| > fj,n. 

Hint. If Fn is the vector space spanned by the family {fj)o<j<n^ 
check that Fn H ker R contains a nonzero element x\ then show 
that ||(r-F)xl| > pn\\x\\. 
ii. Allakhverdief’s Lemma. Deduce that 

/in = (^n{T) for all n G N 

and that, in the definition of cr^(T), we can replace inf by min. 
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e. Suppose from now on that E is separable and fix a Hilbert ba- 
sis (en)neN of E. Denote by \\T\\h the (possibly infinite) Hilbert- 
Schmidt norm of T, defined in Exercise 21 on page 140: 

\\T\\]j=^\\Tenf. 

neN 

Show that 

\\T\\i = j2^n{Tr. 

neN 

In particular, T is a Hilbert-Schmidt operator if and only if 

CTn{T)^ < + 00 . 

neN 



f. An operator T is called nuclear if 

< + 00 . 

neN 

i. Show that, if T is the product of two Hilbert-Schmidt operators, 
then T is nuclear. 

Hint. If T = AB, where A and B are Hilbert-Schmidt operators, 
prove that jin = {Bfn \ A* gn) for every neN. 

ii. Conversely, prove that, if T is nuclear, it is the product of two 
Hilbert-Schmidt operators. 

Hint. Take the polar decomposition T = UP of T defined in 
Exercise 11 on page 211, and show that T being nuclear implies 
that and are Hilbert-Schmidt operators. 

11. Calculation of the eigenvalues: the Courant-Fischer formulas. Let E 
be a Hilbert space distinct from {0} and let T be a compact positive 
selfadjoint operator on E. Order the nonzero eigenvalues of T as /io > 
where the number of times each eigenvalue appears 
is the dimension of the associated eigenspace. For every p G N, denote 
by "Fp the set of p-dimensional subspaces of E. The goal of this exercise 
is to prove the formulas 



lin = min 
we-Tr, 



(Tx x) 
max ,1 1,0 ■ 
xeiv-L\{0} ||a:||2 



Lin = max min 

we^n+i xew\{o} 



{Tx I x) 

IklP 



\ 






(*)n 



(In this context, recall Proposition 3.5 on page 114.) Let {fn)neN be a 
Hilbert basis of imT such that Tfn — t^nfn for every neN. 
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a. Show that, if F is a closed subspace of E distinct from {0}, there 
exists an element x of F of norm 1 such that 



(Tx|x)= sup (Ty\y). 

||y|| = l 

(In particular, we can replace max by sup in the first formula (*)n ) 

b. If n € N, let Wn be the vector space spanned by /o, . . . , fn-i (with 
Wo = {0}). Show that 



max 

xGW^\{0} 



(Tx I x) 



Hint. Consider the restriction of T to 

c. Take W e Show that W-^ fl Wn+i is distinct from {0} and that, 
for every nonzero element x of Wn+i? 



(Tx I x) 

IkIP 






Deduce from these results the first equality (*)n- (You should check 
in particular that the minimum is attained by the space Wn-) 

d. Take W G ^+i. Show that WC\W^ is distinct from {0} and deduce 
that there exists a nonzero element x oiW such that 



(Trr I x) 

1 ^ 



^ Mn* 



Then show the second equality (*)n- (You should check in particular 
that the maximum is attained by the space Wn+i.) 

e. Application. Let S and T be compact positive selfadjoint operators 
on E such that S < T (that is, T — 5 is positive selfadjoint). Show 
that /in(S) < p>n(T) for every n G N. 

12. Sturm-Liouville problem, continued. Let p be a function of class on 
[0, 1] taking positive values. Let be a continuous real-valued function 
on [0, 1], and suppose eo,Si G {0, 1}. For A G R, consider the differential 
equation on [0, 1] given by 



{py'Y -{q + ^)y = 0, (E;^) 



with boundary conditions 

soy(0) -f (1 - eo)y\0) = 0, 6iy(l) + (1 - si)y\l) = 0. (BC) 

a. Suppose (in this item only) that q is positive-valued. Let Tp^q be 
the operator on C([0, 1]) defined in Exercise 13 on page 224 and 
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characterized by the fact that, for every g G C([0, 1]), Tp^qQ is the 
unique solution on [0, 1] of the equation 

ivy')' -qy = 9 

satisfying (BC). Show that Tp^q is negative selfadjoint (that is, —Tp^q 
is positive selfadjoint) and compact on the scalar product space 
C([0, 1]) considered with the norm induced by I/^([0, 1]). 

b. Take a > maXa.^[o,i](— g(x)). Show that the set A of real numbers A 
for which (Ea) + (BC) has a non identically zero solution forms a 
sequence {Xn)neN such that 



a > Ao > Ai > • • • > An > • • • 



and limn-^-i-oo (more precisely, the series ~ ^n)~^ 

converges). The constants An, for n E N, are called critical values of 
the problem (Ea) + (BC). 

Hint We have A G A if and only if 1/(A — a) is an eigenvalue of 
Tp^q-\-a- 

c. Show that, for every n G N, there exists a solution (fn of (Ea„) + (BC) 
such that /q \(fn\^{t)dt = 1 and that (pn is, up to a multiplicative 
factor, the unique solution of (Ea„) + (BC). Show that the family 
{Pn)neN is a Hilbert basis of L^([0, 1]) and that, if / G C^([0, 1]) 
satisfies (BC), the series Y^n=oif I ^n)^n? where ( • | • ) is the scalar 
product in T^([0, 1]), converges uniformly to /. 

d. Suppose that p = 1 and q — 0. Determine the sequences (An) and 
{(fn) in the following cases: 

i. €o = 0, = 0; 

ii. So = 0, 6i = 1; 
iii. €o = 1, €i = 1. 

e. Suppose So = S\ = 1. Show that the function po does not take the 
value 0 in the interval (0, 1), and that no other function cpn has this 
property. 

Hint Show first that > 0 or (po < 0, using Exercises 13d on 
page 225 and 14 on page 226. Deduce that, if <^o(0 = 0 with ^ G 
(0, 1), we must have <^o(0 = 0 and therefore po = 0, since cpo is a 
solution of {E\q). But this is impossible. 

13. Legendre’s equation. Let E be the space C([— 1, 1]) with the scalar prod- 
uct induced by L^([— 1, 1]). 

We define on E a kernel operator T by 

= j ^K{x,y)f{y)dy, 
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where 



n-log2 + pog((l-y)(l + x)) \i-\<y<x, 

\|-log2 + |log((l + j/)(l-a:)) if \>y>x. 



a. Show that T is a compact hermitian operator from E to itself. 

b. Consider on [—1, 1] the differential equation 



with g £ E. By definition, a solution of {Eg) is a function of class 
on the interval [—1, 1] satisfying the equation (E^) on [-1,1]. Show 
that (E^) has a solution in E if and only if g{x) dx = 0 and that, 
in this case, all solutions of (E^) are given by 

y — Tg -\-C with C G K, 

the function f = Tg being the unique solution of (Eg) such that 



c. Show that kerT equals the set of constant functions on [—1, 1] and 
that imT is the set of elements of E whose integral over [—1, 1] is 
zero. 

d. Show that the operator — T is positive hermitian. 

Hint Check that, if g £ E^ 



e. Let (Pn)nGN be the sequence of Legendre polynomials defined in 
Exercise 4 on page 131. Show that, for every n G N, 



Use this to find the eigenvalues and eigenvectors of T. Derive another 
proof that — T is positive hermitian. 

14. About the zeros of a Bessel function. For A: G N, the Bessel function Jk 
is defined by 



((1 - x‘^)y')' = g, 





-1 




((1 - x^)P„y = -n(n + 1)P„. 




a. Consider on (0, 1] the differential equation 
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i. Find all solutions of the form y = x^. 

ii. Use this to find all solutions of (*). 

iii. Prove that the only solution y of (*) satisfying 

lim y{x) = 0 and y\l) + ^2/(1) — 0 (**) 

x— >-0 ^ 

is the zero solution. 

b. For x^t e (0, 1], define 

K{x,t) = V^exp(-|log(x/^)|), 

and set K{x,t) == 0 if a; = 0 or t = 0. Define an operator T from 
L^([0, 1]) to itself by 

Tf{x) = f K{x^t)f{t)dt for all x E [0, 1]. 

Jo 

Show that r is a compact hermitian operator. 

c. Take / € C([0, 1]) and set F = Tf. 

i. Show that, for every x G (0, 1], 

Jo Jx 

and that F(0) = 0. Deduce that F G C^([0, 1]), F'(0) = 0, and 
F'(l)+F(l)/2 = 0. 

ii. Show that F G C^(]0, 1]) and that F satisfies on (0, 1] the equa- 
tion 

F" - \x-^F = -2/. (t) 

iii. Show that F is the unique function of class on (0, 1] satisfying 
(**) and (t). 

d. Deduce from all this that the image of T contains the space of func- 
tions of class on (0, 1) with compact support. Then show that 
imT is dense in T^([0, 1]), then that T is injective. 

e. Show that, if / G C([0, 1]), 

rTmmdt=\\Tf{l)\^ + ^ r\{Tf)'{tfdt+l f\-^\Tf{t)\^dt. 
Jo Jo Jo 

Deduce that T is a positive hermitian operator. 

f. Show that a real A > 0 is an eigenvalue of T if and only if the 
equation 

has a solution in (0, 1] that does not vanish identically and that 
satisfies (**). 
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g. Take A > 0. Study the solutions y of {E\) of the form y{x) = x°‘f{x), 

where / has a power series expansion at 0. [Partial answer: ol — \ 
and a = -|.) Deduce that (Ea) has a unique (up to a multiplica- 
tive factor) solution H\ such that lim^^o = 0, and that this 

solution is given by 

h. Show that, for every x, 

xJq[x) = xJ[[x) + J\[x). 

Dedu ce th at the eigenvalues of T are the numbers A > 0 for which 

./o(v^) =0- 

i. Show that Jo has a sequence of positive roots 



0 < /io < Ml < • • • < /^n < * • • 



and that 




32' 



j. For n G N and x G [0,1], put ifn[x) = Ji(/in3^)- Show that 

(v^n)n6N is a fundamental orthogonal family in L^[[0, Ij) and that, 
if / G C^((0, 1)), there exist coefficients Cn(/) such that the series 
^n=o ^niD^n Converges uniformly on [0, 1], with sum /. 

Remark. An analogous study can be made of the zeros of the function 
Jk, by considering the kernel 



Kk[x,t) = exp(-(A;-h 1) |log(x/f)|). 



15. Approximate calculation of an eigenvalue of a compact positive self- 
adjoint operator. Let T be a compact selfadjoint operator in a Hilbert 
space E satisfying the condition that [Tx | x) > 0 for every x ^ 0. Let 
xq be a nonzero element of E. For each n G N, we set 



Xn = T^^Xq, 



IknII 
Ikn+lll ’ 



[^n-\-l\^n) 

l|x„+iP • 



a. We wish to show that the sequences an and /?n converge to the 
inverse of an eigenvalue of T (the same for both sequences), 
i. Show that 0 < an < Pn and that the sequence (/?n) is decreasing, 
ii. Let [fk)keN be a Hilbert basis of E consisting of eigenvectors 
of T, and denote by fik the eigenvalue associated with fk; we 
assume that the pik are arranged in nonincreasing order. Let ko 
be the smallest integer k such that (xq | /fc) ^ 0* Show that 



lim llxnf/” = /ifco- 

n— >4-00 



2 Compax^t Selfadjoint Operators 253 



Deduce that the sequence (/3n)n€N converges to l/fiko- 
Hint. Note that 



+00 

llXnf 

j=fco 

iii. Show that an > l//Xfco every n G N. Deduce that the sequence 
(Q^n)nGN Converges to 1/fJiko- 

b. Stopping criterion. Show that, for every integer n G N, there exists 
an eigenvalue A of T such that 






> 

— 






1 

A * 



Hint. Observe that ||a;„ - a„x„+i||^ = ||x„+ip(/3^ - a^) and use 
Bessel’s equality. 



Part III 



DISTRIBUTIONS 



7 

Definitions and Examples 



Distributions, as we shall see, are objects that generalize locally inte- 
grable functions and Radon measures on One of the main attractions 
of the theory of distributions, apart from its unifying power, is the construc- 
tion of an extension of the usual differential calculus in such a way that 
every distribution is differentiable infinitely often. This theory has become 
an essential tool, particularly in the study of partial differential equations. 
It has also allowed the precise mathematical modeling of numerous physical 
phenomena. 

The fundamental idea of the theory is to define distributions by means 
of their action on a space of functions, called test functions. Note that 
this idea already appears in the definition of measures by Daniell’s method 
(Chapter 2), and in particular in the definition of Radon measures. 

In the first section of this chapter, we introduce the various test function 
spaces. We will be working in an open subset Q of R^. We will often omit 
the symbol ft from the notation when 0. = R^. 



1 Test Functions 

lA Notation 

- If m G N, denotes the space of complex- valued functions on Q. 

of class and the space of those of class C^. By convention. 
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- An element p e is called a multiindex. If p = (pi,-..,p<i) is a 

multiindex, we define the length of p to be the sum \p\ ~ pi~\ hpd, 

and we put pi = pil . . .p^! . We give the product order: if p and q 
are two multiindices, we write p < g if pi < ^i, • • Prf < If P, 9 
and Q < p, we put 






p! 



where, as usual 






ql{p-q)V 

represents the binomial coefficient 
d 



Pi'- 



qj'- [Pj - 



“ If 1 < i < c?, we often use Dj to denote ^ — . Then, if p is a multiindex, 



we write 



dxi 






Q\P\ 



The differentiation operator is also denoted by 



d\p\ 

dxP 



or 



By convention, (differentiation of order 0 with respect to any index) 
is the identity map. 

We see that each operator where p G N^, acts on the spaces 
for IpI < m. We recall the following classical result: 

Proposition 1.1 (Leibniz’s formula) Suppose f^g E For 

each multiindex p such that \p\ < rUy 



D’’{fg} = Yl 

Q<P 






~ If A" is a compact subset of contained in 0. (equivalently, if AT is a 
compact subset of fi) and if m G N, we write 

^ • Supp/ c K}. 

We observe that, since K is closed, the property Supp f C K is equiva- 
lent to {/ ^ 0} C A", or again to “/ = 0 on \ AT”. 

Denote by J^{Q) the set of compact subsets of Put 

Ke^{Q) 

In other words, ^"^(0) is the space of functions of class having 
compact support in fl. In particular, = Cc(fl). 
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Clearly, m! >m implies C Now put 

^(fi) = fl ^”*(f2). 

m€N 

Thus ^(n) is the space of functions of class having compact support 
in 0; such functions are called test functions on fi. Finally, if X is a 
compact subset of SI, we denote by ^k{^) the space of functions of 
class having support contained in K: 

^K{n) = fl - {/ e <^(0) : Supp/ C K}. 

mEN 



Thus 

= u ^K{n). 

KeJ(r{Q) 

Clearly, a function in or when extended with the value 0 

on \ n, becomes an element of or ^(R^), respectively. Thus, 

and ^{Q) can be considered as subspaces of and ^(R^), 

respectively. We will often make this identification without saying so ex- 
plicitly. Conversely, an element / in ^'^{R^) or ^(R^) belongs to all the 
spaces or ^{il) such that 0, D Supp/. 



IB Convergence in Function Spaces 

We will not need to give the function spaces just introduced a precise 
topological structure. It will suffice to define the notion of convergence of 
sequences. 

Convergence in and 

Let K be a compact subset of Q. We say that a sequence (/n)n€N in 
converges to / G every multiindex p E such 

that IpI < m, the sequence {D^fn)nef^ converges uniformly to An 

analogous definition applies with the replacement of by 

where now there is no restriction on the multiindex p e 

The convergence thus defined on clearly corresponds to conver- 
gence in the norm || • defined on by 

\p\<m 

where || • || denotes the uniform norm. In contrast, no norm on ^k{^) yields 
the notion of convergence we have defined in that space. 
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Convergence in and 

We say that a sequence ((^n)n€N in converges to G in 

if there exists a compact subset K of Cl such that 

Supp (f (Z K and Supp (fn C K for all n G N 

and such that the sequence (</?n)neN converges to (p in ^^{Cl). An analogous 
definition applies with the replacement of ^^{Ct) and ^^{Cl) by ^k{CI) 
and ^(Cl). 

Convergence in S'^{Cl) and S{Cl) 

We say that a sequence (/n)neN in (S"‘^{Cl) converges to / G ^'^{Cl) if, 
for every multiindex p such that \p\ < m and for every compact K in Cl, 
the sequence (i^^/n)neN converges to D^f uniformly on K. An analogous 
definition applies with the replacement of by (f(Cl), where now there 

is no restriction on the multiindex p G N^. 

For m = 0, the convergence in <^(Cl) thus defined coincides with uniform 
convergence on compact subsets (defined in Exercise 12 on page 57). 

We remark that the definitions of convergence of sequences just made 
extend immediately to families (px), where A runs over a subset in R and 
A Ao, with Ao G [— oo, -hoc]. 

It is possible to give the spaces &k{CI), and S' (Cl) complete metric 

structures for which convergence of sequences coincides with the notions 
just defined (see Exercise 7 on page 265). In contrast, one can show that 
the convergence we have defined in &‘^{Cl) and ^{Cl) cannot come from a 
metric structure. 

In fact, the only topological notions that we will use in connection with 
these function spaces are continuity and denseness, and these notions, in 
the case of metric spaces, can always be expressed in terms of sequences. In 
the sequel, denseness and continuity in the function spaces just introduced — 
in particular, in ^'^{Cl) and &{Cl) — will he defined in terms of sequences. 
For example, a subset H of &'^{Cl) will be called dense in ^'^{Cl) if, for 
every cp G &'^{Cl), there exists a sequence {pn)neN in H converging to cp 
in &'^{Cl). Likewise, a function F on &{Cl) and taking values in a metric 
space or in one of the spaces just introduced will be called continuous if, for 
every sequence (<Pn)neN in &{Cl) that converges to p in &{Cl), the sequence 
{F{pn))n^^ converges to F{p) in the space considered. One easily checks 
that this is equivalent to saying that the restriction of F to eaeh metric 
space ^k{CI)^ where AT is a compact subset of Cl, is continuous. 

For example, the canonical injection from &'^(Cl) into S'^{Cl) — that 
is, the map that associates to each function p G &'^{Cl) the same p consid- 
ered as an element of S^{Cl) — is continuous. This means simply that every 
sequence in ^'^{Cl) that converges in &'^{Cl) also converges in S'^{Cl) (to 
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the same limit). Similarly, the canonical injections from into S{Q.) 

and into are continuous. 



1 C Smoothing 

We start by showing the existence of nontrivial elements of ^ (recall our 
convention that ^ = ^(R^)). First take the function p on R defined by 




e if X > 0, 

0 if X < 0. 



Then p G <f(R). Indeed, one shows easily by induction that, for every 
integer n G N, p is of class and is of the form 



iHn{'^/x)e if X > 0, 

1 0 if X < 0, 



where Hn is a polynomial function. 

Next, for x G R^, we set (p(x) = p(l — Ixp), where, as usual, |x| means 

the canonical euclidean norm of x in R^: |xp = x\^ h x^. Finally, put 

Cl = f (f{x)dx > 0 and % = <p/a. One then checks that the function x 
satisfies the following properties: 



X G X > 0, j x(x) dx = l, Suppx = B{0, 1). 

In particular, if we put Xn[x) = n^x{^^) for n G N*, the sequence (Xn)n€N* 
is a normal Dirac sequence (see page 174) consisting of functions of class 
C^, Such a sequence is also called a smoothing Dirac sequence. 

Now fix a smoothing Dirac sequence (Xn)* 

Proposition 1.2 Assume (p G for some m G N. For every integer 
n > 1, the convolution (p * Xn belongs to ^ and 



lim <p * Xn = P m 

n^+oo 

Proof. Since the functions (p and Xn have compact support, so does p*Xn- 
More precisely, 

Supp(^*Xn) c Supp<p-f SuppXn c Supp(p + 5(0, 1/u) C Supp(p + B(0, 1). 

At the same time, a classical theorem about differentiation under the inte- 
gral sign easily implies, on the one hand, that p * Xn is of class and so 
P * Xn ^ and, on the other, that D^(p * Xn) = * Xn for lp| < m. 

Now, since the support of Xn is contained in J5(0, 1/n) and / Xn(y) % = 
we get 

{DP if) * Xn{x) - {DPip){x) = f {DP(p{x -y)- DPip{x))xn{y) dy 

J\y\<l/n 
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and 



sup |(I>V) * Xn{x) - (D^ip){x)\ < sup \D^<p{z) - DP(f{x)\. 

1^— x|<l/n 

Since is uniformly continuous (being continuous and having compact 
support), we deduce that the sequence (I>^(¥?*Xn))n€N converges uniformly 
to D^(f. □ 

Corollary 1.3 For every n G N, the space ^(Q) is dense in In 

particular j ^{Q) is dense in Cc(n). 

Proof. If if G we can consider as an element of (by extending 

it with the value 0 on \ 0). Now 

Supp(v? * Xn) C Supp if + 5(0, 1/n); 

therefore Supp(<^+Xn) C 11 forn large enough — say n > l/d(Supp(^, 

Then, by the preceding proposition, * Xn belongs to ^{ft) for n large 
enough, and limn-^.+oo V? * Xn = in □ 

Remark. The approximating sequence just constructed preserves positiv- 
ity. Therefore, if is a positive element of ^^(H), there exists a se- 
quence (v?n)neN of positive elements of ^(ft) that converges to (p in 
(namely, p>^=ip:¥ Xn). 



ID Partitions of Unity 

We now sharpen Proposition 1.8 on page 53 in the case of R^. 

Proposition 1.4 If K is a compact subset ofR^ and Oi, . . . , are open 
sets in such that K C there exist functions in ^ 

such that 



0 < (pj < I and Supp <pj C Oj for j G {1, . • • , n}, 
and such that Yfj=i ^j(^) ~ every x G K. 

Proof Set d = d{K,R^\0), with O - Oj (the metric being the 
canonical euclidean metric in M^). Set K' {x : d{x,K) < d/2}. The set 
is compact and, since d > 0, 

K'd {x:d(x,K)<d/2}DK. 

Thus K K* <Z K* <Z O. By Proposition 1.8 on page 53, there exist 
functions /ii, . . . , in Cc such that 



0 < /ij < 1 and Supp hj c Oj for j G {1, . . . , n}, 
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and such that Y^=i ^j{^) ~ 1 every x E K\ Define S = d{K, 

T]j = d(Supp/ij, R^\Oj) for 1 < j < n, and 

£= ^min{5,T]i,...,T)n). 

Let X be the function defined on page 261 and let u be defined by 

u{x) = £-\{xle). 

Then u E u > 0, f u{x) dx = 1, and Suppu = B{0,e). 

For 1 < j < n, set (pj = hj * u. Then pj is of class (this follows 
immediately from the theorem on differentiation under the integral sign) 
and 

Supppj c Supphj + B{0,e) C Oj. 

In particular, pj E Moreover, 0 < pj < 1. Finally, if x € and 
y E B(0, e), we have x — y E K' and so 

n 

'^hj{x - y)u{y) = u{y). 

J = 1 

Integrating we obtain 

ipj{x) = 

i=i 

We deduce the following denseness result: 

Proposition 1.5 The space ^(fi) is dense in and in for 

every m eN. 

Proof. Let {Kn)neN be a sequence of compact subsets of D exhausting Q. 
By the previous proposition, there exists, for every integer n G N, an ele- 
ment pn G ^{0.) such that 

0<V^n<l, Pn = I on Kn, Supp Pn C 

If / G we have fpn E for every n G N. If jFT is a com- 

pact subset of Q, there exists iV G N such that K C Kn (see Proposi- 
tion 1.6 on page 52); thus, for every n > N and every p G N^, we have 
D^{fpn) = D^f on K. By the definition of convergence in ^(O), we deduce 
that limn->+oo(/^n) = / in ^(11). 

Using the same reasoning, one shows that ^’^(fi) is dense in 
Moreover, as we saw in Corollary 1.3, &{fl) is dense in Thus every 

element of is the limit of a sequence of elements of ^(O) in the sense 

of convergence in <^”^(fl) (since the canonical injection from ^'^{0.) into 
is continuous: see page 260). This implies, finally, that ^{Q,) is dense 
in (because is a metric space: see Exercise 7 below). □ 

Remark. This proof also shows that every positive element of £"^{0,) (or 
#(0)) is the limit in (or in ^(D), respectively) of a sequence of 

positive elements of ^(O). 




J u{y) dy = 1 for all x E K. □ 
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Exercises 

Throughout the exercises, stands for an open subset of Many of the 
exercises use the result of Exercise 1 . 



1. Taylor formula with integral remainder. Let / be an element of ^”(0) 
(where n > 1) and let x e Take h G R^ such that [x, x-fh] C ft. 
Show that 



fix +h) = fix) + E E '‘"I 

k^i ^ * |p|=fc ^ 



+-^ r E D^fix+th)h»ii-t)^-ut, 
in-iy.Jo 



where, for p — (pi, • . . ,Pd) € and h = (Ai, • . . , hd) 6 we have 
written 

2. Take h G ^(M). Show that the function / defined by 



x-y 

can be extended by continuity to a function in ^(R^). 

If we assume merely that h G with n > 1, how smooth is in 

general the function obtained in this way? 

3. Let h G <^(M) be such that /i(0) = ft'(O) = • • • = = 0. Show that 

the function /(x) = x"”"^/i(x) can be extended to an element of ^(IR). 
What is the value of this new function at 0? 

4. Take / G Show that / satisfies 

D^f{0) — 0 for all p G with |p| < m 

if and only if there exists a family |j[=m+i elements of 

such that 

/W = E 

\j\=m+l 

(where ~ x{^ . . . x^^). 

5. a. Let E be a closed subset of Vt. Show that there exists a positive 

function / G ^(ft) such that E — 

You could work as follows: 

i. First show the result assuming that E is the complement in 
of an open ball (in the euclidean metric). 

ii. Let (fn) be a countable family of functions in ^(Q). Show that 
there exist positive real numbers pn such that the series of func- 
tions Y^iXnfn converges in 
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iii. Wrap up using the fact that Q\E is a. countable union of open 
balls. 

b. Let E and F be disjoint closed subsets of fi. Show that there exists 
a function / in such that 0 < / < 1, E = /“^(O), and F = 
/-'(!)• 

Hint Let ip and 'll; be positive functions in such that ip ^{0) = 

E and '0“^(O) = F. Check that f — ip/ \Jip^ + satisfies the desired 

conditions. 

c. Let E be a closed subset of fi. Prove that E is the support of a 

function in if and only if E equals (in Q) the closure of its 

interior. 

6. BoreVs Theorem. Let (a^) be an arbitrary sequence of complex numbers. 

Show that there exists a function / G ^(R) such that = ak for 

every integer k. 

Some hints: 

a. Let ip G ^(R) be such that = 1 in [—1, 1]. For n G N, set 

fn{x) = 

n! 

Show that one can choose the in such a way that ||/n||^^~^^ ^ 2“’^ 
for every n > 1. 

b. Show that the series 5^ fn converges to a function having the desired 
property. 

7 . Topologizing spaces of smooth functions 

a. Let E be a compact subset of Q. and take m G N. Show that the 

space norm |1 • is a Banach space. 

b. U f^g e define 

oo 

d(/,5) = E2"’”min(||/-ff||("*), l). 

m=0 

Show that d is a complete metric on and that a sequence 

converges in this metric if and only if it converges in &k{^) (in the 
sense defined in the text). 

c. Take m G N and let {Kn)neN be an exhausting sequence of compact 

subsets of n (see page 52). If /,^ G define 

oo 

n=0 



|p|<m 



with 
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Show that 6q is a complete metric on and that a sequence 

converges in this metric if and only if it converges in (in the 

sense defined in the text). 

d. Same questions for the metric Jo defined on ^(n) by 

oo 

Suif,9) = y] l). 

m=0 

8. a. Let P be the linear operator on defined by 

Pf(x) = X] 

\p\<m 

where m <n and where eaeh function ap belongs to Show 

that P is a continuous operator from to 

b. Suppose the functions ap lie in ^(H). Show that P defines a contin- 
uous linear operator from to and from to 

9. Suppose u e and (p e U h £ R*, define an element (fh of 

^{R^) by setting 

+ hu) - ipjx) 

Show that the sequence (<^i/„)ngN* converges in Find its limit. 

10. Let cp G ^ he nonzero. If n € N*, set 

iPn{x) ~ -p{x/n) for X £ 
n 

Show that the sequence (v?n)ncN* converges to 0 in ^ but not in 

11. Let Oi, . . . , On be open subsets of R^ such that fl ~ \J^=i Oj^ and take 

(p £ Show that there exist functions c/?i, in &{fl) satisfying 

Supp Pj C Oj for all j £ {1 , . . . , n} 

and such that ^3 ~ Check also that, if > 0, the functions pj 

can be chosen to be positive. 

12. a. Let / be a real-valued element of or Show that there 

exist positive- valued functions /i, /2 in or respectively, 

such that f = fi ~ f 2 - 

Hint Take fi=f^-\-l and /2 = /^ ” / + 1- 
b. Show that analogous results hold for and instead of 

^^(O) and <r(Q). 

13. Suppose f £ C{Q.) satisfies 

J f{x)p{x) dx = 0 for all p £ 

Show that / — 0. 



2 Distributions 267 



14. Let {Oj)j^j be a locally finite relatively compact open cover of f2; that 
is, each Oj is a relatively compact open subset of the union Uje J 
equals and, for every compact K in ft, the set {j e J : Oj C\ K ^ 0} 
is finite. Show that there exists a family {^j)jeJ of elements of 
such that 



Supp (fj C Oj and 0 < <1 for all j G J 



and 

= 1 for all X G ft. 

jeJ 

Hint. Let (Kn)neN be an exhausting sequence of compact subsets of ft 
such that Ko = 0. For each n G N*, put 



— {j ^ J • Oj n (^Kn^2\Hn—i) ^ ^}* 



Consider a partition of unity {^'j)jeJrt with respect to the compact 
Hn-\-i\Kn and to the finite open family {Oj fi (Kn+2\^n-i)}j€Jn- For 
each j G UneN* define 



Ev? 

neNj 
nCN keJn 



where = {n G N* : j G Jn}. 



2 Distributions 

2A Definitions 

By definition, a distribution on is a continuous linear form on &{ft). 
Thus, by what we saw in Section IB, a linear form T on &{ft) is a dis- 
tribution if, for every sequence {pn)neN that converges to 0 in ^{ft), the 
sequence {T{(pn))neN tends to 0 (in C); equivalently, if, for every compact 
subset K of ft, the restriction of T to the metric space &k{^) defined 
in Exercise 7 on page 265 is continuous. We denote by &{ft) the set of 
distributions on ft\ of course &'{ft) is a vector space. 

If n = R^, we will sometimes use the simplified notation = ^'(R^). 
Also, if T is a distribution on ft and G &{ft), we denote by 

T{p) = {T,p) 

the result of evaluating the distribution T at the test function tp. 
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Proposition 2.1 Let T be a linear form on Then T is a distribu- 

tion on 0. if and only if for every compact K in Q, there exist m 6 N and 
C >0 such that 



\T{<p)\ < Cll^ll^"*) for all if € 

Proof The “if’ part follows easily from the definitions. Conversely, suppose 
that the criterion is not satisfied. Then there exists a compact subset K of 
n and a sequence ((^n)neN in ^k{^) such that 

\T{(fn)\ > n for every n G N. 

For every n> 1, set 

~ II ll^n^ 

Obviously, ^ moreover, for every m G N, 

< 1/n for all n > m. 

Thus the sequence {'ipn)neN converges to 0 in Now \T{'ipn)\ > 1 for 

every n G N, so the sequence {T{'ipn))neN does not converge to 0. Therefore 
T is not distribution on □ 

Order of a distribution 

A distribution T on is said to have finite order if there exists an integer 
m G N with the following property: 

For any compact subset K of Q. there exists C > 0 such that , . 
\T{if)\ < C||v||<'"> for all ^ 

In other words, T has finite order if the integer m that appears in Propo- 
sition 2.1 can be made independent of the compact K cO.. If T has finite 
order, the order of T is, by definition, the smallest integer m for which (*) 
is satisfied. 

2B First Examples 

Locally integrable functions 

Let be the space of equivalence classes (with respect to Lebesgue 

measure) of locally integrable functions / on “locally integrable” means 
that, for every compact subset K of fl, 1/c/ hes in the L^-space 

corresponding to Lebesgue measure restricted to ft. (See Exercise 19 on 
page 159.) If / G I/io^(ft), we define a distribution [/] by 

([/l.v^)= f ‘p(x)f{x)dx 

JQ 



for all (f G ^(ft). 



2 Distributions 269 



One easily checks that [/] is a distribution of order 0 on D: Given a compact 
subset K of D, just take C = l/(^)l dx in order to get the inequality in 

(*), with m = 0. 

Proposition 2.2 Two locally integrable functions on define the same 
distribution if and only if they coincide almost everywhere. 

Proof Take / G iioc(^) [/] Because ^(0) is dense in 

Cc(n) = (Corollary 1.3), we see that 

/ 9{^)f{^) dx = 0 for all g € Cc(f^). 

Jq 

Thus, for every g G Cf (fl), 

/ g{x)[Ref{x))^dx= j g{x)[Ref{x)) dx , 

Jn Jq 

f g{x){lm.f{x))'^ dx = f g{x)[lmf{x))~ dx . 

Jq Jq 

By the uniqueness part of the Radon-Riesz Theorem (page 69), these equal- 
ities are valid for any positive Borel function g. Applying them to the 
characteristic functions of the sets {Ref > 0}, [Ref < 0}, {Im/ > 0} and 
{Im/ < 0}, we deduce that f = 0 almost everywhere. □ 

Thus, the map that associates to each / G LJq^(D) the distribution [/] G 
is injective. By identifying / with [/], we can write C 

It is in this sense that distributions are “generalized functions” . 

From now on we will omit the brackets from the notation if there is no 
danger of confusion, and we will normally not distinguish between a locally 
integrable function and the distribution defined thereby. 



Radon measures 

More generally, every complex Radon measure /i on defines a distribution 
T, as follows: 

{T,ip) = J (fdfji for all (f G ^(fl). (*) 

By the very definition of a complex Radon measure, we see that the linear 
form T thus defined is a distribution of order 0. Because ^(ft) is dense 
in Cc(n) (Corollary 1.3), the map // »-> T defined in this way is injective. 
Thus we can identify a Radon measure with the distribution it defines, and 
we can write 9Jl(D) C 

If )Lx is a positive Radon measure, the distribution T it defines is positive, 
that is, 

(T, ^) > 0 for any positive (p G ^(H). 

We now show the converse. 
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Proposition 2.3 Every positive distribution has order 0. 

Proof. Let T be a positive distribution on Cl. Let A" be a compact subset 
of Cl and let p e ^(Cl) be such that 0 < ^ < 1 and p ~ 1 on K. For every 
(f € ^k{CI)^ we have \<p\ = \(pp\ < ||<^||p, where ||(^|| denotes the uniform 
norm of ip. If p is real-valued, this means that 

-\W\\p<^ < \\<p\\p- 

We then deduce from the linearity and the positivity of T that \T{(p)\ < 
II (^11 T{p). When we no longer assume (p to be real- valued, the decomposition 
p — Ke(p-{~ ilm ip leads to the inequality \T{p)\ < 2T{p) ||</?|1, which proves 
that T has order 0. □ 

We will see later, as a particular case of Proposition 3.1, that in fact every 
distribution of order 0 can be obtained from a Radon measure by means of 
(*) on the previous pages. Positive distributions then correspond exactly 
to positive Radon measures: If a Radon measure p satisfies J p dp >0 fox 
every positive p E ^{Cl), the remark following Corollary 1.3 implies that 
the same is true for every positive / G Cc(n). 

Distributions of nonzero finite order 

Let m be a positive integer. A simple example of a distribution of order m 
on an arbitrary open set O is the distribution T defined by 

(T, p) = (D^p)ia) for all p E &(Cl), 

where p is a multiindex of length m and a is any point of Cl. That T is 
a distribution of order at most m follows directly from the definitions. To 
prove that the order cannot be less than m, consider a function ip E ^{R^) 
such that ^(0) = 1 and Supp C J5(0, 1). For every a > 0, put 

= {x- - a)/a), 

where, for ?/ G we have set Since the support of Pa is 

contained in 5(a, a), we see that, at least for a < ao < d{a,R^\Cl), we 
have Pa ^ ^{Cl). Moreover, we deduce easily from Leibniz’s formula that, 
first, {T,pa) ~ p\ for every a > 0, and secondly, if y is a multiindex of 
length strictly less than m, then 

(£>Va)W = - a)/a), 

r<q 

so that the uniform norm of D^p^^ when a < 1, satisfies 



l|£>Va|| < < Qa, 
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where the constant Cq depends only on q and on the chosen function 'ip. It 
follows that 

where the constant C depends only on ip. Since all the functions if a are 
supported in the compact K ~ 5(a, ao)> this makes it impossible for con- 
dition (*) on page 268 to hold with m replaced by m - 1. Therefore T has 
order exactly m. 

A distribution of infinite order 

Let T be the linear form on ^(R) defined by 

-foo 

(T, if) = ^ for all ip G ^(R). 

n=0 

Since the intersection of any compact subset of R with N is finite, this sum 
has only finitely many nonzero terms. Moreover, it is clear that, if K is a 
compact subset of R and N = max(N n K) , we have 

l(r, if)\ < for every e 

which proves that T is a distribution. 

Now take m E N and set K = [m—^, For every E ^/r(R), 

we have (T, (p) = It follows form the preceding example that the 

smallest integer n for which there exists C > 0 with 

|(T,^)| <C||¥>||(") for all ^ € ^k(R) 

is m. Thus the distribution T cannot have order less than m, and this for 
every m E N. This means T has infinite order. 

2C Restriction and Extension of a Distribution to an Open 
Set 

Let T be a distribution on ft and let ft' be an open subset of ft. We know 
that ^(ft') can be identified with a subspace of ^(ft) (by extending each 
function of ^(ft') to ft with the value 0 on ft \ ft'). Thus we can define the 
restriction To of T to which is certainly a distribution on ft', called 

the restriction of T to ft'. Conversely, T is called an extension of To 
to ft. 

Remark. The expression “restriction of T to ft'” is an abuse of language, 
since the domain of T is the set of test functions ^(ft), and not ft itself. A 
similar remark applies to “extension of To to ft” . 



272 



7. Definitions and Examples 



2D Convergence of Sequences of Distributions 

By definition, a sequence (T„)„eN in converges to T G if 



Therefore this notion is a type of weak convergence. 

This definition extends immediately to families {T\) in where A 

ranges over a subset of R and tends to Aq G [— 00 , + 00 ], For example, when 
we write lirng^o Ti — T in we mean that E ^'(12) and that 



We now give an example of a distribution defined as a limit of distribu- 
tions. 

2E Principal Values 

Consider the function x ^ If x from R to R. This function is clearly not 
locally integrable on R, but it is on R* We will see how we can extend to 
R the distribution defined by this function on R*. 

Proposition 2 A For every E ^(R), the limit 



exists. The linear form T thus defined is a distribution of order 1 on R, 
and is an extension to R of the distribution [1/x] E 

We call T the principal value of 1/x and denote it by pv(l/a:). 

Proof Take (p E ^(R) and ^ > 0 such that Snppp C [-^,.4]. U € < A, 



lim (T„, = (T, if) for all if E 



lim (Ts^if) = (T^if) for all f E 





because l/x is an odd function. Since {<f{x) —(p{0))/x can be continuously 
extended to the point 0 with the value c^'(O), we get 




At the same time, by the Mean Value Theorem, 
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This shows that equation (*) defines a distribution of order at most 1. On 
the other hand, if G there exists a real 5 > 0 such that (^ = 0 on 

[-5,5], so 



li„ / •Mdx=[ ^dx=l'i^dx. 

This shows that pv(l/a;) coincides with [1/x] on ^(R*). It remains to prove 
that the distribution pv(l/a:) has order 1, which will follow if we show that 
it does not have order 0. For each integer n > 2, take ^ ^(R) such that 
0 < < Ij SuppV^n C (0,1) and = 1 on [1/n, (n— l)/n]. Let (pn be 

the odd function that coincides with 'ipn on R“^. If = [—1,1], we have 
Pn e ^x(M), \\pn\\ = 1, and 

(1/x), (fn) = 2 / dx>2 log(n - 1). 

Jo ^ 

Thus there is no constant C > 0 such that 

\{py{l/x),p)\ < C\\p\\ for all p G 

proving the desired result. □ 

Another calculation of a principal value is given in Exercise 7 on page 291. 




2F Finite Parts 

In the previous example we used the fact that the function 1 /x is odd in or- 
der to define the distribution pv(l/x) as the limit, when e tends to 0, of the 
distribution defined on R by the locally integrable function lp^x\>e}{^) / 

If we are dealing with a function that is not odd, this approximation pro- 
cedure does not converge, and it is necessary to apply a correction, repre- 
sented by a divergent term. This is called the method of finite parts, and 
we will illustrate it with two examples. 

We first introduce some notation that will often be useful. We define the 
Heaviside function, denoted by F, as the characteristic function of R^. 
Thus, for a: G R, we have F(x) = 0 if x < 0 and Y {x) = 1 if x > 0. 

Proposition 2.5 For every G ^(R), the limit 

{T,(f) = lim ( f ^^da: + y>(0)log£) 

^-> 0 + \Js ^ ) 

exists. The linear form T thus defined is a distribution of order 1 on R, 
called the finite part of Y (x) jx and denoted by fp(F (x) /x ) . 
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Proof. Take (p G &{R) and >1 > 0 such that Snppp C [-A,A]. Then 

r yW--^W rfx + y(0)logA-y(0)loge. 

Je ^ Je X 

Thus 

lin, ( + , /'■ >’W-'^(°) ^ + y(0)log^, 

£->0+ \7g. X J Jq X 

and this expression is bounded in absolute value by max(^, |log A|), 

by the Mean Value Theorem. It follows that fp(F(x)/x) is indeed a distri- 
bution of order at most 1. 

For each integer n > 2, take ^pn ^ ^(M) such that 0 < < 1, Supp \pn C 

(0, 1), and ^pn = ^ on [1/n, (n — l)/n]. We see that 

i’n € ^[ 0 , 1 ](K), llV’nII = 1> and (fp(F(a;)/x), V’n) > log(n - 1), 

which proves that fp(V {x)/x) is not of order 0, and so is of order 1. □ 

Other examples of finite parts on R will be given i n Exerci ses 3 and 19. 
Here is another example, this time on R^. Put r — \Jx^ -h and 

A - — 

dx^ ^ 

Proposition 2.6 For every p G ^(R^), the limit 

{T,(f) = lim { if r~"^ p dx dy — 7rp(0^0)e~^ -{-~P^(p{0,0)\og€ 

^^0+Vyy{r>£} 2 

exists. The linear form T thus defined is a distribution of order 3 on R^. 

T is called the finite part of 1/r^ and is denoted by fp(l/r^). (Note 
that the function 1/r^ is not locally integrable on R^.) 

Summary of proof . Take cp G ^(R^) and A > 0 such that Suppp C 
B{0, A). A quick calculation shows that 



// 

J J {r>e} ^ 

' =// 



{ A>r>£} 



‘ y) - <P(0, 0) - X ^ (0, 0) - 1/ ^ (0, 0) 



dy 






7T 



7T(^(0,0)(A A(/!?(0,0)log- . 
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We then deduce from Taylor’s formula that the limit given in the statement 
of the proposition exists and is bounded in absolute value by 
with Ca > 0. Therefore the distribution thus defined has order at most 3. 
It remains to show that it is not of order less than 3. □ 

Exercises 

1. Let be the set of real- valued elements of A distribution T 

on ft is called real if (T, (p) eR for every (f e Show that every 

distribution T on can be written in a unique way as T — Ti + iT2, 
where Ti and T2 are real distributions on Q. 

Show that real distributions can be identified with continuous linear 
forms on 

2. Let {xn)neN be a sequence of points in Q having no cluster point in Q. 
Show that the map defined by 



(T,vp) = 5](r>p"^)(x„), 

n=0 



where each Pn is a multiindex, is a distribution. Compute its order. 

3. Show that, for every function ip G ^(M), the limit as e tends to 0 of 



f 

J{\x\>e} ^ ^ 



exists, and that this defines a distribution (the finite part of 
Determine its order. 

4. Take / € C'((K'^)*). 

a. Assume there exists a constant C > 0 and an integer n > 0 such 
that, for every x € B(0, 1) \ {0}, 



|/Wl < 



C 

|x|" 



Show that / extends to a distribution of order at most n on M'*. 
Hint. Consider, for ip G 



{T,<p)= f{x)(fi{x)dx+ f{x){(f{x) - Pn(x))dx, 

y{|x|>l} J{\x\<l} 

where Pn is the sum of the terms of order at most n — 1 in the Taylor 
series expansion of at 0. 
b. Suppose that / is positive and that 
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Show that there is no distribution on whose restriction to (R^)* 
is /. 

Hint. Take ip E ^(R**) supported in B(0,4) \ B(0, 1) and such that 
(f = 1 on B(0, 3) \ J3(0, 2). For n > 1, set 

An— _ inf f(x) and (Pn(^) — (f(nx). 

xeB(0,3/n)\B(0,2/n) An 

Show that (<Pn)neN* tends to 0 in ^(R^) and that 

lim / f(x)(pn(x) dx ~ + 00 . 

n->+oo J 

5. Let T be a distribution on Q such that every point in 0 has an open 

neighborhood on which the restriction of T vanishes. Show that T = 0, 
Hint. Take ip e Cover the support of (p with finitely many sets 

on which T vanishes; then use a partition of unity (or Exercise 11 
on page 266). 

6. Piecing distributions together. Let fix, . . . , fin be open sets in R^ whose 

union is 17. For each j E {1, . . . ,n}, let 7j be a distribution on Oj. Sup- 
pose that, for every pair of integers (i, j) G n}^, the distributions 

Ti and Tj coincide on the open set 17i H flj. We wish to show that there 
is a unique distribution T on H whose restriction to each flj is Tj. 

a. Using Exercise 5, prove that such a distribution T must be unique. 

b. For each j G {1, . . . ,n}, take (pj G ^(17j). Show that Y^=i ~ ^ 

implies = 0- 

Hint. Use a partition of unity associated with the open sets flj, 
1 < J < ri, and with the compact K — Uj=i 

c. Take <p G ^(17). Show that the expression 

n 

j=l 

is independent of the choice of a family (^i , . . . , such that 

n 

ipj G ^(17^) for all J G {1, . . . , n} and p = ^ pj. 

j=i 

(The existence of such a family follows from Proposition 1.4; see 
Exercise 11 on page 266.) 

d. Show that the map T defined above is a distribution on 17 having 
the desired properties. 

e. Show that, if each distribution Tj has order at most m, so does T. 
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7. Let 0, be open in and let {fn)neN be a sequence in Show that, 

if the sequence (/n) converges in to an element / in then 

fn tends to / in (Convergence in is defined in Exercise 

19 on page 159.) 

8. Compute the limit of the sequence of distributions in R^ defined by the 

functions Tn{x) = where x ^ L^(R^). 

9. Compute the limit of the sequences of distributions on R defined by the 
following functions: 

a. Tn{x) = sinnx; 

b. Tn{x) = {sinnx)/x; 

c. Tn{x) = nsm{nx) l{x>o>; 

d. Tn{x) ~ \x\i~^ /{2n). 

Hint For parts a, b, and c, you might use the Riemann-Lebesgue 
Lemma (Exercise 4a on page 179) and/or integration by parts. 

10. Study the convergence in ^'(R*), then in ^'(R), of the sequence of 
distributions 

n 

Tn — - S-i/k), 

k=l 

where (a^) is a sequence of complex numbers. 

11. Show that the equation 

+00 

(T, (f) = ^2 for all G ^((0, +oo)) 

n=l 

defines a distribution T on (0, +oo) of infinite order, and that T cannot 
be extended to R. 

12. Find the limit in ^'(R^) as e tends to 0 of the family (Tg) defined by 

Te(x) = l{|a.|<g}(a;), 

where ujd is the volume of the unit ball in R^. 

13. For X eR and AT G N, write 



N 

Sn(x)= = 

n=-N 



sin((iV -f \)x) 
sin(x/2) 



a. Take p G ^(R). Show that, for every p G Z, 



/•(2p+l)7T 

lim / SM{x)p{x)dx = 2'Kip{2p'K). 

iV-^+oo y(2p_i)7T 
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Hint. Show that 

/•(2p+l)7T 

I SN{x)ip{x)dx 

J {2p~l)n 

= f Sn{x)[(p{x + 2jm) - if{2pTT)) dx + 27ryj(2p7r); 

J —n 

then apply the Riemann-Lebesgue Lemma (Exercise 4a on page 179). 
b. Deduce that the sequence of distributions ([5 a/^])n 6N converges in 
^'{R) to 27 t where S 2 jm is the Dirac measure at the point 

2p7T. 

Remark. One can show that the sequence ([5Ar])ATGN (considered as 
a sequence of Radon measures on K) does not converge vaguely (this 
concept is defined in Exercise 6 on page 91). Compare with Exercise 
1 on page 284. 

14, Let (cn)nGZ be a family in C such that there exist C > 0 and 7 > 0 
satisfying 

\cn\<C\nr forallneZ". 

Show that the series converges in and that the 

sum has finite order. 

Hint, li (p ^ &{R) with Supp<^ c [— >1, (where A > 0), prove using 
integration by parts that, for every r 6 N and n € Z*, 



1 / 



e^^^p{x)dx 



<2A||(^l|(^)ln| 



15 . Let (/n) be a sequence of functions in L^(D) and suppose / G 

a. Show that, if the sequence (/n)neN converges weakly to / in the 
Hilbert space L^(D), it converges to / in ^'(D). 

b. Is the converse true? (You might consider, for instance, the open set 

= (0, 1) and the functions fn = ^l[i/n,2/n]0 

c. Show that (/n)neN converges weakly to / in L^(fl) if and only if it 
is bounded in L^(fl) and converges to / in ^'(D). 

Recall that every weakly convergent sequence is bounded in I/^(D); 
see Exercise 10a on page 120 (this follows from Baire’s Theorem). 
Hint Show first that is dense in L^(D). 

16 . Banach-Steinhaus Theorem in Let 0 be an open set in Let (T„) 
be a sequence of distributions on Q such that, for every (p G ^(fl), the 
sequence of numbers ((T„,(/?)) is bounded. We wish to show that, for 
every compact K contained in H, there exists an m G N and a real 
constant C > 0 such that 



\{Tn,ip)\<CM^^^ forall v?G^k( 1^) and n G N. (*) 
To do this we define, for every A: G N, a set 

^ W ^ ^k{^) : \{Tn,T)\ ^ ^ for all n G N}. 
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a. Show that each Fk is closed in the metric space &k{^) defined in 
Exercise 7 on page 265. Deduce that, for at least one fco ^ N, the 
set Fko has nonempty interior. (Use Baire’s Theorem, Exercise 6 on 
page 22.) 

b. Show that each Fk is convex and symmetric with respect to 0 and 
deduce that there exists r > 0 such that the ball B{0, r) (in 

is contained in 

c. Let m G N be such that Yln>m ^ ^ ~ Show 

that m and C satisfy condition (*). 

17. Let (Tn) be a sequence of distributions on fl such that, for every (f G 
^(fi), the sequence of numbers {{Tm^p)) converges. Show that, for any 
t G (a, 6), the linear form T on ^{Q) defined by 

{T,ip)= lim (Tn,(p) 



is a distribution on Q,. 

Is it true that, if all the distributions have order at most m, then so 
does T? 

Hint Use Exercise 16. 

18. Let {Tt)te(a,b) be a family of distributions on Q,. Suppose that, for every 
(f G ^(0), the function 1 1 -> (Tt, (fi) is differentiable on (a, b). Show that, 
for any t G (a, 6), the linear form dTt/di defined by 

, V’) = I (Tt, v) for all e ^(fi) 



is a distribution on f]. 

Hint Use Exercise 17. 

19. Finite part ofY{x)/x^, for a G 

a. Take m G N*. Prove that, for every (p G ^(M), the limit 

{T,ip)= lim ( 

e^O+\J^ X™ 

(m — k — l)fc! 



exists and that the linear form T thus defined is a distribution of 
order (at most) m on M. This distribution is called the finite part of 
Y{x)/x^, and is denoted {p{Y{x)/x^). 
b. Take a G \ N. Let m be the integer such that m < a < m 4- 1. 
Show that, for every G ^(M), the limit 



{TM 



lim 

£-> 0 + 



(r 






ra—k—l 
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exists and that the linear form T thus defined is a distribution of 
order (at most) m on R. This distribution is called the finite part of 
Y{x)/x°‘, and is denoted fp(y(x)/x“). 

20. Complete the proof of Proposition 2.6. 



3 Complements 

In this section^ we study under what conditions a distribution can be ex- 
tended to test function spaces larger than namely or 

We will introduce to this effect the important notion of the support of a 
distribution. 

3 A Distributions of Finite Order 

The next proposition provides a characterization of distributions of finite 
order. 

Proposition 3.1 Let T be a distribution on Q and suppose m ^ N. A 
necessary and sufficient condition for T to have order at most m is that T 
can be extended to a continuous linear form on The extension is 

then unique. 

Proof, Suppose that T has order at most m. Property (*) on page 268 then 
implies that T is continuous (and even uniformly continuous) on the space 
&{Q.) regarded, topologically speaking, as a subspace of Since 

is dense in by Corollary 1.3, we can apply the theorem of extension 

of continuous linear forms. This theorem applies a priori to continuous 
linear forms on normed spaces, but we can reduce the problem to that 
situation by considering the normed spaces Similarly, since 

is dense in this extension is unique. 

In the other direction, it is clear from the definitions that the restriction 
of a continuous linear form on to is a distribution of order at 

most m. n 

Conversely, the restriction to of a continuous linear form on 
is a distribution (since a sequence in ^(il) that converges in &{ft) obvi- 
ously converges in and it has order at most m by the preceding 

reasoning. Thus we can identify the space of distributions of order at most 
m on Q with the space of continuous linear forms on ^”^(11), which we 
denote by We will make this identification from now on, and for 

T G and (p € we will still denote by (T, (^) the result of 

evaluating T at (f. 

An important particular case, already discussed on page 270, is when 
m = 0. Then — Cc(fl) and the space of distributions of 
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order 0 can be identified with the space of complex Radon measures 

on 0. Consequently, C ^'(H) and, if cp G Cc(0) and 

/i G we have 

{n,ip) =n{ip) = J ifdfi. 

3B The Support of a Distribution 

Let T be a distribution on 0. By definition, a domain of nullity of T is 
an open set fl' contained in Q and such that the restriction of T to is 
the zero distribution on fl'. 

Proposition 3.2 Any distribution T on 0, has a largest domain of nullity 
Q,q. 

The complement of this set, fi \ fio? which is closed in fi, is called the 
support of T and is denoted by Supp T. 

Proof. Let ^ be the set of domains of nullity of T, and let Qq = IJoe^ ^ 
be their union. It suffices to show that Qq is itself a domain of nullity 
of T. Take p G C By the compactness of Supp(^, there 

exist finitely many elements cji , . . . , c^n of ^ whose union contains Supp (p. 
By Proposition 1.4, there exists a partition of unity associated with 
this open cover; that is, there exist functions ^ such that 

0 < Pj < I and Supp</?j C ujj for every j G {!,..., n} and such that 
Sj=i ^j{^) = 1 for every x G Supp<^. It follows that 

n 

j=l 

Since each ppj is supported in the domain of nullity this implies that 

n 

{T,<p) = Y,{T,<P^i)=0. 

j=l 

This proves that Q,q is indeed a domain of nullity of T, and by the con- 
struction it is the largest such domain. □ 

The support of a complex Radon measure pL on Q was defined in Exer- 
cise 2 on page 90. Since, for every open set O, the space ^(O) is dense in 
Cc{0) (Corollary 1.3), one can check easily that this definition coincides 
with the one just given for distributions. 

3C Distributions with Compact Support 

The next proposition characterizes distributions having compact support. 



282 



7. Definitions and Examples 



Proposition 3.3 Let T be a distribution onQ. A necessary and sufficient 
condition for the support of T to be compact is that T have an extension 
to a continuous linear form on ^(Q). The extension is then unique. 

Proof Suppose first that the support of T is compact. Then there exists 
a compact K in Cl whose interior contains the support of T. It follows 
from Proposition 1.4 that there exists p € &{Ct) such that 0 < p < 1 and 
p{x) = 1 for all X ^ K. We then set, for / G ^(6), 

f(f) = {TJp). 

It is clear that this does define a linear form T on S' {Cl). On the other hand, 
if (p G ^{Cl), we have 

Supp((p-(pp) C Cl\k C fi\SuppT, 



so that 

{T,<p) = {T,ifp). 

It follows that T is an extension of T to ^{Cl). 

Finally, if (/n) is a sequence in S{Cl) that tends to 0 in S{Cl), it is easy 
to see from the definitions and from Leibniz’s formula that the sequence 
{fnP) tends to 0 in &{Cl), so that 

lim (T, fnp) = 0. 

n— ^-fCX) 

This proves that T is continuous on S{d). 

Thus T has an extension f that is a continuous linear form on S{Cl). 
Since ^{Cl) is dense in S{Cl), this extension is unique. 

For the converse, assume that T can be extended to a continuous linear 
form T on S{Cl). Let {Kn)nen be an exhausting sequence of compact sub- 
sets of If the support of T is not compact, there exists, for every integer 
n G N, an element cpn of &{Cl) such that 

Suppv?n c (Q \ Kn) and (T, y>„) 0 

(by the definition of the support of T). Dividing ipn by (T, <^n)> if necessary, 
we can assume that 

^n) — 1- 

Now, we claim that the series Yln=oTn converges in S{Cl). Indeed, if K 
is a compact subset of fl, then K is contained in some Kno, for no G N; 
but, for every n > no, we have pn = 0 on K^q and so on K, so the sum 
Yln=o reduces to a finite sum on K, and this for every compact subset 
K of Cl. So the sum converges in S{Cl). By the continuity of T, it follows 
that the series converges, contradicting our assumption that 

(T,(pn)-=1. □ 
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Conversely, the restriction to ^{il) of a continuous linear form on 
is a distribution on 0. (since a sequence in ^(il) that converges in 
also converges in and this distribution has compact support by 

the preceding results. Thus we can identify the space of distributions on 
n having compact support with the space of continuous linear forms on 
denoted by We will make this identification from now on. In 

particular, for T G and (f G we will still write T{(f) as {T,(p). 

We remark also that a distribution on Q, with compact support can be 
identified with an element of by setting 

(T, <p) = {T, for all e (*) 

Indeed, if ip is in the restriction of ^ to 0 lies in 

Proposition 3.4 Every distribution T with compact support in O has 
finite order. More precisely ^ there exists an integer m G N and a constant 
C >0 such that 



|(T,(^)| <C||^l|(’”) for all <p e 9{9). 

Proof. Let K be the support of T and let be compact sets such 

that 

KcK' CK' CK" C K" C Q. 



By Proposition 2.1, there exists a constant C > 0 and an integer m G N 
such that 

\{T,<p)\ < C||^||<’"> for all p e 

By Proposition 1.4, there exists ip e ^ such that 0<t/^<l,^ = loniir' 
and Supp^ C K". If ip e then pip G and 

Snpp{ip-(pip) c C Q.\K. 

Since the compact K is the support of T, it follows that there is a positive 
constant C depending only on C, m and ip, and such that 

l(T,v^)l = \{T,p^lJ)\ < 

the last inequality being a consequence of Leibniz’s formula. □ 

Remark. One can easily deduce from the preceding results that, if T is 
a distribution with compact support, there exists an integer m G N (any 
integer not less than the order of T will do) such that T extends to a 
continuous linear form on ^"^(O), and that this extension is unique. 



284 



7. Definitions and Exaimples 



Exercises 

1. Let (Tn)n6N be a sequence of positive Radon measures that converges in 

to a distribution T. Show that T is a positive Radon measure and 
that the sequence {Tn)n£N converges vaguely to T (this term is defined 
in Exercise 6 on page 91). Compare with Exercise 13 on page 277. 

2. Let T be a distribution on and suppose ^(R") vanishes at every 
point in the support of T. Does it follow that (T, (f) = 0? 

3. Let T be a distribution on ft with compact support K and order m, and 

suppose (f € ^(D) satisfies the following property: For every multiindex 
p of length at most m and every x in the support of T, we have D^ip{x) = 
0. We wish to prove that (T, (p) — 0. Put = {x £ : d{x, K) < e}, 

for £ > 0. 

a. Take 77 > 0. By assumption, there exists a real number > 0 such 

that < r/, for every x € Kr^ and every multiindex p of 

length at most m. Show that, for every x G Kr^ and every p G 
such that IpI < m. 

Hint You might use reverse induction on n = |p|, applying at each 
step the Mean Value Theorem on the segment [x,y], where p is a 
point in K such that d{x,K) = d{x,y). 

b. Suppose X ^ ^(R^) has its support contained in B(0, 1) and satisfies 
f x(^) dx = 1. Let Xe be the element of ^(R^) defined by 

Show the following facts: 

i. For every e > 0, the support of Xe is contained in Ks^; moreover, 
Xe = 1 in K^. 

ii. For every multiindex p we have 

where u)d is the volume of the unit ball in R^. 

c. Show that there exists a constant C > 0 (depending only on d and 
m) such that, for every e < Tfj/3, 

||X.^||<"‘)<r/C'l|x||<"*>. 

(Use Leibniz’s formula.) 

d. Show that there exists a constant C' > 0 such that 

|(T,^)|<7,C'||x||(’"). 



Finish the proof. 
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4. Structure of distributions with finite support 

a. Let /i, /2, • • • , /n and / be linear forms on a vector space E with the 
property that, for every x e E, 

fl{x) = f 2 {x) = ■■■ = fn{x) =0 => f{x) = 0. 

Show that there exist scalars ci, . . . , Cn such that / = ci/i + • • • + 
^nfn* 

Hint. Let E, F, and G be vector spaces, / a linear map from E to 
G, and g a linear map from F to F such that ker^ C ker/. Suppose 
F is finite-dimensional. Then there exists a linear map h from F to 
G such that f = ho g, (Why?) Apply this result to F = and 
9 • • • ) /n)* 

b. Let T be a distribution on an open subset of and suppose 
SuppT = {0}. Show that T is given by 

(T, if) — ^ CpD^(f{0) for all (p G 

\p\<m 

for appropriate constants Cp. 

Hint. Use Exercise 3. 

c. Determine likewise the general form of a distribution whose support 
is finite. 

5. Let (Tn)nGN be a sequence of distributions on an open subset Q. of R^. 

We assume that the sequence (Tn) converges in and that the 

supports of the distributions Tn are all contained in the same compact 
K. Show that the orders of distributions Tn have a uniform upper bound 
m G N. 

Hint. Use the Banach-Steinhaus Theorem in stated in Exercise 

16 on page 278. 
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We define in this chapter two important operations involving distributions. 
Again we will be working with an open subset Q of 



1 Multiplication 

In this section we define the product of a distribution by a smooth function. 
This definition arises from the following lemma. 

Lemma 1.1 Suppose a e ^(Q). The map ip a(p from to 

is continuous. Likewise, if a ^ with m G N, the map ip ^ ap from 

to is continuous. 

In other words, if {pn)neN is a sequence in ^(Q) or converging 

to 0 in &{Q) or respectively, the same is true about the sequence 

(o:(/?ri)nGN • 

Proof. The lemma follows immediately from Leibniz’s formula (page 258) 
and from the fact that, if pn ^ the support of apn is contained in 

the support of Pn- □ 

Thus we can define the product of a function and a distribution as follows: 

Definition 1.2 If T G and a G <o{Q.), the product distribution aT 

on n is defined by setting 



(oT, p) = (T, ap) for all p G ^{U). 
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If T E and a G the product aT e is defined by 

{qT, ip) = (T, aif) for all ip G 

(Recall that is the set of continuous linear forms on the space 

which by Proposition 3.3 on page 282 can be identified with the 
space of distributions of order at most m). 

That aT really is a distribution follows from the preceding lemma: If 
(<^n)neN is a sequence in ^{fl) or that converges to 0, Lemma 1.1 

implies that the sequence ((T, aipn))neN tends to 0 since T is a distribution. 
Thus aT really is a continuous linear form on or as the case 

may be. 

Obviously, if / G and a G C'(fl), we have 

a[/i = [«/]• 

In this sense, this multiplication extends the usual product of functions. We 
will see in Exercise 1 below that this extension cannot be pushed further 
to the case of the product of two arbitrary distributions without the loss of 
the elementary algebraic properties of multiplication, such as associativity 
and commutativity. 

Remark. The definition immediately implies that if a G the linear 

map T aT from to is continuous, in the sense that, if 

(Tn)n6N Converges to T in (ct^n)neN converges to aT in 

Proposition 1.3 With the notation introduced in Definition 1.2, we have 

Supp(aT) C Supp a fi Supp T 

andj if /3 ^ {or P e we have 

a{pT) = {aP)T. 

Proof. The second claim is obvious. To show the first, take ip G ^(H). 
If Supp ip C D\Suppa, then aip = 0, so (aT,ip) = 0. It follows that 
D \ Supp a is contained in \ Supp(oT), so Supp(oT) C Supp a. 

Now if Supp ip C Q \ Supp T, then 

Supp aip C Supp ip C n \ SuppT, 

which implies that {aT^ip) = 0. Therefore Q \ SuppT is contained in O \ 
Supp(aT), so Supp(aT) c SuppT. The result follows. □ 

The inclusion in the proposition may be strict. For example, if T = <5 is 
the Dirac measure at 0 in R^, and if a G C(R^) is such that a(0) = 0 and 
0 G Supp a (say a{x) = x), then aT = a(0)J = 0 and the support of aT 
is empty, whereas Suppa fi SuppT = {0}. 
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Division of distributions is an important problem: If 5 G and 

a G is there a T G such that aT = S? Clearly, if a van- 

ishes nowhere in the product T = (1/a) S' is the unique solution to the 
problem, by the second part of Proposition 1.3. In the general case, the 
restriction of T to the open set {a: G : a{x) 7 ^ 0} is uniquely defined 
by the same equality, but the global problem may have infinitely many 
solutions. Here is an example in dimension 1. 

Proposition 1.4 For every S G there exists T G ^'(R) such that 

xT = S. If To is such that xTq — S, the set of solutions of the equation 
xT = S equals {Tq + CS : C G C}. 

Proof Take \ ^ ^(R) such that x(0) = 1. To each ip G ^(R) we associate 
defined by 

(p{x) = f {(p\tx) - ip{0)x'{tx)) dt. 

Jo 

One easily checks that (f G ^(R) and that the map p ^ (p from ^(R) 
to ^(R) is continuous. Moreover, if x G R*, (p{x) = {p{x) — p{{f)x{x)) / x. 
Now put 

(T, p) = (S, (p) for all p G ^(R). 

Since p p \s continuous, T belongs to ^'(R); since xp = p, we get 
xT = S, 

Now take T G ^'(R) with xT = 0. If G ^(R), we have 

0 = (xT, If) = v?(0)x) = (T, (f) - (T, x) (<5, <p) ■ 

It follows that T = (T, x) S. □ 

Here is a particular case. 

Proposition 1.5 Suppose T G ^'(R). Then xT = 1 if and only if there 
exists C G C such that T = pv(l/x) + CS. 

Note that, in the equality xT = 1, the symbol 1 represents the constant 
function equal to 1, identified with the distribution [1], which is none other 
than Lebesgue measure A. 

Proof By Proposition 1.4, it suffices to show that xpv(l/x) = 1. To do 
this, take p G ^(R). By definition, 

(xpv(l/x),(^) = (pv(l/x), x(^) = lim / {l/x)xp{x)dx 

^-> 0 + j{\x\>e} 

= j f{x)dx = ([l],¥j), 



as we wished to show. 



□ 
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Exercises 

1. Show that it is impossible to define a multiplication operation on the 
set ^'(M) that is at once associative, commutative and an extension of 
the multiplication defined in the text. 

Hint Suppose there is such a multiplication and compute in two ways 
the product x5 pv{l/x), where 5 is the Dirac measure at 0. 

2. Consider an open set 0 in and elements a € <?(D) and T G 
Assume that a = 1 on an open set that contains the support of T. Show 



that aT = T. 

3. Suppose T G ^'(R^), a G R^, and m G N. Show that (x — a)^T = 0 for 
every multiindex p of length m + 1 if and only if T can be written as 



with Cq £ C for |^| < m. (As might be expected, by {x - a)^ we mean 
the product {xi — aiY ^ . . . {xd — adY*^-) 

Hint Show first that, if {x — a)^T = 0 for every multiindex p of length 
m + 1, the support of T is contained in {a} and so is compact. Using 
Taylor’s formula (Exercise 1 on page 264), prove then that, for every 



4. Suppose S G ^'(R), a G R, and m G N. 

a. Choose \ ^ ^(R) such that x(a) = 1 and = 0 for A: G 

{!,..., m}. Given </? G ^(R), define a function (p by 



if X / a, and extend it to a: == a by continuity. Show that the map 
if (f from ^(R) to ^(R) is continuous (in the sense of sequences), 

b. Show that the equality 



{T,<p) = c,£>V(a) for all 



\q\<m 




k=0 \q\=k 



<f{x) = 



ip{x)-{ip{a)+ip'{a){x-a)-\ 



{T,^) = {S,<p) 



defines a distribution on R that is a solution of the equation 



{x - = S. 



c. Determine all solutions of the equation {x — = S. 

Hint. Use Exercise 3. 
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5. In each of the following cases, the question is to show the existence 
in ^'(R) of solutions T for the equation fT = 5, with S G ^'(^) 
arbitrary, and to find the general form of the solutions in terms of a 
particular solution Tq. 

a. Suppose that / G ^(R) and that / has a unique zero a G R, which 
furthermore is of finite order; that is, there exists an integer m G N* 
such that (a) ^ 0. 

Hint Let m be the smallest integer such that ^ 0. The func- 

tion g defined by g{x) = {x — a)~'^f{x) and extended by continuity 
to X = a belongs to ^(R) and vanishes nowhere. Then fT = S if 
and only if {x — a)^T = g~^S. Now apply Exercise 4. 

b. Suppose that / G ^(R), that the set of zeros of / has no cluster 
point, and that each zero has finite order. 

Hint Let {Ok)keN be a locally finite cover of R by bounded open 
sets, each containing at most one zero of /. Write S in the form 
S = where Supp5fc C Ok for each fc G N (see Exercise 

14 on page 267). Solve the equation fTk = Sk for each fe, using the 
preceding case as inspiration. 

6. a. Show that the distributions T on R such that xT = Y are exactly 

those of the form T = fp(F {x)/x) -f C5, for C G C. 
b. More generally, prove that, for every m G N*, the distributions 
T on R such that x^T — Y are exactly those of the form T = 
fp(y {x)!x^)yY^=q CkS^^\ for Cfc G C (see Exercise 19 on page 279). 

7. a. Prove that the equality 






lim 

£-> 0 + 



s(/ 



neij 



sinx smx 




defines a distribution To of order 1 on R. (Tq is the principal value 
of 1 /sin X.) 

b. Show that sinx To = I and deduce the general form of the solutions 
of the equation sinx T = 1. 

8. Suppose T G and ^ G ^(0) are such that, for every multiindex p 

(of length equal to at most the order of T if T has finite order) and for 
every x in the support of T, we have D'P(f{x) = 0. Show that (T, ^p) = 0. 
Hint Apply Exercise 3 on page 284 to the distribution S = %T, where 
X is a test function that has the value 1 on an open set containing the 
support of p. 

9. Take T G and a G (or T G ^'(17) and a G (T(n)). 

Suppose that, for any p G such that |p| < m (or any p G N^, 
respectively), D^a vanishes on the support of T. Show that aT = 0. 
(Use Exercise 8). 

10. Let (A"n)n€N be an exhausting sequence of compact subsets of O. For 
each n G N, let pn G ^(1^) be such that f)<pn^f) pn = f on Kn^ and 
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Supp<^n C i^n+i- Show that linin-^+oo <PnT ~T in for every T e 

Deduce that ^'(H) is dense in (in the sense of convergence 

of sequences). 

2 Differentiation 

For p G N**, the differentiation operator of order p on ^'(n) is defined as 

follows: If T 6 ^(O), set 

(DPT, = (-l)»Pl (T,DP(^) for all <p e 

Since the map Dp : from ^(f]) to is continuous, the linear 

form DPT thus defined on &{Q) is indeed a distribution. This map Dp is 
also continuous as a map from to which leads to the 

following property: 

Proposition 2,1 Suppose m G N. For every T G we have 

DpTg ^'^+|Pl(n) and 

{D^T, <p) = (-l)*Pt(T, D^ip) for all G 

We also use the notation 



or, if d “ 1, 



as for functions. Indeed, the differentiation operator defined above on ^(fl) 
extends ordinary differentiation of functions of class C^ : 

Proposition 2.2 Let m G N and p G satisfy \p\ < m. If f E 
then 



In this equality, the first Dp denotes differentiation in the sense of 
distributions as defined above, and the second denotes ordinary differ- 
entiation in the sense of functions. 

The proposition is easily obtained by induction on \p\ starting from the 
case |p| = 1, which is a consequence of the following lemma. 

Lemma 2,3 (Integration by parts) If f E and p E 

theUf for every j E d}, 




Dm) = [D^f]- 
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Proof. By Fubini’s Theorem, we can reduce to the case d = 1, to which 
we apply the classical theorem of integration by parts, taking into account 
that the support of (/? is a compact subset of ft, so that the “boundary” 
terms vanish. □ 

Examples 

1. Take a G fi. The derivatives of the Dirac measure at a (denoted by Sa 
and defined by {Sa, (f) = ^{d)) are given by 

{D^Sa, <p) = (-l)lP'DV(a) for all p e 

these distributions were studied on page 270. Thus, for every p G N, the 
distribution D^Sa has order \p\. 

In particular, if a = 0 (in which case we write 5 = Sq) and d = 1, we 
have 

{S',(f) = — <p'(0) = — lim ^ ^ 

h^O h 

It follows that 

S' = lim - ^ in 

2. The derivative in the sense of distributions of the Heaviside function Y 
is the Dirac measure at 0: indeed, if G ^(K), 

r+oo 

= - / ip\t)dt = ip{0), 

Jo 

where we have used, in calculating the integral, the fact that (p has 
compact support. Therefore Y' = S. 

3. The function x i-> log(|rr|) is locally integrable on E and as such defines 
a distribution. We compute its derivative in the sense of distributions. 
If (pG ^(M), 

J f'ix)\og{\x\)dx 

= — lim / (p'(x)log(lx|)dx. 

£->0+ y{|a:|>e} 

Integrating by parts, we deduce that 

[logdxD] , v) = -.»“ (-V(>) log£+v(-£) dx) . 

Now, log£((p(— £) — (p{e)) tends to 0 as £ tends to 0. Therefore 
|[log(|xl)l=pv(l). 
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One shows likewise that 

A[yi„gx|=fp(^^). 

The next proposition follows easily from the definitions. 

Proposition 2.4 Suppose p G N^. 

1 . The application T D^T from to is continuous in the 

following sense: For every sequence {Tn)n£N that converges 

to T in the sequence (jDPTn)neN converges to D^T in 

2. For every T G 



Supp(D^r) C SuppT. 



We remark that the property of continuity extends immediately to fam- 
ilies somewhat more general than sequences. For example, we deduce from 
Example 1 above that 

h — ^0 h 

in ^'(R). 

Leibniz’s formula also generalizes without change: 

Proposition 2.5 (Leibniz’s formula) Consider T G ^'(0), a G (Q), 
andpGN^. Then 



D^iaT) = 



9<P 



This formula remains true for T € and a £ 

Proof This is obvious if |p| = 0. Consider the case \p\ = 1. If j G {1, . . . , d}, 
we have 



{Dj{aT),if) = -{aT, Dj<p) = -(T, aDj^p) = -<T, Dj{ap)) + {T, (Dja)p), 

SO that 

{Dj{aT),p) = {{DjO)T + aDjT, p). 

Thus Dj{aT) = olDjT -h {Dja)T. From here the formula can be extended 
by induction on \p\ as in the case of functions. □ 

Remark We will show in Chapter 9 (proposition 2.14 on page 334) that 
is dense in ^'(0) (in the sense of sequences). The preceding propo- 
sition then becomes a consequence of Leibniz’s formula for functions, to- 
gether with the denseness result just mentioned and the continuity of the 
operators of differentiation and of multiplication by a function. 
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By Proposition 2.2, the first derivatives Dj{[f]), for j G d}, of 

a distribution defined by a function / G correspond to continuous 

functions on ft. We will show that, conversely, any distribution whose first 
derivatives are defined by continuous functions corresponds to a function 
in 

Theorem 2.6 Let T G Suppose that there exists^ for every j G 

d}, a function gj G C{Q) such that DjT = [gj]. Then there exists 
f G such that T = [/]. 

Proof 

- Suppose first that the result has been proved for the case where D is an 
open parallelepiped in 



Q — {a^b) 



j=i 



We derive the general case. Let Q be any open set in and let T be 
a distribution on ft for which there exists, for every j G {1, . . . ,d}, a 
function gj G C{ft) such that DjT = [gj]. Let ^ be the set of open 
parallelepipeds contained in ft. For every cj G there exists f^j G 
such that the restriction of T to cj is [/u;]. It is clear that, for 
u;i,cc ;2 G with nu ;2 ^ 0, we have f^j^ = f^^^ on cJi rict; 2 . Thus there 
exists / G such that, for every uj £ ^ ^ the restriction of / to a; 

is /u;. It follows that every a; G is a domain of nullity for T — [/], in 
the sense of Proposition 3.2 on page 281. By this same proposition, this 
implies that the support of T — [/] is empty and so that T = [/] . 

Thus we can assume that we are in the case ft = (a^b). We argue by 
induction on the dimension d. 

Case d = 1. Suppose T G satisfies T' = [g] with g G C((a, 6)). 

Let a G (a, b). The function G defined by G{x) = g{t) dt belongs to 
^^((a, b)) and satisfies [G]' — [g]. Therefore the distribution S — T — [G] 
satisfies S' — 0. Now let x ^ ^)) be such that x(^) dx = 1. We 

define, for each (f G ^((u, b)), a function (p by setting 



<p(x) = (p(x) 






X(x) for all X G (a, b). 



Then (p G ^((a, b)) and (p(x) dx = 0. Therefore the function ^ defined 
on (a, b) by 



$(a;) = f <p{t) 
Ja 



dt 



satisfies ^(a?) = 0 if x ^ [minSupp(^, maxSupp(^]. Thus ^ G ^((a, 6)). 
Then 
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SO that 




ip{t)dt {S,x) = {{S,x), <f) 



for all if G ^((a,6)). 



Thus, if we set / = G -h (5, x)i we have / G b)) and T = [/]. 

- Suppose the result has been proved for d> 1. For (a,b) = 

take T G &{{a,b)) such that, for every j G {1, . . . , d+1}, there exists 
Qj G G((a,6)) satisfying DjT = [gj]. Put 



G(xi,...,Xd-fi) 



rxd+i 

Ja 






• • ) 



where a G (ud-fi, ftd+i). Using Fubini’s Theorem and integration by 
parts, one sees that Dd-\-i[G] = [gd-\-i]- The distribution S — T — [G] 
then satisfies Dd-\-iS = 0. 

Take x ^ &d+i)) such that x(^) dx = 1. If (f e ^((a, 6)), 

define (p G ^((a,b)) by 

<p(xu..,,Xd+i) = (p(xi,,..,Xd+i) - x(^d+i) / (f(xi,...,xd,t)dt 



Then, for every (xi, . . . , a:^) G 



f^d+l 

/ 0{xi,...,Xd,t)dt = O. 

•Iad+1 



Now set 



^(xi 



r^d+i 

, . . . , Xd-\-i) — I ^(xi , • • • 5 

As in the case d = 1, we have $ G ^((a, 6)) and 



Xd,t)dt. 



0 = (Dd+i5,^) = -(5,Dd+i^) = -(5,^), 



so that 

{5, ¥?} = {S, ip x)< 
where we have used the notation 



(f{xi,.. 




ip{xi,...,Xd,t)dt 



and 

® x(xi, • • . , a;<i+i) = ip(xi,. . . , Xd)x{xd+i)- 
Consider the distribution U G ^'(rij=i(«i.^j)) defined by 

(f/, ^P) = {T,rp^ x) for all V- € ^ {UU^CiJ , bj)) ■ 
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It is clear that the linear form U is indeed a distribution and that, if 
j G {1, . . . ,d}, 

{DjU, = -(r, {Dji,) ®x) = -{T, ® x)) 

= {DjT, V’ ® x) = V’ ® x)- 

Consequently, if j G {1, . . . , d}, we have DjU = [gj], where 

r^d+i 

9j(xi,,..,Xd) = / 9j{xi,...,Xd,t)x{t)dt. 

dad+i 

Thus U satisfies the induction hypothesis and there exists an element 
u G such that U = [u]. Now, for ip G ^((a, 6)), we 

have 

It follows that T = [/] with 
f (^1 ) • • • ) Xd-\-l) 

f^d+l 

= G{xi,...,Xd-^i) - / G{xi, . . . ,Xd,t)x{t) dt + u{xi, . . . , Xd). 

•'Od+l 

Thus / G C((a, 6)) and the derivative in the ordinary sense, df/dxd-^iy 
exists on (a, 6) and equals gd+i- One shows similarly that the other par- 
tial first derivatives of / in the ordinary sense exist and are continuous, 
which implies that / G b)). □ 

We deduce from this theorem an important uniqueness result. 

Theorem 2.7 Let U be a connected open subset ofR^ and suppose that 
T is a distribution on fl such that DjT = 0 for every j G {1, . . . , d}. Then 
T = C for some C G C. 

Proof By the preceding theorem, there exists / G (ft) such that T = [f] 
and Djf = 0 in the ordinary sense, for all j G d}. The result 

follows. □ 

Working by induction starting from Theorem 2.6, we see also that, for 
r G N and T G if D^{T) G C{fl) for every multiindex p of length r, 

then T G ^^(0). 

We will now study in more detail the case of dimension d = 1, starting 
with a characterization of distributions whose derivative is locally inte- 
grable. 

Theorem 2.8 Suppose that f2 is an open interval in R and that a G fi. 
Let T G &'{Q) and f G Ll^^{Q,). The following properties are equivalent: 

i. r = [/]. 
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ii. There exists C G C such that T = [F], with F(x) = C' -f f{t) dt. 

Functions of the form F{x) — C' -f- f{t) dt as above are called abso- 
lutely continuous on Q., Thus, a distribution has for derivative a locally 
integrable function if and only if it “is” an absolutely continuous function. 
Another way to say this is that, if / G the function F defined by 

F(x) = (7 -h f{t) dt is a primitive of / in the sense of distributions. 

Proof. Suppose = (a, 6). Take / G LjQ^((a, 6)) and let F{x) = f{t)dt. 
Then, for every (f G ^((a, 6)), 



Thus [F]' = [/] and the desired result follows from the uniqueness theorem 



Still in the case of an open interval ft = (a, b) in R, one can characterize 
distributions whose derivative is positive — which is to say, by Proposition 
2.3 on page 270, those whose derivative belongs to the space OT“‘“((a, b)) of 
positive Radon measures on (a, 6). Recall that, if a is an increasing function 
on (a, 6), we can associate to a a positive Radon measure on (a, 6), namely 
the Stieltjes measure da, and that we obtain in this way all elements of 
b)). (We saw this in Section 3 A of Chapter 2 (page 71) for the case 
(a, 6) = R, and it extends immediately to the case of an arbitrary open 
interval (a, 6).) 

Theorem 2.9 Suppose that ft is an open interval in R, and that T G 
^'{ft). If there exists an increasing function a on ft such that T = [a], 
then T' = da and therefore T' is positive. 

Conversely, if T' is positive, there exists an increasing function a on ft 
and a constant (7 G R such that T = [a + i(7]. 

Proof. Set ft = (a, 6). Let a be an increasing function on (a, 6). Take (p G 
&{ft) and let c, d be such that a < c < d < b and the support of </? is 
contained is [c, d\. For n G N* and A: G {0, . . . , n}, set 




Therefore, by Fubini’s Theorem, 




proved earlier (Theorem 2.7). 



□ 
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Then, by definition, 

/ pd 1 

ipda= / (p{x)da{x)= lim y^(p{xk){a{xk+i) - a{xk)). 
We perform a summation by parts. Since (p{c) = (p{d) = 0, we have 

n—l n 

</?(xfe)(a(a;fe+i) - a(xfc)) =^a{xk){‘fi{xk-i) - <p(xk))- 



k=0 

Consequently, 



k=i 



j <pda = - 

Using the Dominated Convergence Theorem, we obtain 

J ip da = — J (f'{x)a{x-^) dx. 

(Recall that a{x^) denotes the limit from the right of the function a at x.) 
Now, o:(x-^-) = a{x) except at a set of points x that is countable, and so of 
Lebesgue measure zero (see Exercise 6 on page 5). Therefore 

J (fda = - J (p'{x)a{x)dx, 

so da = [a]'. This proves the first part of the theorem. 

Now suppose that T' is positive. By Proposition 2.3 on page 270, T' is 
a positive Radon measure on 11. By Theorem 3.8 on page 73 (applied to H 
rather than R), there exists an increasing function a such that T' = da (we 
may assume a is right continuous). Then, by the first part of this proof, 
T' — [a]'. Now it suflaces to apply the uniqueness theorem (Theorem 2.7) 
to obtain T = [a + C], for C G C. The desired result follows by replacing 
a with a + Re (7 and C with Im C. □ 



Obviously, in the preceding theorem, we can assume that C = 0 if T is 
real — that is, if (T, (^) G R for every real- valued ip G 

We also see from Theorem 2.9 that every positive Radon measure of finite 
mass /X on R is the derivative in the sense of distributions of its distribution 
function F, defined by F{x) = /i((— oo, x]). Indeed, by Remark 1 on page 74, 
we have p, — dF. In particular, we recover the result that fi — F\x) dx if 
F is of class . 

The next theorem, applicable to a large class of functions of one vari- 
able, links the derivative in the sense of distributions with the ordinary 
derivative. 
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Theorem 2.10 Suppose that Ct is an open subset ofR and that f is a 
function on ft for which there exist points x\ < - •< Xn in Q. satisfying 
these conditions: 

- f is of class onfl\ {xi, . . . , Xn}. 

- For every j G n}, / has right and left limits at xj, which we 

denote by f{xj^) and /(xj_), respectively. 

- The ordinary derivative /' of ff defined on Q\ {xi, . . . , Xn}, belongs to 

LLm- 

Then 

j=^ 

Proof Considering separately each of the connected components of 17, we 
can assume that 17 is an open interval (a, 5). Put xq = a and Xn+i = b. 
Then, if (f G ^(17), we have 

<[/]'. f) = -([/]. v’O = - E / 

j=iO 

or yet, integrating by parts (and setting (p{a) = (p{b) = 0), 

_ZL / r^j+i 

([/]'> <p) = E ( / + 

j=0 

n 

+ Y^ip{xj){f{xj+) - f{xj-)), 

j=i 

which concludes the proof. □ 

By induction on p G N*, we deduce the following corollary. 

Corollary 2.11 Suppose that 17 is an open subset ofR and that f is a 
function on 17 for which there exist points x\ < • • • < Xn m 17 and an 
integer p G N* satisfying these conditions: 

- f is of class on 17 \ {xi, . . . , x^}. 

- For every j G {1, . . . , n} and every integer k G {0, . . . , p— 1}, the right 
and left limits of f^^^ at xj exist 

- The ordinary p-th derivative f^^^ of f, defined on 17 \ {xi, . . . , Xn}, be- 
longs to LLm- 




n p—l 



lf](p) = [/(p)] + 53 53 

j=l k=0 



Then 
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Examples 

The following examples are immediate applications of the two preceding 
results. 



1. Recall our notation = max(0, x). Then [x~^Y = Y. 

2. We also find that Y' = 6. More generally, if Ya = l[o,-hoo)) then Y^ = 6a- 

3. [|x|/2]" = (5. 

4. Let / be a function of class on R. Then 



p-i 

[y/)(p) = [y/(p)] + 

fc =0 

In dimension d > 2, Theorem 2.10 has the following partial generalization 
(see also Exercise 15). 

Theorem 2.12 Suppose that d>2 and, if (x 2 , . . . , Xd) G R^“^, write 
^X2,...,xd = G R : (xi, X2, . . . , x^) G ft}. 

Let f G Ll^^{fl) satisfy the following conditions: 

- For almost every (x 2 , . . . ,Xd) G R^“^, the map on ftx 2 ,...,Xd defined by 



Xl ^ f{Xi,X2,-.-,Xd) 



is continuous on ftx 2 ,...,Xd of class except at finitely many points 

of ftx2,...,Xd • 

- The ordinary partial derivative df/dxi, defined almost everywhere on 
n, is an element of Ll^^{ft). 



Then 



Dxlf] 



' K ' 

dxi 



Of course, an analogous result holds if we replace the subscript 1 by any 



Proof. Argue as in the proof of Theorem 2.10 and apply Fubini’s Theorem. 

□ 



Examples 

1* ifj'iy 

2. Set r = |x| = y/x\ H + x^ and Ri = {x G R^ : |x| < 1}. By Theorem 

3.9 on page 74 and Remark 2 on page 76, 



f r ^ dx = Sd [ r^ ^ ^ dr < +oo, 

J B\ J 0 



where Sd is the area of the unit sphere in R^ {sd = dwd-> where u)d — 
A(jBi) is the volume of Bi). As a consequence: 
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Proposition 2.13 The function x r ^ is locally integrable on 
if and only if a < d. 



Therefore we obtain, as a consequence of Theorem 2.12: 
- U a < d - 1 and I < j < d, 






\r^ J 






If d > 2 and I < j < d, 



Dj{\ogr) = ^ . 



(The local integrability of the derivatives follows from the preceding 
criterion and the fact that \xj\ < r.) 



Exercises 

1. Show that, for every distribution T on an open subset Q of and for 
every ij G {l,...,d}, 

DiDjT = DjDiT. 

2. a. For h G R^, let Th be the operator on &{R^) defined by 

{rhT,(p) = (T, (/?(• + /i)). 

If the distribution T is defined by a locally integrable function /, 
what does ThT correspond to? 

Show that 

lim = -DiT 

hi — >-0 

in ^'(R^). 

b. We say of a distribution T on R^ that it does not depend on the 
first variable (say) if r(^hi,o,...,o)T = T for every h\ G R. Show that 
T does not depend on the first variable if and only if DiT = 0. (See 
also Exercise 6 on page 324.) 

Hint. For any function (f G ^(R^), find the derivative of the function 
/ defined on R by 

/(hi) = {r(^hi,o,...,o)T, if). 

3. Let T be a distribution on R. Show that T is defined by a Lipschitz 
function if and only if T' G L^. (In particular, Lipschitz functions are 
absolutely continuous.) 

Hint. The “if” part follows from Theorem 2.8. To prove the “only if” 
part, use the first part of Exercise 2, the duality = (L^)', and the 
fact that & is dense in 
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4. Let T be a distribution on such that D^T = 0 for every multiindex 
p of length m + 1. Show that T is defined by a polynomial function of 
degree at most m. 

Hint, Work by induction on m. 

5. Let Q. be an open interval in R. 

a. Show that, if / is an absolutely continuous function on Q. and g G 

then gf is absolutely continuous on il and [gfY = [gJ-\-gfi]^ 
where fi is the element of defined by [/]' = [fi]. 

Hint. Write [gf] = g[f] and apply Leibniz’s formula. 

b. Let g be an absolutely continuous function on Q and suppose g\ G 
LJoc(^) satisfies [gY = [^i]. Show that there is a sequence {gn)neN in 

such that (^f^) converges to gi in and (gn) converges 

to g in C(0). 

c. Deduce from this that, if / and g are absolutely continuous on so 
is fg. Write down [fg]' in this case. 

6. Show that the map defined on ^(R^) by 



7. 




(p(a;, x) dx 



is a distribution. Find its support and its order, and compute 
a. Let a G R"*” \ N. Show that 



dT dT 
dxi ^ dx2 




b. Let m G N*. Show that 




(The finite part of a function x Y{x)/x^, where o > 0, was 
defined in Exercise 19 on page 279.) 
c. Use this to find the successive derivatives of ^p{Y{x)/x). 

8. Compute the second derivative, in the sense of distributions on R, of 
the function / defined by f{x) = max(l — |x|, 0). 

9. We denote by a the surface measure of the unit sphere in R^. Recall 
from Exercise 16 on page 83 that 






(f{cos6, sin 6) dO 



for all ^ G Cc(R^). 



We set /(x, y) — max(l — \Jx^ -\r O) and 




+ 2 / 2 )- 1/2 



if 0 < -f 2/^ < 1, 
otherwise. 
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a. Calculate df/dx and df/dy in the sense of distributions on (show 
in particular that these derivatives are functions). 

b. Take <f G &{R^) and set 'ip{p,0) = y?(pcos0, psinO). Show that 



//, 



d'lb 

-^pdp<W 

(0,1)x(0,27t) 



-!L 



x2+y2<l} y/x^+'i 



< d^p 



dxdy 



= {AfM- 



c. Deduce that A/ = cr — x in the sense of distributions. 

10. For r > 0, let ar be the surface measure of the sphere of center 0 and 
radius r in R^. Show that 



2d 
hm -T 

r->o+ 




in 

Hint Use the Taylor- Young formula and (after having proved them) 
the equalities 



J Xj d(Tr = 0, J XiXj d(Tr = 0 if i ^ j, J x^ dcTr = 

11. Let / be a real- valued function of class on R^, satisfying A/ = 0. 

a. For £ > 0, set -h /^)^/^. Compute Ape and show that it is a 

positive function. 

b. Show that pe tends to |/| in ^'(R^) when e tends to 0. 

c. Show that there exists a positive Radon measure p on R^ such that 
A|/| = pin ^'(R^). Show that the support of p is contained in 

d. Determine p by direct calculation when d = 2 and f{x,y) = xy. 

12. Let Q, = (a, 6) be an open interval in R. 

a. Let / be a convex function on ft. 

i. Show that, if ip E ^(R), 

(^" = lim h~^{Thip + T-h^ - 2(f) 
h^o+ 

in ^(R), where, if A; G R, Tk(p{x) = ip{x - k). 

ii. Deduce that [/]" is a positive Radon measure on Cl. 

b. Conversely, suppose that T is a distribution on Cl and that T" is 
a positive Radon measure on Cl. Show that there exists a convex 
function f on Cl such that T — [/] is a first-degree polynomial with 
coefficients in C, and that we can assume this polynomial to be zero 
if T is real in the sense of Exercise 1 on page 275. 

Hint Check that, if a is an increasing function on Cl and if c G f), 
the function / defined by f{x) = a{t) dt is convex. 
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c. Deduce that a function / is a difference of two convex functions if 
and only if it is continuous, real-valued, and [/]" is a Radon measure 
on (a, 6). 

13. Let fi be an open interval in R. Show that a distribution T on has 
as its first derivative a Radon measure on Q. if and only if there exists 
a function a of bounded variation on every compact interval contained 
in Q. (see Exercise 13 on page 93) such that T = [a]. (You might also 
recall Exercise 15 on page 94.) 

14. Let r G N. Show that 



lim 

iV^+oo 



N 



n=-N 






p€Z 



Hint Use Exercise 13 on page 277. 

15. Let Si be the unit sphere in R^ and let be its surface measure 
(page 74). For x = (a:i,...,Xd) G R^, write x = {x2,-..,Xd) G R^~^ 
and f = y/l — l^p. 

a. Take (p G C(5i). Extend p to the ball Bi = {x e : \x\ < 1} by 
setting 



fix) = ^((i - (i + y)¥’(^>^))- 



i. Show that the extended p is continuous on B\. 

ii. Show that, for r < 1, 




f (r^ - [fi-f, x) + <p(f, x)) dx, 



where Br = {x E : \x\ < r}. 

iii. Show that the map 



r i-> 



L 



(p{x) dx 



is left differentiable at the point 1, and find its left derivative. 
Deduce that 



j (f{x) dai (x) = j 



y(-f,x) + y(f,x) ^ 






iv. Show the same result with x = (xi, . . . , Xj-\^Xj^\^ . . . , Xd)- 

b. For p > 0, let Sp be the sphere of center 0 and radius p in R^ and 
let dp be its surface measure. Let / be an element of L|^^(R^) whose 
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restriction to \ Sp is of class C^. Take j G {1, . . . , rf}, and assume 
that (df/dxj) G Lj^^(R^) and that, for every x G Sp, the limits 

fl{x) = lim f{y), f^{x) - lim f(y) 

\y\>p \y\<p 



exist. 

i. Show that the functions and are continuous on Sp. 

ii. Show that 



DAf] 



dxj 






f-w. 



Hint. Reduce to the case p = 1 by setting fp{x) = f{px); then 
use the representation of the measure given in part a. 

iii. Use this result to compute A/ in Exercise 9. 

iv. State and prove a similar result when Sp is replaced by a hyper- 
plane in R^. 

16. Consider in ^'(R) the equation 



2xT' -T = S, 



(*) 



where S is the Dirac measure at 0. 

a. For an arbitrary integer j > I, express the distribution x5^^^ in terms 
of 

b. Determine the solutions of (*) whose support is {0}. (You might use 
the result from Exercise 4 on page 285.) 

c. Let T be a solution of (♦). Denote by U and V the restrictions 
of T to (0, +oc) and (— oo,0), respectively. Thus U G ^'((0, -hoc)) 
and V G ^'((— oc,0)). By computing {x~^^‘^Uy in ^'((0, -hoc)) and 

in ^'((— oc,0)), determine U and V. 

d. Show that, for every (A, /i) G R^, the distribution S defined by 

S{x) = Xy/xY{x) -h pyJ-xY{-x) 
satisfies 2xS' — 5 = 0. 

e. Deduce from this the general form of the solutions of (*). 



3 Fundamental Solutions of a Differential Operator 

Let P be a complex polynomial of degree m in d indeterminates: 

P{X)= Y, apXr...Xf. 

|p|<m 
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The linear map 

P{D) = Y, 

\p\<m 

which is a lihear combination of differentiation operators, is called a linear 
differential operator of order m with constant coefficients on 

For example, if P{X) = Xf-l \-X^, the operator P{D) is exactly the 

Laplacian on 

d pa 
3=1 3 

If P{D) is such an operator, we define a fundamental solution of P{D) 
as any distribution E G ^'(E^) such that P{D)E = S. This notion will play 
an important role in the next chapter. For example, if d = 1, the Heaviside 
function is a fundamental solution of the differential operator P{D) = D, 
since Y' = S. The next theorem shows that, if d = 1, every linear differential 
operator with constant coefficients has a fundamental solution. 

Theorem 3.1 Let P{X) = Y^^=o (^jX^ , where m G N* ai, . . . , ^ C, 

and am ^ 0. Let (p be the solution on E of the differential equation 

m 

=0 

j=0 

such that = 1 and (p^^\0) = 0 for every j < m— 2. Then E = 

{l/am)Y^ is a fundamental solution of P{D). 

Proof As a particular case of Example 4 on page 301, we have 

= [Y(p^^'^] for all k < m— 1, 

so that 



P{D)E = y = aj 



j=o 



>-j=o 



+ 5 = (5. 



□ 



Obviously, there is no uniqueness for fundamental solutions: two funda- 
mental solutions differ by a solution of the associated differential equation. 

We will now exhibit fundamental solutions of certain classical linear dif- 
ferential operators. 



3A The Laplacian 

Consider the Laplace operator, or Laplacian, in dimension d: 
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As before, we set r = |x|. 

Theorem 3.2 Let E be the distribution on defined by 



- E = r/2 if d=\, 

- E = ifd = 2, 

- E = 7T — ifd > 3. 

Sd{d — 2 ) 

Then AE = (5. 



Proof The case d — 1 was dealt with in Example 3 on page 301. 

Case d = 2. Suppose d = 2 and let f{x) = logr. Since the first deriva- 
tives of the function / do not satisfy the hypotheses of Theorem 2.12, we 
cannot use that theorem directly to compute the Laplacian in the sense of 
distributions. For this reason we approximate in the distribution 

[/] by a family {[fe]) of distributions defined by functions whose Laplacian 
we can compute by applying Theorem 2.12 to the functions fs and to their 
first-order derivatives. We then obtain the Laplacian A[/] by paissing to 
the limit. 

Thus we define, for e G (0, 1), a function fe by 

log r if r > e, 

-\-be if r < £, 

where Oe and be are real numbers chosen so that the function fe is of class 
on R^; that is, so that 

ae€^ -\-be = loge and 2aeS = 

Thus 

Now, if r < €, 

|a,r“ + 6,|=logl + l(l-(j)')<logi + i. 

We deduce that, for every a: e R^, 

\fe{x)\ < |logr|-h|; 
thus, by the Dominated Convergence Theorem, 



be = log£ - 



1 
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in At the same time, for j = 1,2, 



Ixj 



Xj/r^ if r > e, 
,jje^ if r < £. 



This function Djf^ satisfies, by construction, the hypotheses of Theorem 
2.12. We deduce that T)|[/e] = [^j], with 






ifr>e, 



U/«“ 



if r < £. 



Therefore 



Mfe] - ls(0,e)- 



An elementary calculation shows that 



lim 



1 



3 ls(0,e) - ^ 



e-^0 TTS 

in thus, by continuity in ^'(R^) of the operator A, 

A[/] = 27t5, 

which proves our result since E = //(27t). 

Case d = 3. We work as in the previous case. For £ > 0, set 

-2-^ if r > £, 

-{-be if r < e, 



fe{x) 



= 

\ae 



where and he are real numbers chosen so that the function fe is of class 
on R^; that is, so that (one concludes after some calculations). 



Thus 



a. = 



aeV^ + i 



2-d 



.-d 



be = -e 



^ 2-d 






which implies that 



0 < fe(x) 



Thus, by the Dominated Convergence Theorem, lim£_).o[/£] = [/] in ^'(R^), 
with f{x) — A calculation similar to the one carried out in the case 
d = 2 yields 

A[/e] = d(2 - d)£-%(o,,). 
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Now, 



d ^B(0,e) “ ^ 

e^O ^ 



in therefore, by the continuity of A, 

A[f] = dud{2 - d)S. 

Since dud = Sd and E = -f/{sd{d — 2)), the result follows. 



□ 



3B The Heat Operator 

We now place ourselves in the space R^~^^ = R x R^, a generic point of 
which will be denoted by {t, x). For c > 0, we define the heat operator ^ 
by 

^ d ^ d . 

j=l 3 

Theorem 3.3 For {t, x) G R x R^, let 

T{t, x) = l(o,+oo) W (4c7Tt)^^/2 ^ 

Then T G and = 6 in ^'(R^+^). 

Proof. For t > 0, we obtain, by applying the change of variables u — xj 
and then Fubini’s Theorem, 

f T{t,x)dx = f ( -^= [ e“® dx^ . 

V (27r)d/^ W^Jr J 

Since ~^= [ e~^^^^dx — 1 (a classical result), we get 
V27T Jr 

I F(t, x) dx = 1 for all t > 0, 

which in particular proves, by Fubini’s Theorem, that T G LUR^+^). Now 
take if G ^(R^"*"^). Then 

= — lim f f ^(t, x)F(t, x) dtdx. 
dg. djjjd at 



Integrating by parts, we get 
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\im( f [ (p{t,x)^{t,x)dtdx + f (^(£, x)r(£:, x) dxV 
£->^0 VJe J^d at J^d J 



{*) 



But, if t > 0, we have F(t,x) = t ^/^F(l, x/y/i). Therefore, applying the 
change of variables x = y/s u, we get 

/ (f{e^x)T{e,x)dx = I (p{e,y/eu)T{l,u)du. 

JR^ JRd' 

This expression tends to (^(0) jT{l,u)du = (^(0) as e tends to 0, by the 
Dominated Convergence Theorem. Moreover, F is of class on the com- 
plement of the set {t = 0} x and an elementary calculation shows that 
dT/dt = c AT (in the classical sense) on the set {t > 0} x therefore, if 

5 > 0 , 



f dT f 

/ (f{t,x) —{t,x)dtdx = I cip{t,x)AT{t,x)dtdx 

J{t>e}xR<^ J{t>e}xR^ 



L 



cA(p{t, x)T{t, x) dt dx 



{t>e}xR^ 

(again integrating by parts). Taking the limit, we deduce then from equality 
(*) that 

^r, v?\ = c(Ar,v?) + ¥j(o), 



and so that = 8. 



□ 



3C The Cauchy-Riemann Operator 

The Cauchy-Riemann operator is important in the theory of holomor- 
phic functions. It is denoted by d/dz and is defined, for d = 2, by 

dz 2 dy) ' 

In the sequel, we use the notation z = x 
Theorem 3.4 In ^'(E^), 



dz \1TZ 

Proof. We follow a method analogous to the one used in the proof of The- 
orem 3.2. For £ > 0, put 




fe 




1/z 

zje^ 



if lz| > £, 
if \z\ < e. 
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Then fe is continuous on and, by Theorem 2.12, 



with 



giA^’V) = •* 



d 

dx 


[fe] — [Pl,e]? 


1 IM = [92, .1. 




1 


if l^l > €, 


1 




if \Z: 


1 


if \z\ < €; 


92 ,e(a;, 2 /) = < 


1-^ 
1 £2 


if \z 



Thus 



d 



[fe]- 



72 ^B(0,£)> 



dz 

which tends to nS in when e tends to 0. We have \fe{x,y)\ < \/\z\, 

so the Dominated Convergence Theorem implies that [fe\ tends to [/] in 
^'(R^), with f{x,y) = 1/z. Therefore 



whence the result. 



□ 



Exercises 

1. Determine a fundamental solution of the differential operator defined 
on R by P{D) = D^-2D-3. 

2. Let T be the distribution on R^ defined by the characteristic function 
of the set {{x,y) G R^ : 0 < i/ < x}. Show that 

3. Let E be the fundamental solution of the Laplacian given in Theorem 
3.2. Define a function $ on (0, +oo) by ^(r) = E{x) and put 




if r > p, 
if r < p. 



Show that 

AE'^ = — 

Sd 

where cjp is the surface measure on the sphere of center 0 and radius p. 
Derive another proof of Theorem 3.2. 

Hint. Use Exercise 15b on page 305. In the case d = 3 (for example), 
you might also use the following more elementary reasoning: 



3 Fundamental Solutions of a Differential Operator 
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a. Reduce to the case p = 1. 

b. Take e G (0, 1). Determine real numbers a^, 6^, and such that the 
function defined by 

{ 1/t 

aet^ -h H- Cg if 1 — e < t < 1, 

^e(l — e) if0<t<l— € 

is of class on [0, +oo). 

Then show that the function is decreasing and that = l + (£/2) 
on [0, l-s]. 

c. Put El{x) = ^e{r). Show that the function is of class on 
and that the family of distributions {[El])e>o tends to [—AttE^] in 

d. Show that, for every e > 0, A[jE^] is a nonpositive-valued locally 
integrable function that vanishes on the complement of the set {x G 
R^ : 1 ~ e < r < 1}. Deduce that there exists a positive Radon 
measure a such that A[E^] = a. 

e. Show that a is invariant under orthogonal transformations, that the 
support of a is contained in the unit sphere Si in R^, and that 
f dcr = 1. Deduce that a = cri/(47r). 

Hint Use Exercise 17 on page 83. 

4. Fundamental solution of for fc G N*. We work in R^. 

a. Show that, if m G N* a G R, and 2m < a + d, 



A^r' 



/ m— 1 \ / ^ \ 

^ 7=0 / ^7 = 1 ^ 



-2m 



Deduce in particular that, if A; > 2, 



^k-1^2k-d 



(n(2j-d)): 



2'=-i(fc-l)!r' 



2-d 



b. Show that, if d is odd or d > 2A:, there exists a constant (which 
you should determine) such that 



c. Similarly, show that, if d is even and d < 2fc, there exists a constant 
such that 

A^{By^-^\ogr) = S. 

Hint In the case d = 2 and fc > 1, 

A^"i(r 2^“2 = 2^^“^((A;- 1)!)^ logr -f Cfc. 
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In the case d = 2d' with d' >2 and k > d', 

^ (A: - d')\r~^ 

and 






It follows in each case that, if we put d = 2d', 

lo2-2k (~^)^ 



= {sdr^2 



(fc-l)!(A:-d')!(d'-l)!' 



d. Deduce from the preceding calculations that, if 2k > d+1, then 
has a fundamental solution of class ( 72 fc-d-i 

5. Fundamental solution o/ A + A in for A G R. Denote by ar = 
(a:i,a: 2 ,X 3 ) a generic point in R^ and, as usual, write r = \x\, 

a. Take G C^([0, +oo)) and set f{x) = p{r)/r. 

i. Show that, if (^(0) = 0, the derivatives Djf and D^f in ^'(R^), 
for j G {1,2,3}, are locally integrable functions. Write them 
down in terms of (f, (^', and ip". Write down A/ as well, 
ii. Deduce an expression for A/ in the general case. 

Hint. Write f{x) = ~ + v?(0) 

r r 

b. Take A G R. Determine the fundamental solutions of the operator 
A + A having the form E\{x) = <p{r)/r. (Distinguish cases according 
to the sign of A.) 

c. Show that if A < 0 there exists a unique fundamental solution E\ 

such that lim|a.|_^_^oo = 0. Determine it. Show that this fun- 

damental solution satisfies E\{x) < 0 for all x G (R^)*. 

d. Show that E\ does not have constant sign if A > 0. 

6. Fundamental solution of the wave operator on R^. Let E\ be the distri- 
bution on R^ defined by the function 



f(t<iX) — 2 l{t>|xl}‘ 

Show that 

7. Fundamental solution of the wave operator on R"^. Denote by {t, x, y, z) 
a generic point in R^. If r > 0, denote by Sr the sphere in R^ of center 
0 and radius r, and by ar its surface measure. For ip G ^(R"^), write 

= (p{t,x,y,z)dcrs{x,y,z) 

^ ^ Is 
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a. Show that, for every ^ G 

and 



2 



Hint For the second equality, you might use the expression of the 
Laplacian in spherical coordinates and Exercise 16b on page 83. Re- 
call that, if we write 

X = r cos 6 cos (p, y = rsin 6 cos v?, z = r sin 

with 0 e (0, 27t) and (p e {j-'k j2), the Laplacian of a function 
/(x, y, z) = E(r, 0, (p) is given by 

dF\ 1 d^F 



A . 1 a / 2 ^f\ 1 d ( 

or \ or J r^cosip o(p \ 



■ + 



d(p J cos^ (p d0‘^ 



b. Show that the relation 

r+oo 



(Es, (p) = f t(p{t, t)dt = [ du for all (p G ^(R^) 

Jo 7r3 47t \u\ 



j) E3 = 6. 



/ij3 47 t|w| 

defines a distribution Es on R"* (in fact, a positive Radon measure) 
and that 

/ 02 q2 q2 

\ 0x2 Qy2 Q^2 

Hint If V : (s,t) v{s,t) is a function of class on R^, compute 
the derivative of the univariate function h defined by 

h{t) = - t^{t, t)-v{t,t). 

c. Show that the support of Es equals the set 

{(t, X, y, z) G R^ : = x2 -h 2/2 + and t > 0}. 

8. Fundamental solution of the wave operator on R^. Denote by {t,x,y) a 
generic point in R^. If r > 0, denote by Sr the sphere in R^ of center 0 
and radius r, and by cr^ its surface measure, 
a. Show that the relation 

{E 2 ,ip)=j V>{t,x,y)d<Tt{x,y,z)^dt for all e ^(R^) 

defines a distribution on R^ and that 

/ 02 02 02 \ . 

V0^" dx^ 02/2 ) ^2 

Hint Start by verifying that, for every compact subset K of R^, the 
set SuppEa Pi {K x R) is compact. Then use Exercise 7. 
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b. Show that E2 is given by the function 



E2{t,x,y) = 



(± L 

i 27T - X 

lo 



— 



ift> y/x^ + 2 /^, 
otherwise. 



<p{^yx^ + y^ + z^, X, y) 



Hint Show that 

{E2,^} = ^ ^x2+y2 + ^2 

and set 2; = y/t^ — 



dx dy dz 



9 

Convolution of Distributions 



1 Tensor Product of Distributions 

We start by proving two preliminary results, which are interesting in their 
own right. In the sequel, d and d' will denote integers greater than or equal 
to 1, while 0. and Q' will denote open sets in and . 

Theorem 1.1 (Differentiation inside the brackets) Let m G N and 

r eN, If T e and (p G x fl'), the map on defined by 

y>-^ {T,(p{-,y)) (*) 

belongs to and, for every multiindex p 6 N** of length at most r, 

= (**) 

for every y G O'. 

IfT G ^'(O) and cp G ^(0 x O'), the map^ defined in (*) belongs to ^(O') 
and the relation (**) is valid for all p G . 

Proof We carry out the proof in the case T G ^'^(O), (p G ^^“‘“'’(0 x O'). 
The other case is very similar. 

Case r - 0. Take T G ^'"^(0) and p G ^"^(0 x O'), and let K and 
K' be compact subsets of O and O', respectively, satisfying Supp<p C 
K X K'. Since, for every multiindex p of length at most m, the function 
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is uniformly continuous (being continuous and having com- 
pact support), and since all the functions (f{- ,y), with y e are sup- 
ported within the same compact K, we see that, if {yn)neN is a sequence 
in n' converging to y 6 the sequence of functions ((^( • ,t/n))neN con- 
verges to (p( • , y) in so the sequence ((T, ip{ • , 2/n)))neN converges 

to (T, • , 2/)). We deduce that the map y i-^ (T, (^( • , y)) is continuous on 

n'. Since its support is compact (being contained in K')^ this map does 
belong to Cc(fi') = 

Case r - 1. Take T G and ip G x fi'), and again let K 

and K' be compact subsets of 0. and f)', respectively, satisfying Sixpp if C 
K X K'. For 1 < j < d', let ej be the j-th vector of the canonical basis of 
. Take y G fi'. If a; G 0 and t ^ 0, we have 



ip(x, y+tcj) -y?(x,y) 
t 



^(x,y) < sup 

dyj t'€[o,t] oyj dyj 



Using the fact that dip /dyj is uniformly continuous, we easily deduce that 
the family of functions 



t 

converges in as t tends to 0, to {dip{' ,y))/{dyj). The reasoning 

we have used here for ip can be repeated without change for the partial 
derivatives {d^^^ip)/{dx^), for \p\ < m; therefore 

^{',y + tej)-ip{-,y) 
t 

converges to {dip{ • ,y))/(^yj) in ^"^(O), as t tends to 0. It follows that 

(T, ip{ > , y +tej)) - (T, ip { » , y)) 
t 

has the limit (T, {9ip{' ,y))/{dyj)) as t tends to 0; that is, the partial 
derivative 

^<r,v>(-,v)> 

exists and satisfies 

moreover this is the case for every y G O' and every j G {1, . . . , d'}. Since 
the maps y ^ (T, {dp{- ,y))/{dyj)) are continuous on II' (by the case 
r — 0), this shows also that y ^T, y?(-,y)) belongs to ^^(f)'), which 
concludes the proof in the case r — 1. 
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The general case follows from the two preceding ones by induction. □ 
Theorem 1.2 The vector space (8) spanned by the functions 

: (x,y) f{x)g{y), 

with f G and g G is dense in x f2'). 

Proof We use a lemma that allows us to approximate the convolution by 
means of a “discrete convolution” : 

Lemma 1.3 Suppose e For e > 0 and x G set 

ge{x) = £" 

Then Qe G Supple c Supp + Supp and 

lim — 



in ^(R^). 

Proof The function is defined by a finite sum whose number of terms 
depends only on e (since -0 has compact support). Since each of these terms 
is an element of ^(R’^) and is supported within Supp(/? + Supp^, the same 
holds for ge- At the same time, for every p G N^, 

D^ge{x) = D^(p{x - eu)'ilj{eu). 

Thus the result will be proved if we show that ge converges uniformly to 
(f ^ (for then we will be able to apply the same result to D^cp and '0 
instead of p and ip). 

Denote by || • || the uniform norm on R” and set N = maxjcesuppv^ ll^ll* 
By the Mean Value Theorem, there exists C > 0 such that, for every 
x,y,y' 



\ip{x - y)V’(j/) - ifix - y')‘>p{y')\ < C\\y - y'\\. 
For 1 / G set 

n 

j=i 

Then 

(fi * ip{x) = ^ Ifi{x- y)rp{y) dy, 

lkll<(JV/e)+i-'^' 
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SO that 

\(f*il){x)-ge{x)\ < ^ / \ip(x-y)ip{y)-(p{x-u£)ip{iye)\dy 

< C£"+Y2(y + l)+l j <C'e (for£<l), 



proving the result. □ 

Now consider two smoothing sequences, (Xn)nGN and (Xn)n€N, on 
and R^, respectively. Clearly, (xn ^ Xn)neN is a smoothing sequence on 
R^ X R^. Take (p G ^(0 x Q'). Then there exist compact sets K and K\ 
in Q. and compact sets K' and K[ in such that Supp(^ C K x K' and 
K C K\, K' C K[. By Proposition 1.2 on page 261, y? can be approximated 
arbitrarily close, in the metric space &KixK[{^ x t>y some function 
^*iXn^Xn)^ with n so large that K+SuppXn C Ki and X'+Suppxn C K[ 
(where, as usual, we identify with an element of ^(R^ x R^ ) by giving 
it the value 0 outside Q x il'). By the lemma, (p * (xn Xn) can in turn be 
approximated arbitrarily close, in the space &KixK[ x f2'), by a function 
of the form 



^d+d' ^ Xn{x- ev) Xn (y - £i>) ‘Piev, eu) , 

which lies in The result follows. □ 

By the same method or by induction, one shows that, if Q.j is open 
in R'^"' for each j G r}, then (8) • • • <8) is dense in 

^ {0.1 X • • • X Or). 

In what follows x will denote a generic point of R^ and y a generic point 
of R^'. If r is a distribution on O and if G ^{O), we write, if there is a 
risk of confusion in the space under consideration {O or O'), 

{T,<p) = {Tx, p{x)). 

Likewise, if 5 is a distribution on 0' and if i/? G ^{O'), we write {S,^)) = 

{Sy, il’iy)). 

Proposition 1.4 Suppose T G ^'{0) and S G &'{0'). There exists a 
unique distribution on Ox O', denoted T<S>S and called the tensor product 
of T and S, such that 



{T ® S, = (T, ip) {S, Ip) 

for all (p G &{0) and 'ip G &{0'). Moreover, for every G ^{0 x O'), 
(T ®S,p) = (Tx, {Sy, ip{x,y))) = {Sy, {Tx, p{x,y))). 
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Proof, Uniqueness follows immediately from Theorem 1.2. For existence, 
consider the linear map on ^{0. x O') defined by 

(f {Sy, {Tx, (f{x,y))). {*) 

This map is well defined, by Theorem 1.1. Let Ki be a compact subset of 
0x0', and let K and K' be compact subsets in 0 and O', respectively, 
such that Ki c K X K'. Take m, m' G N and C, C' > 0 such that 

\{T,<p)\<CM^^^ for all G ^k(O) 

and 

\{S,if)\ < for all G ^K-(n') 

(see Proposition 2.1 on page 268). Then, again by Theorem 1.1, there exists 
a constant C" > 0 such that 

|(5y, {T^,<p{z,y)))\ < for all ip G x n'). 

Thus, the linear map defined in (*) is indeed a distribution on 0 x O' 
satisfying the indicated condition, namely 

{Sy, {T,,if{x)x{>iy))) = {T,p) {S,^) 

for all (f G ^(0) and xj; G ^(0'). One argues likewise for the expression 
(Tx, {Sy,(f{x,y))), interchanging the roles of x and y. □ 

We see simply that, if / and g are locally integrable functions on 0 and 
O', respectively, then [/] (g) [g] = [/(g)p]. Similarly, the tensor product in the 
sense of distributions of two complex Radon measures equals their tensor 
product in the sense of measures. All of this follows from Fubini’s Theorem. 

From the definition we see also that, if T and S are distributions on 0 
and if G ^(0 x O) is such that ip{x, y) — (p{y, x) for every (x, i/) G 0 x O, 
then {T S, ip) = {S ^ T, (p). 

Proposition 1.5 Suppose T G ^'(0) and S G ^'(0'). Then: 

i. Supp(T (g) S) = (SuppT) X (Supp5). 

ii. For any p G and ^ G , 

d^xdl{T^S) = {d^,T)^{dlS). 

Proof. If ip is supported within (H\ SuppT) x O', the support of ip{ • ,y), 
for every p G O', is contained in O \ SuppT. Therefore 

(T® 5, if) = {Sy, {Tx,if{x,y))) = 0. 

It follows that the support of T (g) 5 is contained in SuppT x O'; similarly. 
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it is contained in x Supp 5, and so also in the intersection of these two 
sets, which is SuppT x Supp 5. 

Conversely, if {x,y) G SuppT x Supp 5 and if {x,y) ^ Supp(T (g) S'), let 
O denote the complement of the support of T (g S in x Q'. Then there 
exist open sets 0\ and O 2 containing x and y, respectively, and such that 
O D Oi X 02- By the definition of x and y, there exist G ^(Oi) and 
'ip G ^( 02 ) such that (T, (^) ^ 0 and (S, t/?) ^ 0. But then p e ^{O) 
and {T S, p (S> 'ip) ^ 0, which contradicts the definition of O. Therefore 
SuppT X SuppS C Supp(TgS), and the first assertion of the theorem is 
proved. 

Next, p e and 'ip G 

{dPdliT = (_i)lpl+kl (T ® 5, ® (^V’)> 

= {-l)M+M{T,d^<p){S,d^y4>) 

Now just apply the denseness theorem (Theorem 1.2) to obtain the second 
part of the theorem. □ 

One can, in a completely analogous way, define the tensor product of 
finitely many distributions. The tensor product thus constructed is asso- 
ciative. 



Exercises 

1. Suppose T G ^'^(n) and S G ^'^(0'). Show that 

Tg5G^'^-^^(0xn'). 

and that in this situation the formulas in Proposition 1.4 are valid for 
every p G x Q'). 

2. Show that, if T is a distribution on fi, the map S ^ T <S) S from ^'(f7') 
to X n') is continuous (in the sense of sequences). Show also that, if 
5 is a distribution on fi', the map T i-> Tg S' from ^'(O) to &'{Q. x Q') 
is continuous (in the sense of sequences). 

3. Homogeneous distributions. Let O be an open set in such that 

Xildil for all A > 0. 

If T G and A > 0, define a distribution T\ on Q. by 

{Tx, if) = ifi ■ /A)) for all <p € 



a. Determine T^ if T G LJq^(D). 
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b. A distribution T on is said to be homogeneous of degree a G R if 

Ta = A"T for all a >0. 

Show that a distribution T on ft is homogeneous of degree a if and 
only if it satisfies Euler equation in ^'(ft): 

d 

^ V Xj Dj T = olT. 

Hint You might use Theorem 1.1 to compute the derivative of the 
function A (A~"T\, (p). 

c. Show that the only homogeneous distributions on R having support 

{0} are those of the form with A G C* and fe G N. Determine 

their degrees. 

Hint Use Exercise 4 on page 285. 

d. Show that pv(l/x) is a homogeneous distribution on R and find its 
degree. What about fp(y(x)/a:) ? 

e. Determine all homogeneous distributions of degree 0 on R. 

f. Let T be a homogeneous distribution of degree a on ft and S a 
homogeneous distribution of degree on ft'. Show that T (g) 5 is a 
homogeneous distribution of degree a + /? on ft x ft'. 

g. Show that the distribution (a:)) 0(5' on R^ is homogeneous; find 
its degree and order. 

4. a. If J C {1, 2, . . . , d}, denote by the distribution defined by 

where Y/ = Y (the Heaviside function) if i G J and Y/ = 5 other- 
wise. What differential operator is a fundamental solution of? 

b. Compute the p-th derivative of the function / defined by f{x) = 
x^Y(x). Deduce a fundamental solution of the one- variable differen- 
tial operator for p G N. 

c. Determine a fundamental solution E of the d-variable differential 
operator where p = (pi, . . . ,Pd) G N^. 

If Pi = P 2 = • • • = Pd = A: with fc > 2, prove that has a funda- 
mental solution of class in R^. 

5. Show that the following relation defines a distribution T on R^: 

(T, = lim ff ^ for all ip e 

Show that T = pv{l/x) 0 pv(l/p). What is the order of T? 

Hint Introduce (p{x, y) — (p{x^ 0) - (^(0, y) -f (p(0, 0). 
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6. Distributions that do not depend on a certain variable. (See also Exercise 
2 on page 302.) Let T be a distribution on where d> 2. 

a. Suppose that {dT)/{dx\) = 0. 

i. Show that, for every C there exists a constant S{'ip) 

such that 

(T, = 5{^) f (f{x)dx for all (f e &{R). 

Jr 

Hint. Fix ^ and prove that the linear form U defined on &{R) 
by 

(p) = (T, for all (p G ^(M) 

is a distribution and that U' — 0. 

ii. Show that the map 'ip S{'ip) is a distribution on ^ and that 

T - 1 (8) 5. 

Hint. Take x C &{R) such that f xdx = 1. Then 
S{xp) = (T, x(8)'0). 

b. Show that, conversely, if there exists S G &'{R^~^) such that T = 
1 (g) 5, then (dT)/{dxi) = 0. 

7. Let T be a distribution on R^, where d>2. Show that X\T = 0 if and 

only if there exists S G such that T = S <S) S. 

Hint. Argue as in Exercise 6 and use Proposition 1.4 on page 289. 



2 Convolution of Distributions 

2A Convolution in S' 

We define first the convolution product of distributions with compact sup- 
port on R^. 

Let T and S be elements of S'(R"^). We know from Proposition 1.5 
that T (g) 5 is a distribution on R^ x R^ with a compact support that 
coincides with SuppT x Supp5. On the other hand, if G ^(R^), the 
function defined on R^ x R^ by (x, y) ^ p{x 4- y) belongs to (R^ x R^). 
Proposition 3.3 on page 282 then says that the bracket {Tx^Sy, p{x -\-y)) 
is well-defined. Moreover, the map from ^(R^) to ^(R^ x R^) that takes 
p G ^(R^) to {x, y) p{x H- y) is clearly continuous. This leads to the 
following definition: 

Definition 2.1 If T, 5 G <f'(R"^), the convolution of T and S is the 
distribution T * 5 defined by 

(T *S,^p) = (T^0Sy, <f(x+y)) for all ^ e ^(K^. 
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Proposition 2.2 //T, S' G then T * S ^ and 

Supp(T * S) C Supp T -h Supp S. 

The convolution product is a commutative and associative binary operation 
in having S {the Dirac measure at 0) as a unity element In other 

words j the convolution product makes the space into a commutative 

algebra with unity. 

Proof. Let (f G &{R^). x ^ Supp<^ — SuppS, then 

Supp (f{x + • ) n Supp s = (Supp (f - x) n Supp s = 0, 

so {Sy,(f{x + y)) = 0. Thus, Supp(Sy,(/?(- + y)) C Supp ip - SuppS. It 
follows that, if the support of T does not intersect Supp (/?— Supp S, we have 
(T* S, <^) =0 and therefore Supp(T* S) C Supp T+ Supp S. The rest of the 
proposition follows immediately from the results proved in Section 1. □ 

As a consequence of Proposition 1.5, we have the following fundamental 
property: 

Proposition 2.3 //T, S G and j G {1, . . . , d}, then 

Dj{T * S) - {DjT) *S = T* {DjS). 

Obviously, this result extends to every differential operator P{D), of any 
order: if T,S G <?'(R^), then 

P{D){T * S) = (P{D)T) * S = T * {P{D)S) 

for every polynomial P with complex coefficients. 

2B Convolution in 

One cannot hope to define a convolution product on all of that extends 
the convolution product of functions, because, in general, two locally in- 
tegrable functions are not convolvable: for example, 1*1 has no meaning. 
We will define the convolution product in in case the supports satisfy a 
condition that we now introduce. 

Definition 2.4 We say that a family of closed subsets Fi, . . . , Fn of R^ 
satisfies condition (C) if, for every compact subset K of R^, the set 

G Fi X • • • X Fn : x^ \- x'^ e K} 

is a compact subset of (R^)^. 

Obviously, we could have written this condition with “bounded” instead 
of “compact”. 

Let’s first give some examples and simple properties. Most of the proofs 
are left as exercises. 
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1. Suppose (Fi, . . . , F^) is a family of nonempty closed sets that satisfies 
condition (C). Then every family of closed sets (Fj, . . . , F^), where 1 < 
p <71 and Fj for all j E {1, . . . ,p}, also satisfies (C). 

2. Clearly, every family of compact subsets satisfies condition (C). 

3. If (Fi, . . . , Fn) satisfies condition (C), so does the family (Fi, . . . , F„, L), 
for every compact L in Indeed, if FT is a compact subset of 

E FiX.--xF„xL : -h* • • + E FT} 

C {(x^...,x^) EFiX...xFn : x^ + • • - + x^ E FT-L} x L, 

and the set F" — L is compact. 

It follows by induction that a family of closed sets all or all but one of 
which are compact satisfies property (C). 

4. Let F be a closed subset of containing a one-dimensional subspace 
IRu of where u ^ 0. Then the family (F, F) does not satisfy condition 
(C). Indeed, the set 

{(x\ x^) E Ru xRu : x^ + x^ = 0} = {{tu, -tu) :teR} 
is unbounded. 

5. If a, 6 E R, the family ((— oo, a], [b, +oo)) does not satisfy condition (C), 
By Example 1 and because R D (— oo, 0], neither does the pair (R, R“’“). 
By contrast, for every ai, . . . , On ^ the family 

([ai,+oo), [a„,+oo)) 

satisfies (C). In particular, (R'*', . . . ,R'*’) satisfies (C). For a generaliza- 
tion to dimension d, see Exercise 4 on page 335. 

6. If (Fi, . , . , Fn) satisfies condition (C), the set Fi + - • • + F„ is closed. 
(Recall that, in general, the sum Fi -h F 2 of closed sets Fi and F 2 need 
not be closed.) 

7. If (Fi, , , . , Fn) satisfies condition (C) and if (/, J) is a partition of the 

set {1, . . . ,n} (that is, / n J = 0 and I U J = {1, . . . ,n}), then the 
family {Fj.Fj) satisfies (C), with F/ = Ylkei ^ 

The next step in the construction consists in extending the braeket. If 
^E ^(R^), the expression (T, ip) has so far been defined only when T is a 
distribution with compact support on R*^ (see Proposition 3.3 on page 282), 
The next proposition allows us to extend this definition to the case where 
SuppT n Supp(^ is compact. 

Proposition 2.5 Let Q be open in R'^, Let T E and cp E ^{Q) be 

such that Supp T P Supp cp is compact. Then, if p E ^{Ct) is a function 
taking the value 1 on an open set containing Supp T D Supp (p, the value of 
{T,pp) does not depend on p. 
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This value is denoted by {T,(p), 

Proof. Take p C ^{Q) such that p = 0 on an open set containing SuppTfi 
Supp (f. Then the support of p is contained in the complement of Supp T fl 
Supp(^, and therefore 

Suppp(^ C Supp(^ n (R^ \ (Supp Tn Supp ^)) = Suppy? n (R^ \ SuppT), 
which implies that (T, p(p) = 0. 

Consequently, if p and p are functions in ^{fl) that coincide on an open 
set containing SuppT D Supp(^, we have (T, pip) = (T, pp). □ 

Naturally, if T G ^'(0) and p E we recover the meaning of the 

brackets defined in Proposition 3.3 on page 282. If T G ^'(H) and p G 
we recover the usual meaning of the brackets. 

Note that we can define similarly the value of (T, p) for T G and 

p G if SuppT n Suppp is compact. 

We can now define the convolution product of a family of distributions 
whose supports satisfy condition (C) of Definition 2.4. We will say from 
now on that such a family of distributions itself satisfies condition (C). 

Proposition 2.6 Let (Ti, . . . , Tn) be a family of distributions on R^ sat- 
isfying condition (C). 

1. If p ^ ^(R^), we define a function p on (R^)’^ by 

p{x^,...,x'^) = p{x^ H 

Then p G ^((R^)’^) and Supp(Ti<8) • • • 0Tn) Pi Supp^ is compact. The 
map defined on by 

p (Ti (8> * • • ^Tfij p) 

is a distribution on R^, denoted Ti ♦ • • **Tn and called the convolution 
o/Ti,...,Tn. 

2. For each I > 0, let pi G ^(R^) be such that pi = l on B(0, 1). For every 
open bounded set fl m R“, there exists a real number I > 0 such that 
the restrictions o/Ti * • • • * T^ and of {pvTi) * • • • * {pvTn) to O coincide 
for every V > I . In particular , 

Ti*--*Tn— lim (p/Ti) ♦ • • • * {piTn) 



in ^'(R"^). 

In the preceding statement we have piTj G ^'(R^), so the convolution 
(piTi) * • • • * (piTn) is defined in the sense of Section 2A. Indeed, the pre- 
ceding definition coincides with Definition 2.1 when all distributions have 
compact support. 
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Proof. Let Q be a bounded open set in and an element of &{Q). We 
know that Supp(Ti (g) • • • (g) T^) = Supp Ti x • • • x Supp Tn, so 

Supp(Ti (g) • • • g) Tn) n Supp if 

C {(a:\ . . . , x^) e SuppTi x • • • x SuppT^ : H \-x'^ e H}. 

By condition (C) , we deduce that Supp(Ti (g • • • (g ) PI Supp is a compact 
subset of (E^)^ contained in a compact Kq that depends only on D, not on 
^p. Thus, (Ti g) • • • g) Tn, (^) is well defined and coincides with (Ti g • • • g) T^, 
{pi<S>--<S>pi)0) if Kq C (B(0,/))^. Now, 



(Ti g • • • g Tn, (pz g • • • g pi)(f) = {piTi g • • • g piTn, (f) 

= {{piTi) * - • * (piTn), p). 

This shows that Ti * • • • ♦ Tn is a distribution, and proves the second part 
of the proposition as well. □ 

We now state the essential properties of the convolution product in 

Proposition 2.7 1. If (T, S) satisfies condition (C), then T ^ S = S . 

2. If (Ti, . . . , Tn) satisfies (C), then 

Supp(Ti * • • • ♦ Tn) C Supp Ti H h Supp Tn. 

3. S*T^T*SforallTe &'{R^). 

Proof The second part of Proposition 2.6 allows us, by passing to the limit, 
to reduce the problem to the case of distributions with compact support, 
for which these properties were stated in Proposition 2.2. The reasoning is 
straightforward for the proof of parts 1 and 3. We spell it out for part 2. 

If (Ti,...,Tn) satisfies (C), then, by property 6 on page 326, the set 

F = Supp Ti H h Supp Tn is closed. On the other hand, if / > 0, we 

have Supp(pzTj) C SuppT^ for every j G {!,..., d} (in the notation of 
Proposition 2.6); thus, by Proposition 2.2, Supp((pzTi) * • • • * (p/Tn)) C 
F. We deduce that, for every (f G ^(E^) satisfying Supp ip C E^ \ F, 
Proposition 2.6 yields 



(Ti * • • • * Tn, <p) = lim {{piTi) * • • • ♦ (pzTn), ip) = 0. 

/^+oo 

Therefore E^ \ F is a domain of nullity of Ti * •••♦ Tn, which proves part 2 
of the proposition. □ 

Proposition 2.8 (Continuity) Let (Tn)neN be a sequence in ^'(E^), 
and letTj S belong to &'{R^). Suppose that the sequence (Tn)neN converges 
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to T in that there exists a closed set F in R^ such that Supp Tn C F 

for all n E N, and that (F, Supp 5) satisfies (C). Then 

lim Tfi * S = T * S 

n->+oo 



in 

Proof. Take ip e As above, write ip{x,y) = (p(x + y). Since the 

family (F, Supp 5) satisfies (C), the intersection Suppc^ fl (F x Supp 5) is 
compact. Let p G ^(R^ x R^) satisfy p = 1 on an open set that contains 
this compact. Then, by definition, 

{Tn*S, (f) = {{Tn)x, {Sy,p{x,y)(f{x,y))). 

Since the map x i-> (5y, p{x,y)ip{x,y)) belongs to we deduce that 

liin {T„ *S,(p) = (Tx, {Sy, p{x, y)(p{x, y))) = {T*S,(p), 

n— >i-(X) 

which is the desired result. □ 

Obviously, this result extends to families (Ta), with A Aq (where A 
runs over a subset of R and Aq E [— 00 , 00 ]). 

The next proposition explicitly defines the convolution product. 

Proposition 2.9 Suppose (T,S) satisfies property (C). Then, for every 
(f E ^(R^), the function (f on R defined by 

(fi{x) = {Sy, p{x + y)) 

belongs to the intersection Supp^nSuppT is compact, and 

{T *S,p) = (T, p) = <Tx, {Sy, p(x + 2 ,))). 

Proof Put K = {{x,y) E SuppT x Supp 5 : x + y E Supp(p}. Then the 
support of 0 is contained in Supp (p— Supp S and (Supp (p— Supp 5)flSupp T 
is the projection of K on the first factor. Therefore Suppcp fl SuppT is 
compact. At the same time, if pi E ^(R^) satisfies pi = \ on F(0, /), the 
function 

pi0:x^ {Sy, pi{x)(f{x + y)) 

belongs to ^(R^), by Theorem 1.1. Therefore (p is of class on B{0,1) 
for every Z > 0, which is to say that (p E ^(R^). 

At the same time, by Proposition 2.8, 

(T :¥ S, (p) = lim lim {piT * p^S, (p) 

Z->+oo 

= lim lim (T^, pi{x){Sy, pi'{y)(p{x + y))). 

Z-)>+oo r— >-|-oo 
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Now, if J5(0, /') D Suppc^ - Supppi, we have 

Supp{(f{x -\- ‘)) C B{0, Z') for every x C Suppp/. 

Therefore pif{y)(p{x -\-y) = (f{x -|- y). We deduce that 

{T*S,if)= lim (Tx, pi{x){Sy, (p{x + y))). 

Z— >-+oo 

By definition, if B(0, Z) D Supp(^ fl SuppT, then 

{Tx, pl{x){Syj (f{x -h ^))) = (Tx, {Sy<) (p(x + t/))), 

which proves the result. □ 

This result can be extended to the case where T e S G 

and (p G see Exercise 7 below. 

Corollary 2.10 Let f and g be elements o/Lj^^(R^) whose supports sat- 
isfy condition (C). Then f and g are convolvable in the sense of the defi- 
nition on page 171; moreover f*geLl,{R'^) and 

if] * b] = [/ * if]- 

Proof. For every ip € 

x-y)\ |5(y)| \p{x)\dxdy = jj |/(x)| |g(y)| \tp{x-\-y)\dxdy 

(because Lebesgue measure is invariant under translations); the term on the 
right is finite because the supports of / and g satisfy condition (C). This 
proves that / and g are convolvable and that f * g E Lj^^(R^). Moreover, 
if G ^(R^), we have 

([/ * g], ‘p) = j /W g(y)p(^ + v) 

by Fubini’s Theorem, and this quantity equals ([/] ♦ [g], p) by Proposition 
2.9. □ 

Proposition 2.11 (Associativity) Let {Ti,T 2 ,Ts) be a family of distri- 
butions onR^ satisfying (C). The distributions (Ti*T2)*T3 andTi*{T 2 ^Ts) 
are well-defined and coincide. 

Proof. By property 1 on page 326, the distributions T\ ♦ T2 and T 2 * T3 are 
well defined and, by Proposition 2.7, 

Supp(Ti*T2) C SuppTi+SuppT2, Supp(T2*T3) c SuppT2-hSuppT3. 

It follows then from properties 1 and 7 on page 326 that the distributions 
(Ti * T2) * T3 and T\ * (T2 ^T^) are well defined. 
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In view of this we obtain, by applying Proposition 2.8 several times, 

(Ti * T 2 ) * Ts = lim lim lim {pi^Ti * P 12 T 2 ) * PI 3 T 3 , 

tl— >-|-(X) I 2 — >■-1-00 Z 3 — >-|-oo 

where, for Z > 0, we have pi G ^(R^) and pi = 1 on Because the 

convolution product is associative in ^'(R^) (Proposition 2.2), we get 

{PhTi * PI2T2) * PI3T3 = PhTi * {pi^T2 * pisTs)- 
Then it suffices to use Proposition 2.8 several times again to obtain 



(Ti * T2) * T3 = Ti * (T2 * T3). □ 

The same reasoning shows that, if (Ti,...,Tn) satisfies (C), one can 
compute the product Ti * • • • * by grouping the terms in any desired 
way. On the contrary, if {Ti,T 2 ,Ts) does not satisfy (C), the distributions 
(Ti * T 2 ) * T 3 and Ti * (T 2 * T 3 ) may both be defined but not be equal; see 
Example 4 below. 

Proposition 2.12 If (Ti, . . . ,T^) satisfies condition (C), we have 

Dj{Ti * • • • * Tn) = Ti * • • • * Tk-i * DjTk * - 

for all j G {1, . . . , d} and fc G {1, . . . , n}. This remains so if we replace Dj 
by an arbitrary differential operator of the form P{D). 

Proof Note first that SuppjD^Tfc C SuppTfc, so the two sides in the equal- 
ity above are well defined (see property 1 on page 326). By associativity 
and commutativity, it suffices to show that, if (T, 5) satisfies (C), then 
Dj(T * 5) = (DjT) * S. We already know this is so when T and S have 
compact support (Proposition 2.3 on page 325). The general case follows by 
passing to the limit, using Proposition 2.8 and the continuity in ^'(R^) of 
the map T DjT (as well as the formula for the derivative of a product): 

Dj{T * S) = lim lim DApiT * pi,S) 

Z'-^-f-oo Z— >-fCXD 

= lim lim (piDjT^pi>S)-\- lim lim {{D j pi)T ^ pi> S) 

V — >-f-oo I — >-|-oo V — >-f-oo I — >-}-oo 

= DjT * 5, 

where the latter equality comes from the fact that \imi-^^oo{Djpi)T = 0 . 

□ 



Examples 

1. Let P{D) be a linear differential operator with constant coefficients. 
Then, for every T G ^'(R^), 



P{D)T = {P{D)5)*T. 



332 



9. Convolution of Distributions 



2. Suppose T e and a e The translate of T by a, denoted 

by r„T, is the distribution defined by 

(r„T, <p) = {T, T^a<p) for all ip € ^'(R% 

where, for every function /, Taf is the translate of / by a: that is, 
Taf{x) = f{x — a) (see page 169). One easily checks, using the in- 
variance of Lebesgue measure under translations, that Ta[f] = [ra/] if 

/ e 

One deduces immediately from the definitions that 

TaT = Sa*T. 



In particular, if d = 1, 

T' = S' *T= lim ♦ T 

h — ^0 h 



(see equation (*) on page 293); equivalently, 



T' = lim 

h — >^0 



T-thT 

h 



3. Let (Tr be the surface measure on the sphere in having center 0 and 
radius r. In view of Example 1 above, we deduce from Exercise 10 on 
page 304 that, for every distribution T on R^, 



AT= lim - 
r->0+ r 






Thus, if 

nr* 

T = T* ^ 

for every r > 0 (or at least for r sufficiently small), we have AT = 0. 
(In this case we say that T is a harmonic distribution.) The converse 
also holds; see Exercise 1 on page 344. 

4. One easily checks that (1 * d') * T = 0 and 1 * (5' * F) = 1, which shows 
that the convolution product is in general not associative. 



2C Convolution of a Distribution with a Function 

Proposition 2.13 Consider T G ^'(R^) and f G ^(R^), and suppose 
(T, /) satisfies condition (C). Then T* f E ^(R^) and, for all x G R^, the 
intersection Supp/(x - • ) fl SuppT is compact and 

T*f{x) = {TyJ{x-y)). 

This remains true if T E and f G ^"^"^^(R^) {with m,r E N), 

except that in this case T * f E <f^(R^). 
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Proof. For each / > 0, we again fix an element pi of equal to 1 

on B(0,n. Take T G and / G (or T G and 

/ G and suppose that (T, /) satisfies (C). For every compact subset 

K of R^, the set 

k = {{x,y) G Supp/ X SuppT : x + y e K} 

is a compact subset of R^ x R^. Denote by K' its projection on the second 
factor; then K' is compact in R^. For every x G X, 

Supp(/(x — • )) Supp T = {x — Supp /) n Supp T 

= {y G SuppT : G Supp/ such that 2/ + ;2^ == x} 

CK'. 

Now take I > maXxeK |a:| + max^^K' \y\- For every x e K, the function 

y pi{y)pi{x — y) equals 1 on an open that contains K'^ so 

(Ty, f{x-y)) = (Ty, pi{y)pi{x -y)f{x -y)) for all x G K (*) 

Since the function {x,y) i-> pi{y)pi{x — y)f{x — y) lies in ^"*+''{R‘^ x R*^) 
(or ^(R*^ X R*^), as the case may be), we deduce from Theorem 1.1 that the 
function x {Ty, f{x — y)) is of class (or C°°) in K. This reasoning is 
valid for every compact subset K of R*^, so the function belongs to <^’’’(R'*) 
(or ^(R^*)). 

Now consider (f G ^(R**). By the definition of the convolution product 
in <#''(R‘*), 

{(piT) * (pif), if) = {{piT)y, {(pif)x, <p{x + y))) 

= (ry, Pi{y) j pi{x)f{x)(p{x + y)dx'^ 

= (ry, pi{y) J pi{x - y)f(x - y)(p{x)dx'^ 

= {(f{x) ® Ty, pi{y)pi(x - y)f{x - y)) 

= J V>{^){Ty, Pi{y)pi{x - y)f{x - y)) dx. 

Now, applying equality (*) to the compact K = Suppif, we see that, for 
I large enough, 

{Ty, pi{y)pi{x - y)f{x - y)) = {T, f{x - ■ )) for all x G Suppi^. 
Therefore, making I go to infinity, we obtain, by virtue of Proposition 2.6, 

{T* f, if) = j (p(x){T, f{x - ■ )) dx, 

which concludes the proof. □ 
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Remarks 

1. In particular, consider a complex Radon measure // on and a map 
/ C C(M^) such that (Supp//, Supp/) satisfies (C). Then E C'(R^) 
and 

M * fix) = J f{x — y) dfi{y) for all x G 

For an extension to the case / G see Exercise 10 below. 

2. Take T G and / G such that (T, /) satisfies (C), and recall 

from page 169 the notation /, defined by f{x) = /(-a:). By Proposition 
2.13, (T, /) is well defined and 

More generally, if T G we define a distribution f by 

(T, if) = (T, (f) for all v? C ^(R^). 

Clearly, Suppf = -SuppT. Therefore, if (T, 5) satisfies (C), so does 
(T, 5). Moreover, 

{T*Sj=f*S. 

This follows immediately from the definition of the convolution product 
(Proposition 2.6) and from the obvious fact that (T (g) 5) = T 0 5. 

As a consequence, by the associativity of the convolution product, we 
conclude that, if (T, 5) satisfies (C), we have, for every ip G ^(R^), 

(T * 5, = T * 5 ♦ (p (0) = T * (5 * (0) = T * (5 * v?)' (0) 

— (T, S ^ ip) ~ (Tc, (Sy, ip[x + y)))* 

We thus recover Proposition 2.9. 

We now give an application of Proposition 2.13 to the smoothing of 
distributions. 

Proposition 2.14 For every open m R^, the set &{fl) is dense in 
In other words, every distribution on H is the limit in of a 

sequence of elements o/^(0). 

Proof Let Q be open in R^, and let {Kn)nen be a sequence of compact 
sets exhausting For every n G N, take (pn G &{fl) such that = 1 
on Kn. Also let (Xn)neN be a smoothing sequence in R^ and (Xprx)neN a 
subsequence such that Supp 9 ?„ + SuppXp„ C Q for every n G N. 

Take T G and write ipn = {<PnT) * Xp« every integer n G N. 

(The distribution (pnT has compact support in H and so can be identified 
with a distribution on R^ with compact support, as explained on page 283; 
see particularly Equation (*) on that page. Thus the convolution product 
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{(PnT) * Xpn make sense.) By Proposition 2.13 and our assumption 
on the supports of and Xpn^ we have 'ipn C &{Ct). We will show that 
the sequence {'ipn)n£N converges in to T, and this will prove the 

proposition. 

To do this, take if G By definition, 

(V’n.V’) = H>n{x) j XpAy)v(x + y) dy^ = (T, ^n{>P*XpJ)- 

Now, for n large enough, Supp((^ * Xp^) C Supp(f — SuppXpn ^ so 
* XpJ = <P * Xp„ > whence 



The sequence {(f * Xpn)n€N converges to f in by Proposition 1.2 

of page 261 applied to every m G N, since (Xn)neN is also a smoothing 
sequence. Therefore the sequence {'ipn)neN converges to T in ^'(Q). □ 

Remark. With the notation used in the preceding proof, we see that, for 
a distribution T of order m and any ip G we have 

lim / (f{x)'il;n{x)dx = {T,(f). 

n->+oo 



Exercises 

1. Compute 5x* 5y, for x,y e 

2. Let P and Q be polynomials in d variables: 

Q{^) = where x = {x\, . . . ,Xd)> 

\a\<p |a|<g 

Compute P{D)S * Q{D)5. 

3. Prove assertions 1, 5, 6, and 7 on page 326. 

4. Let F be a closed subset of containing 0 and such that XF C F for 
all A G R+. 

a. Show that (F, F) satisfies (C) if and only if F Pi (— F) = {0}. 

b. Suppose that F Pi (— F) = {0} and that F + F C F. (For example, 
F = (R“*“)^.) Show that, for every r > 1, the family (F, . . . , F), where 
F is repeated r times, satisfies (C). 

5. Let L be the function defined on R^ by L(x) = a- x with a G (where 
the dot represents the canonical scalar product in C^). 

a. If T and S are distributions satisfying (C), prove that 

i. L{S * T) - (LS) * T + 5 * (LT), and 

ii. e^(S*T) = (e^5)*(e^T). 
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b. Let P be a polynomial in d variables. 

i. Find a polynomial Q such that, for every T G 

e^P{D)T = Q{D){e^T). 

ii. Let E he a fundamental solution of P{D). Determine a funda- 
mental solution of Q{D). 

c. Derive from this and from Exercise 4 on page 323 a fundamental 

solution of ~ a j), where ai, . . . ,a<f G C. 

6. a. Let P be a polynomial in d variables and T a distribution with 
compact support. Show that T ♦ P is a polynomial. 

Hint. Use Exercise 4 on page 303 (or Proposition 2.13). 
b. Find the limit in of the sequence of polynomials (Pn) on 

defined by 




c. Deduce that every distribution with compact support is the limit in 
^'(R^) of a sequence of polynomials. 

7 . Let m, n G N, and consider T G ^'’^(R^) and S G ^'^(R^) such that 

(T, S) satisfies (C). Show that T * S G and that 

(T*5, ip) = (T^, {Sy,ip{x + y))) for all ip G 

8. Convolution of measures 

a. Show that, if fx and i/ are complex Radon measures on R^ whose 
supports satisfy (C), the convolution * i/ is a Radon measure on 
R'^and 

{fj, JJ ip{x + y) d/i(x) di/{y) for all ip € CcCR*^). 

(The double integral is defined by decomposing /z and v into positive 
measures: see page 89.) 

Hint See Exercise 7 with m = n = 0. 

b. Let /i and u be bounded complex Radon measures on R^. Show that 
one can define /i * z/ by the formula of the previous question and that 
/z * z/ is a bounded Radon measure. 

c. Show that the space 911/ (R^), with the convolution product * and 
the norm of ((7o(R^))', is a commutative Banach algebra with unity 
and that L^(R^) is a closed subalgebra of it (without unity). 

9. a. Show that, if /z is a Radon measure on R^ and if G Cc(R^), then 

fx*ipeC{R^). 

Hint. See the first remark following Proposition 2.13. 
b. Conversely, let T be a distribution on R^ such that T * G C(R^) 
for every p G Cc(R^). 
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i. Let (Xn)nGN be a smoothing sequence. Show that the sequence 
(T * Xn)n€N Converges vaguely in the sense of Exercise 6 on 
page 91. 

Hint For every (p E 

lim f{T* Xn){x)^{x) dx = T* (p{0). 

n— >+(x> J 

ii. Deduce that T is a Radon measure. 

10. Convolution of a measure with a locally integrable function. Suppose /x 
is a complex Radon measure on that / E LJq^(R^), and that the 
supports of /i and / satisfy (C). Show that /i * / E L|q^(R^) and that 



* 



f(x) = j f{x - y) dfi{y) 



for almost every x 



(where the integral is defined by considering a particular Borel function 
representing /). 

11. a. Let L be a continuous linear map from ^(R^) to ^(R^), commuting 
with translations. Show that there exists a distribution T E ^'(R^) 
such that 

L{p) = T*(f for all (/? E 

(You might note that the equality {T,(f) = (L{ip)){0) must hold.) 
b. Let L be a continuous linear map from &{R^) to ^(R^) commuting 
with each differentiation Dj , for l<3< d. Show that there exists a 
distribution T E ^'(R^) such that 

L{(f) = T * if for all E ^(R^). 

Hint. You might show that L commutes with translations, as follows: 
Take p e ^ and u E R^, and let h be the function defined by 

h{x) = {t-xLtx(p){u) = {Ltx(p){u x), 

where Tx'ipiy) = — x). Show that all partial derivatives Djh are 

zero. Deduce that h is constant and finish the proof. 



3 Applications 

3 A Primitives and Sobolev’s Theorem 

The next proposition allows one to recover a distribution with compact 
support from its first derivatives. Thus it is a formula for finding a primitive. 
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Proposition 3.1 IfTe then 



T 




*DjT, 



where r = \x\ and Sd is the area of the unit sphere in 

Proof, Let E be the fundamental solution of the Laplacian given in Theo- 
rem 3.2 on page 308. A simple calculation using Theorem 2.12 on page 301 
shows that 

DjE=-^ forall j € {l,...,d}, 

Sd r^ 

and this in any dimension d. At the same time, ^E*T = T, since AE* = 6. 
Since T has compact support (so that (E, T) satisfies (C)), we deduce from 
Proposition 2.12 that 



d d 

AE*T = A{E *T) = Y^D^j{E*T) = Y^ (DjE) * (DjT). 

j=l j=l 

Therefore, 

d 

T = '£iDjE)*{DjT), 

which yields the result. □ 

We now introduce the Sobolev spaces over R^, where 1 < p < oo. By 
definition, the Sobolev space W^’P(R^) is the set of elements / G LP(R^) 
for which, for every j G {!,..., d}, there exists Qj G L^(R^) such that 
Dj[f] = [gj]. In the sequel we will omit the brackets, writing simply Djf = 
9j- 

We define on the space W^’^(R^) a norm || • ||i,p, as follows: 

ll/ll i.p = ll/llp + E e 

j=i 

Here || • ||p is the norm on L^(R^). 

Proposition 3.2 The norm || • ||i,p makes W^’^(R^) into a Banach space. 

Proof. Let (/n)neN be a Cauchy sequence in W^’^(R^). Since the space 
L^(R^) is complete, the sequences (/n), (Ei/n), ..., {Ddfn)i which are 
clearly Cauchy sequences in L^(R^), converge in Lp(R^). Let /, ^i, . • • ^ gd 
be their limits in Lp(R'^). Since ^(R^) is contained in Lp'(R^) (where p' 
is the exponent conjugate to p), we deduce easily from Holder’s inequality 
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that the same sequences also converge in Since the operators Dj 

are continuous in we deduce that 



Djf = lim Djfn = 9j for 1 < j < d, 

n->-foo 

by the uniqueness of the limit in This shows that / G VF^’^(R^) 

and that the sequence {fn)neN converges to / in VT^’^(R^). □ 

Remark. The space IT^’^(R^) is often denoted by if^(R^) and given the 
equivalent norm || • ||/fi defined by 




which comes from the scalar product defined by 



(/ I i^) = / f{x)g{x) + ^ f Djf{x)Djg{x) dx. 

d j=l d 



Thus if^(R^) is a Hilbert space. 

The next theorem says that, if p is finite, W'^’^(R^) is continuously em- 
beddable in some spaces L^(R^) with r > p, and that, if d < p < oo, it 
is continuously embeddable in Co(R^) (“continuously embeddable” means 
that is contained in each of the spaces considered and that the cor- 
responding canonical injections are continuous). 

Theorem 3.3 (Sobolev Injection Theorem) Suppose that p G [l,oo] 
and that r satisfies 

- r G [p, pd/{d-p)) ifp<d, 

- r G [p,oo) ifp = d, 

- r G [p, oo] ifp > d. 

Then VF^’^(R^) C L^(R^) and there exists Cr^p > 0 such that 
ll/llr < C'r.p||/||i,p for all f G 

Moreover, if d < p < oo, every element ofW^^^{R^) has a representative in 
Cq{R^). Finally, every element in has a uniformly continuous 

representative. 

Proof. Let 7 G ^(R^) be such that 7 = 1 in a neighborhood of 0. Since 
\xjr~d>\ < we have jxjr~^ G I/"(R^) for every a > 1 such that 

o:(d — 1) < d (see Proposition 2.13 on page 302), and so also for every 
a G [1, d/(d-l)). 
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Let E be the fundamental solution of the Laplacian given by Theorem 
3.2 on page 308. Since hgis compact support (so that (T,^E) satisfies 
(C)), we deduce from Proposition 2.12 that 

d d 

T * A(t£;) = A(r *iE) = Y. D]{T * ^E) = * Dji^E). 

j=l j=l 



Now, 

d 

Ai'rE) = {A'y)E + 2^2 Dj'yDjE + jAE {*) 

i=i 

(Leibniz’s formula^ Since AE = S, we get ^AE = 7(0) (5 = S, Since E is 
of class on IR" \ {0} and since A7 and Dj^ vanish near 0, we deduce 
from (*) that 

TJ = A{'tE) -6e &{R^). 

Similarly, we can show that, for each j G {1, . . . ,d}, there exists an rjj € 
such that 

Dji'yE) = r,j + ^7^- 

We then get 

T=^T., + ^D,T.„ + i^(D,T).(lS), (..) 

j=l “ 

Suppose T G Then T, DiT, . . . , DdT e and we can 

apply Young’s inequality (Theorem 3.4 on page 172) to equation (*♦). We 
conclude that T 6 L^{R^) for every r such that 1/p+l/a — 1 = 1/r, 
where 1 < a < p/(p— 1) and a < d/(d— 1). If p < d, we must have 1 < 
a < d/(d— 1), so that r G [p, pd/{d—p)) (with pd/{d—p) = oo if p = d). If 
p > d, we must have 1 < a < p/(p— 1), so that r G [p, oo]. In particular, 
we can take a = p/{p—l) = p^ , the conjugate exponent of p. The last part 
of the theorem then follows from Proposition 3.2 on page 171. Finally, the 
existence of constants Cr,p also follows from equation (*+) and Young’s 
inequality. □ 



3B Regularity 

Let Q be open in If p G [1, oo], denote by equivalence 

classes (with respect to Lebesgue measure) of functions on II such that 
Ik/ € L^(H) for every compact K in ft. 

Theorem 3,4 Let T he a distribution on an open set in Suppose 
that p G [1, oo] and that DjT G for every j G {1, . . . , d}. 
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“ IfP ^ df ihen T G L\oci^) for every r G [p, pd/{d-p)). 

- If p > dj then T G C{Q,). 

If p = d, we interpret pd/{d—p) as oo. 

Proof Let K be a compact subset of and K' a compact subset of 
whose interior contains K. Let if G ^{fl) be such that (p = I on K'. 
Put D = d{K^ fl\K') > 0 and let 7 G ^(M^) be such that 7 = 1 in a 
neighborhood of 0 and Supp7 C J5(0, D/2). If E is the fundamental solution 
of the Laplacian provided by Theorem 3.2 on page 308, we saw in the proof 
of Theorem 3.3 that there exist r/, 771, . . . , G such that 

A{'jE) = rf + S, Dji'rE) = T]j + for all j G {1, . . . ,d}. 

Sd r^ 

Using formula (**) from the previous page and replacing T by (pT (consid- 
ered as a distribution on R^: see page 283), we obtain 

d 

tpT = -((fT) *r) + Y^ Dj{ipT) * Tjj 
j=i 

+ . (7S) + ^ . (7a) . 

By Proposition 2.13, (pT) * rj and the Dj{<pT) * for every j, belong 
to ^(R^). At the same time, 

Supp(^{Dj<p)T * (7^)) c (R7 aT') + B{0, D/2) c (R'" \ K). 

Finally, pDjT G L^(R^). We then apply Young’s inequality (Theorem 3.4 
on page 172) as in the proof of Theorem 3.3. We conclude that 

= R^ \ ((R^\a:') -f B(0, D/2)) 

is an open set satisfying K C fix C and that the restriction of T to fix 
belongs to L^(fix) if p < d and r G [p, pd/{p—d)) and to C(fix) if p > d. 
Since this happens for every compact K, the theorem is proved. □ 

Hypoelliptic Differential Operators 

We now state another fairly general regularity criterion. We start with 
a definition: If P is a polynomial over C, the linear differential operator 
P{D) is said to be hypoelliptic if, for every open subset fi of R^ and every 
T G 

P{D)T eS^in) T^S{D). 

In particular, if P{D) is hypoelliptic, every solution in &{^l) of the partial 
differential equation P{D)T = 0 is a function of class and so also a 
solution in the ordinary sense. 
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Theorem 3.5 Any differential operator with constant coefficients having 
a fundamental solution whose restriction to R^\{0} is a function of class 
is hypoelliptic. 



Proof The proof is analogous to that of Theorem 3.4. Let Q be an open 
subset of and let K, K' be compact subsets of such that K C K' , 
Write d = d{K, R^\K'). Let ip G ^(0) have the value 1 on K' and let 
7 E ^(R^) have the value 1 on a neighborhood of 0; assume also that 
Supp7 C 5(0, D/2). Finally, set 

\ ((R^ \ K') + 5(0, D/2)). 



Then 

KcQkC K'. 

Consider a differential operator P{D) having a fundamental solution E of 
class on R^ \ {0}. Let T e be such that / = P{D)T G ^(fi). 

By Leibniz’s formula, 

P{D){nE) = (S -h 7? with 7/ G ^(R^) 



and 

P{D){ipT) = iff -h S with SuppSc (R^\K')- 

Then 

P(D){'yE * ipT) = ipT -f ipT *rj = ^E ^iff -\- ^E * 5, 

that is, 

ipT = —(ifT) ♦ 77 + ^E ♦ iff + ^E ♦ S. 

Since 7] and (pf belong to ^(R^), we deduce from Proposition 2.13 that 
— {(pT)*rj-{-^E*ipf G ^(R^). On the other hand, Supp(7E*5) C R^\Ok- 
We deduce that the restriction of T to Hk is of class Since K is 
arbitrary and D K, this implies that T G ^(fi). □ 



Examples 

The operators A, d/dz (see Chapter 8), as well as for fc > 2 (see 
Exercise 4 on page 313), are hypoelliptic. In particular, a harmonic distri- 
bution T on fi is a harmonic function in the classical sense; a distribution T 
on an open subset ft of R^ such that dT/dz = 0 is a holomorphic function 
on ft. 

If d = 1, every operator is hypoelliptic. 

Conversely, note that, if E is a fundamental solution of a hypoelliptic 
operator P(D), the restriction 5 of E* to R^ \ {0} is of class (since 
P{D)E = 0 G ^(R^ \ {0})). This allows one to show that, for example, the 
operator 

dx^ dy‘^ 

on R^ is not hypoelliptic (see Exercise 6 on page 314). 
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3C Fundamental solutions and Partial Differential Equations 

The existence of a fundamental solution for a differential operator allows 
one to find solutions of the corresponding partial differential equation if 
the right-hand side is an operator with compact support. 

Theorem 3.6 Consider a linear differential operator P{D) with cons- 
tant coefficients^ a fundamental solution E of P{D), and S € The 

distribution Tq = E*S satisfies P{D)Tq = S. Moreover j the set of solutions 
T G of the equation 



P{D)T = S 

equals {T = Tq-^U :U G such that P{D)U = 0}. 

Proof If 5 G ^'(R^), Proposition 2.12 yields 

P{D){E *S) = P{D)E *S = S*S = S, 

SetU = T~E*S. Clearly, P{D)T = 5 if and only if P{D)U = 0. □ 



3D The Algebra 

We now consider the case d = 1 and write 

= {T G ^'(R) : SuppT c R-^}. 

Because (R~^, . . . ,R"^) satisfies condition (C), the convolution of two ele- 
ments of is always defined and this operation makes into a com- 
mutative algebra with unity, by Propositions 2.7 and 2.11. We will apply 
this fact to the resolution of linear differential equations with constant co- 
efficients and continuous right-hand side. 

Let P{D) = ao + aiDn be a linear differential operator with 

constant coefficients such that m > 1 and am 7^ 0. We know from Theo- 
rem 3.1 on page 307 that P{D) has a fundamental solution E = {l/am)yf^ 
where / is the solution on R of the differential equation P{D)f — 0 satisfy- 
ing the conditions /(O) = /'(O) = • • • = — 0 and = 1. 

In particular, E G It follows that P{D)S is invertible in the algebra 
and that its (necessarily unique) inverse is E. Thus, for every S G 
there exists a unique distribution T G such that P{D)T = S: namely, 
T = E * S. U we take, for example, -0 G C(R'*') (and extend it to R“ with 
the value 0), and if we put 

J — / f{x- y)'ip{y) dy for x > 0, 

(f(x) — ^ Um Jo 

I 0 for X < 0, 
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then, in the sense of distributions, 

P{D)if = rp. 

On the other hand, we know from the theory of differential equations that 
the equation P{D)g = ip on has a unique solution g that satisfies the 
conditions ^(0) — g\0) =:••• = = 0. Extending g to (-oc,0] 

with the value 0, we get as well P{D)g = ^p in the sense of distributions. 
We deduce, by identification, that 

1 r 

g{x) — — / f{x — y)'ip{y) dy for all x >0. 

0>m Jo 

Applying a similar reasoning to the case x < 0, we finally see that, for every 
ip e C(E), the unique solution g of the equation P{D)g = xp satisfying 
g{0) = g'{0) = • • • = = 0 is given by 

1 r 

g{x) — — / f{x — y)xp{y) dy for all x G M. 

Jo 



Exercises 

1. Harmonic functions and the mean value property. This exercise is a 
continuation of Exercise 3 on page 312, whose notation we keep. 

a. Show that E — e for every p > 0. 

b. Deduce that, for every T G 

{E-EP)*AT = T-T* (jp. (♦) 

Show that, in particular, any harmonic function / on (that is, 
/ C satisfying A/ = 0 in the ordinary sense) satisfies 

the following mean value property: 

f = f ^ /9 > 0. 

(This is converse to the property of Example 3 on page 332.) 

c. Applying (*) to the distribution T = E, prove that 



Ef' = E* 



1 



2. Subharmonic distributions. A distribution is said to be subharmonic if 
its Laplacian is a positive distribution. (For example, if / is a harmonic 
real- valued function, |/| defines a subharmonic distribution: see Exercise 
11 on page 304.) 
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a. Characterize subharmonic distributions on M. 

Hint See Exercise 12 on page 304. 

b. Show that a distribution T on is subharmonic if and only if, for 
every p > 0, 

T* 



Sd/‘ 






is a positive distribution. 

Hint Sufficiency follows from Example 3 on page 332 and necessity 
from equation (*) in Exercise 1. 

c. Show that every subharmonic distribution can be represented by a 
locally integrable function. 

Hint Revisit the proof of Theorem 3.5 and use Exercise 10 on 
page 337. 

d. Let / and g be locally integrable real functions on and assume 
/ and g are subharmonic (this means that the distributions [/] and 
[g] are subharmonic). Show that sup(/,^) is subharmonic. 

e. Recall that a function / from R^ to [— 00 , 00 ] is said to be upper 
semicontinuous if, for every a G R, the set {/ < a} is open. Recall 
also that the pointwise limit of a decreasing sequence of continu- 
ous real functions is an upper semicontinuous function with values 
in [— 00 , + 00 ). Show that, if / is a subharmonic real- valued func- 
tion, there exists an upper semicontinuous function / with values in 
[— 00 , + 00 ) such that f = f almost everywhere. 

Hint. Take again the proof of Theorem 3.5 and note that there exists 
a decreasing sequence in Cc(R^) that converges pointwise to jE. 

3. Harmonic functions and the mean value property, continued. We wish 
to characterize harmonicity on an open set by the mean value property. 
We fix an open subset Q of R^ and / G C(fl), and keep the notation of 
Exercise 1. 

a. Suppose that / is a harmonic function on Q. Take x e and p G 
(0, d{x,R^\Q)). Take also £ > 0 such that e < d{x, R^\f2) — p. 
Denote by ^ an element of Cc(D) such that (p = 1 on B{x,p -f e), 
and identify (ff with an element of Cc(R^). 

i. Show that {E - * A{(pf) = 0 on B{x,e). 

ii. Deduce that 

on B{x,e). (Use part b of Exercise 1.) 

iii. Show that / satisfies the following mean value property: For all 

X eO. and all p G (0, d{x, we have 



= rir / “ 2/) ‘^piy)- 

Sdr J 

Hint. Use the first remark after Proposition 2.13 on page 332. 
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b. Conversely, suppose that, for all a: 6 and all p G (0, d{x, R^\ft)), 
we have 

j ~ y) ^p(y)- 

Let K and K' be compact subsets of Q. such that K C K', and take 
<p G Cc(fi) such that (p = 1 on K'. 

i. Show that 

on iiT if 0 < p < d{K, (R^\i^')). Deduce that A/ = 0 in the 
interior of K. 

Hint See Example 3 on page 332. 

ii. Show that in this case / is a harmonic function on Cl. 

c. Show likewise that / is subharmonic (see Exercise 2) if and only if, 
for all X G D and all p G (0, d{x, R^\0)), 

fix) < J fi^ - y) dcTpiy). 

4. Show that, for every p G [1, -boo), the space is separable and 

^(R^) is dense in W^^p{R^). 

Hint. For separability, note that VF^’P(R^) is isometric to a subspace of 

(J^p(Rd))d+l 

5. a. Show that, if / G W^’^(R), there exists an element g G L^(R) such 

that 9 {x)dx = 0 and J^^g(t)dt = f{x) almost everywhere. 

Deduce that / has a representative in Co(R). (By Theorem 3.3, this 
is still true if / G VF^’^(R) for 1 < p < oo.) 
b. Show that there exists / G VF^’^(R^) such that / ^ L^(R^). 

Hint. Take / with compact support and equal to log(log(l/r)) in a 
neighborhood of 0. 

6. Let T be a distribution on an open Cl of R^. Suppose that D^T G 
LJoc(^) every multiindex p of length d + 1. Show that T G C{Cl). 
(Apply Theorem 3.4 d+1 times.) Deduce that if D^T G Lloci^) for 
every multiindex p G N^, then T G S' {Cl). 

7. Let F be a closed subset of R^ such that 

XFcF for all A gR-^, Fn(-F) = {0}, F + FcF. 

Write =3 {T G ^'(R^) : SuppT C F}. Show that the convolution 
product makes into a commutative algebra with unity. (See Exer- 
cise 4 on page 335.) 

8. Denote by the function on R^ defined by 
Also set F = (R"^)^, a closed set. 
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a. i. Show that is a fundamental solution of the operator D\. . .Dd 

and that the support of is contained in F. 
ii. Let be the space defined in Exercise 7. Show that, if S G 
there exists a unique T G &p such that L>i . . . DdT = S. 

b. i. Let T be a distribution on supported within a + F, where 

a G R^. Show that the convolution Y^^^ * T is well defined, that 
Supp(y^^^ * T) C a + F and that 

A. if T G then * T G C(R^); 

B. if T is a Radon measure, then Y^^^ *T £ L{^^(R^) ; 

C. if T is of order at most m with m > 1, then Y^^^ * T is a 
distribution of order at most m — 1. 

ii. If r G N*, set Y^^ = Y^^^ * • • • ♦ (y(^) appears r times). 

Show that, if T is a distribution with compact support of order 
at most m (with m > 0), then Y ^^2 £ C(R^). 

c. Let T be a distribution on an open ft of R^ such that, for every 
PGN^, 

max p 7 < 1 D^T £ LLJQ). 

Show that T G C{Q,). 

Hint. Take ip £ Show that D \ . . .Dd{^T) £ L^(R^) and use 

parts a-i and b-i. 

d. Let T be a distribution on an open Q, in R^. Suppose that T and its 
derivatives of all orders have order at most m. Show that T £ 

Hint. Start by showing that T G C{fl) using parts a-i and b-ii; then 
consider the derivatives of T. 

9. Let J be a nonempty subset of {1, . . . , d} and set Dj = Dj. Show 
that Dj is not hypoelliptic if d > 2. 

Hint. Use Exercise 4 on page 323. 

10. Local and global structures of a distribution. 

a. Let T be a distribution with compact support of order k on R^. 
Show that there exists a continuous function / such that 

Hint. Use Exercise 4 on page 323 or Exercise 8b-ii above. 

b. Let T be a distribution on R^. Show that, for every compact subset K 
of R^, there exists a continuous function / and a multiindex p G 
such that T coincides with on • 

c. Let T be a distribution on R^. Show that there exists a sequence 
(Pn)nGN of multiindices and a sequence (/n)neN of continuous func- 
tions on R^ such that 



n=0 
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Hint. Let (^^n)nGN be a locally finite covering of by bounded 
open sets and take a partition of unity {(pn) subordinate to this 
covering (see Exercise 14 on page 267). Apply the result of the first 
part of this exercise to the distributions PnT. 

11. We work in where d> 3. 

a. Show that the only harmonic function that tends to 0 at infinity is 
the zero function. 

Hint. Use the mean value property from Exercise 1. 

b. Take (f E L^(R^) (this space was defined in Exercise 19 on page 159) 
and let E be the fundamental solution of A. Show that the Poisson 
equation 

Af = ip 

has a unique solution in Co(R^), namely f = E * (f. Show that / 
is of class on and harmonic on R^ \ Suppp. Show that if, in 
addition, Dip, . . . , G L^(R^), then p G Cc(R^), / G <?^(R^), 
and A/ = p in the ordinary sense. 

12. Solve in the following equation in T: 

(y {x) sin x) *T = S, 

where S G Under what condition on S is the distribution T defined 
by a locally integrable function? 

Hint. Find a differential operator of which Y (x) sin a: is a fundamental 
solution. 
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Conventions. In this whole chapter, will denote an open subset of 
The elements of will always be identified with the distributions 

they define on fl. Recall that, for every p e [l,oo], C Lloci^) C 

Differentiation operators should always be understood in the sense 
of distributions, unless otherwise stated. 
lifeLUn), we denote by V/ the gradient of /: 

V/ = (Di/,...,Drf/). 

If all derivatives T>i/, . . . , D^f belong to we also write 

If X = Xd) and y = ( 2 / 1 , . . . , 2/d) are elements of C^, we write 

d 

X'y = ^Xjyj. 

j=i 

1 The spaces and JTo(^) 

The Sobolev spaces over M^, and in particular the space = 

were defined in Chapter 9, on page 338. One can define in an 
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analogous way the same spaces over an arbitrary open set il. In particular, 
is the space consisting of elements / E all of whose first 

derivatives Di/, . . . , Ddf belong to L^{Q). This space is given the scalar 
product ( • , • )i/i( 0 ) defined by 

{f\9)HHQ) = U\9)mQ) + ^{Djf\Djg)L 2 (Q)= f fgdx+ f Vf-Vgdx, 

^ Jq Jn 

The norms on the spaces and will be denoted by || • 

and ||*||Hi(f 2)5 or simply by || • ||l 2 and ||*||ifi if there is no danger of 
confusion. 

Imitating the proof of Proposition 3.2 on page 338 we obtain this result: 

Proposition 1.1 The scalar product ( • , • )Hi(n) rnakes into a Hil- 

bert space. 

In dimension d = 1, the Sobolev space has certain particular 

properties. 

Proposition 1.2 Suppose that = {a^b), with — oo < a < b < +oo. 
Every element f of has a continuous representative on Q {still de- 

noted by f) that has finite limits at a and b. Moreover ^ if a = —oo, we have 
lima;->a f{x) = 0; similarly, ifb = +oo, we have lim^-^b f{x) = 0. 

Proof. By Theorem 2.8 on page 297, every element of H^{Q.) has a contin- 
uous representative / satisfying, for a G fi, 

f{t) = f{a) + f f'{u) du for all t e Cl. {*) 

J a 

If, for example, b < -hoc, then L^{{a,b)) C L^((a, 6)), so /' G L^((a,6)). 
Therefore / does have a finite limit at b. Similarly, / certainly has a finite 
limit at a if a > — oo. 

Now suppose that b = +oo. Multiplying equality (*) by f'{t) and inte- 
grating the resulting equality between a and x, we conclude that, if a: > a, 

j = f{a){f{x) - f{a)) + r.{f. f'{u) du^ f'{t) dt. 

By Fubini’s Theorem, 

fU f{u)di^f'{t)dt = jj l{u<t}f'{y)f'{t)dudt 

-I ff riu)nt)dudt = l{f{x)-fia))\ 

f(x) = f{a) + 2f f{t)f{t)dt. (**) 

J a 



We deduce that 
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Since the two functions / and /' belong to their product //' belongs 

to by the Schwarz inequality; therefore, by (♦*), p has a finite limit 

at -foe. Since p e this limit can only be 0. The reasoning is similar 

if a = — 00 . □ 



Remarks 

1. If = R, we recover the inclusion i7^(R) C C'o(R), which is a particular 
case of the Sobolev Injection Theorem (Theorem 3.3 on page 339). 

2. This result does not generalize to the case d > 2: if d > 2, there exist 
elements of if^(R^) having no continuous representative (see Exercise 5 
on page 346). 



When n is a bounded interval in R, an interesting denseness result holds. 

Proposition 1.3 Suppose that 0. = (a, 6), with — oo < a < b < H-oo. 
Then C^(0) is a dense subspace of 

Proof Clearly C^([a, 6]) is a subspace of Consider an element of 

iJ^(17), having a continuous representative /. By the preceding proposition 
(and Theorem 2.8 on page 297), / has a continuous extension to [a, b] and 



f{x) = /(a) -f / f{t) dt for all x e [a, b]. 

Ja 

Since Cc(fi) is dense in L^(fi), the derivative /' is the limit in L^(f2) of a 
sequence {(fin)neN of elements of Cc(n). For each n G N, set 

fn{x) = f{a) + f (fn{t) dt. 

Ja 

Clearly fn G C^([a, b]) and, for every x G [a, 6], 

\f{x) - fn{x)\ < f \f'{t) - ipn{t)\ dt < y/b-a \\f - ^Pn\\i^ 2 , 

Ja 



by the Schwarz inequality. Thus (/n)neN is a sequence in C^([a, 6]) that 
converges uniformly, and so in T^(f)), to the element /. Since, in addition, 
fn = Tn for every n, which implies that the sequence (/^)nGN converges to 
/' in L^(fi), we deduce that (fn)neN converges to / in □ 



The Space Hq{Q.) 

This denseness theorem of C^{il) in H^{Q) remains valid if is a bounded 
open subset of R^ under an additional regularity assumption (for exam- 
ple, that Q. be “of class C^”). We will not use this result; instead we will 
introduce a subspace of H^{Q.) in which ^{Q,) is dense, namely the space 
which is by definition the closure of ^(ft) in if^(fi). The space 
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Hq{Q)^ with the scalar product ( • , • )//i , is a Hilbert space by construction, 
being a closed subspace of the Hilbert space In the case d = 1, the 

relationship between Ho(n) and is simple: 

Proposition 1.4 //Q = (a, 6), with — oo < a <b < -hoo, then 



In other words, Hq{Q) consists of those elements of H^{Q) whose con- 
tinuous representative tends to 0 at the boundary of Q in [—oo, +oo]. 

Proof. Consider an element of Hq{Q) having / as its continuous represen- 
tative and let (v^n)nGN be a sequence in ^(0) that converges to / in 
Since the sequence (v?n)n€N converges to / in T^(Q), it has a subsequence 
that converges to / almost everywhere. Replacing it by a subsequence if 
necessary, we can suppose that there is a point a G 0 such that the se- 
quence (c^n(a))„eN converges to /(a). Then, by the proof of Proposition 
1.2 (and particularly by Equation (**), with / replaced by / — we 
have, for every x G 0, 



which proves, by the Schwarz inequality, that the sequence {<pn)neN con- 
verges uniformly to / on ft, and so that / G Co(n). 

At the same time, since Cc{ft) is dense in L’^{fl) by Proposition 2.6 
on page 107, since ^{fl) is dense in Cc(f^) = ^^{fl) by Corollary 1.3 on 
page 262, and since there is a continuous injection from Cc{ff) into L^{fl) 
(so that convergence in Cc{ft) implies convergence in L^{ft)), we deduce 
that the space ^{ft) is dense in L^{fl). 

Now consider / G H^^(n)nCo(i^). First suppose that — oo < a < b < +oo. 
Then, for every x G [a,b], we have f{x) = f^{t)dt and, in particular, 
fa dt = 0. Let {ipn)neN be asequence in ^{fl) that tends to f in L^(0), 
and set A„ = 'ipn{t) dt for n e N. Then 



We then check that (fn G ^(fi), that the sequence (<^^)neN converges to 
f in L^(n), and that ((Pn)neN converges to / uniformly and so in L^(Q). 
Thus / G 1 ^ 0 ( 0 ), which proves the desired result if ft is bounded. 

Finally, suppose that, for example, a — 00 and 6 < +00. Let (pn)n€N 
be a sequence in <f((— 00,6)) such that, for every n G N, 0 < Pn ^ 1, 






\Ja 




Take x ^ ^{ft) such that x{^) dt = 1 and define ipn by 
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= 1 on [— n, 6), pn = 0 on (— oo, — n— 2], and \p^^\ < 1. By the Dominated 
Convergence Theorem, we see that, on the one hand, the sequence (pn/)neN 
converges to / in and that, on the other, since {pnfY = Pnf + 

Pnf, the sequence ((pn/)')nGN tends to /' in Therefore {pnf)neN 

converges to / in Moreover, since {pnf){b) = 0 and {pnf){^) = 0 

X < — n-2, we can, by the result of the preceding paragraph, approximate 
each Pnf by elements of ^((— n— 2, b)) in n— 2, 6)), and so also in 

Thus the result is proved in this case. The cases a > — oo, b = +oo, 
and a = — oo, b = +oo are analogous. □ 

Proposition 1.2 says that H^{R) C C'o(R), so Proposition 1.4 implies that 
= Hq(R). The next proposition shows that this remains true in all 
dimensions. It is also clear from Proposition 1.4 that ^ (^) ^ 

an interval distinct from M. Intuitively, if D is a bounded open set in R^, the 
elements of Hq{Q) are, as in the case d = 1, those elements of that 

“vanish on the boundary of . In dimension 1, this expression makes sense 
since the elements of have a continuous representative. In higher 

dimensions, the elements of are only defined almost everywhere, 

so talking about their value on the boundary of ft, which generally has 
measure zero, makes no sense a priori. Nonetheless, it is possible, if ft 
is sufficiently regular, to define the value of an element of H^{fl) at the 
boundary of ft. We will not do this; in this regard see Exercises 16, 17, and 
18 below. 

Proposition 1.5 The spaces JT^(R^) and Hq{R^) coincide. 

Proof. We must show that ^(R^) is dense in Take ^ G ^(R^) such 

that ^(0) = 1. For each n G N*, put ^n{x) = ^{x/n). If / G i/^(R^), then 
^nf ^ H^{R^) and, by the Dominated Convergence Theorem, the sequence 
(^n/)nGN* Converges to / in L^(R^). Moreover, for each j G {1, . . . , d}, 

DjiUKx) = Ux)Djf{x) + i(D,o(0/(x), 

SO, again by Dominated Convergence, the sequence {Dj{^nf))neN converges 
to Djf in L^(R^). Therefore the sequence {^nf)neN* converges to / in 
if ^(R^). Consequently, the space if^(R"^) consisting of elements of 
with compact support is dense in if^(R^). 

Now take / G if^ (R^) and let (Xn)nGN be a smoothing sequence. Then, 
for every n G N, the convolution is a function of class (7^ on R^ (this 
follows from the theorems on differentiation under the summation sign) 
whose support is contained in Supp/+SuppXn- Therefore /*Xn ^ ^(R^). 
On the other hand, by Proposition 3.7 on page 174, the sequence (Xn*/)nGN 
converges to / in L^(R^). Since, in addition, Dj{f * Xn) = (Djf) * Xn (by 
Corollary 2.10 on page 330 and Proposition 2.12 on page 331), we again 
deduce from Proposition 3.7 on page 174 that the sequence {Dj{f *Xn))neN 
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converges to Djf in It follows that (/ ♦ Xn)neN converges to / in 

which concludes the proof. □ 

The next inequality, applicable when is bounded, will play an impor- 
tant role later. 



Proposition 1.6 (Poincare inequality) If Vt is a bounded open set in 
R^ {more generally, if one of the projections of on the coordinate axes 
is bounded), there exists a constant C > 0 depending only on Q, and such 
that 

l|w||L2(n) < C |||Vu|||^ 2 (fj) for all u 6 
IfQ, is bounded, we can take C = d(fi). 

Proof By denseness, we just have to show the inequality for every u G 
that is, for every u e ^(R^) such that Suppi^ C ft. Suppose for 
example that the projection on ft onto the first factor is bounded, so there 
exist real numbers A < B such that ft C [A, B] x R^~^. Since u is of class 

du 

u{x) — I - — {t,X 2 ,....>Xd)dt for all a: E fi. 

Ja 

It follows, by the Schwarz inequality, that 



Integrating this inequality over [A,B\ x R^“^ gives 
Ml. <{B-A)^ \\DM\h- 



(t, rr 2 , . . . , Xd) dt for all x eft. 



Since \Diu\ < |Vu|, the result is proved. □ 

It follows in particular that, if ft is a bounded open set, nonzero constant 
functions belong to H^{ft) but not to HQ{ft)\ thus HQ{ft) ^ H^{ft). 

The Poincare inequality can be interpreted in the following way: 

Corollary 1.7 Suppose that ft is a bounded open set {more generally, that 
one of the coordinate projections of ft is bounded) . The map 

is a Hilbert norm on i?o(^) equivalent to the norm 1| • ||/fi(o). 

Proof. If C is the constant that appears in the Poincare inequality, we have, 
for every u e HQ{ft), 
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which proves the equivalence between the two norms. At the same time, 
we see that the norm is defined by the scalar product 

d 

j=i 

Proposition 1.8 For f e Hq{Q), set 

iff 

Then f G and the map that takes f to f is an isometry between 

II • llif.(n)) <^rid II ' Whh^^))- 

Proof. If / 6 we clearly have / € and Djf = Djf for 

j G {1, . . . ,d}. Consequently, the map / *-> / is an isometry from 
with the norm || • into if^(R^). Since iJ^(R^) is complete, the ex- 

tension theorem says that this isometry extends to an isometry f ^ f from 
II-IIhho)) to {H\R% II-IIhmk.)). Now, convergence in im- 
plies convergence in L^, so, if {(fn)neN is a sequence in ^{Q.) converging to 
/ in JTo (^)5 sequence {(fn)neN converges to / in L^(R“). Since it also 
converges to / in iJ^(R^) (by the definition of /) and so also in I/^(R^), it 
follows that / = /, which concludes the proof. □ 

Lemma 1.9 For every u G if^(R^) and every h G R^, 

\\rhU-u\\L2 < ll|Vti|||^2 |/i|. 

Proof. By Proposition 1.5, the space ^(R^) is dense in Thus it 

suffices to prove the property for u G ^(R^). If G ^(R^), we have 

u{x — h) — u{x) = — I Vu{x — th) • hdt; 

Jo 

thus, by the Schwarz inequality, 

1*1 

\rhu{x) — u{x)\^ < {hl^^ / \Vu\^{x -th)dt. 

Jo 

Now it suffices to integrate this inequality over R^ using the fact that 
Lebesgue measure is invariant under translations. □ 

We now derive from the preceding results an important compactness 
theorem. 



Theorem 1.10 (Rellich) If ft is a hounded open set, the canonical in- 
jection u i-> u from Hq (ft) into {ft) is a compact operator. 
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In other words, every bounded sequence in has a convergent sub- 

sequence in L^(n). 

Proof. Since the map u u^q from to is clearly continuous, 

it suffices to prove that the map / / from Hg (0) to L^(IR^) is a compact 

operator (where / is as in Proposition 1.8). Let B be the closed unit ball 
in and put B = {f : f e B}. By Proposition 1.8, B is contained in 

the closed unit ball of if We must show that B is relatively compact 

in L2(R<<). To do this, we use the criterion provided by Theorem 3.8 on 
page 175 in the case p = 2. 

Properties i and ii in the statement of that theorem are clearly satisfied 
since, for every / G we have ||/||l 2 < 1 and 




dx = 0 



for every i? > 0 such that Q C B(0, R). On the other hand, B is contained 
in the closed unit ball of if^(IR^); thus, by Lemma 1.9, 

\\Thf - /||^2 < \h\ for all / e B and h G 

which proves property iii. □ 



Exercises 

Here Q is still an open subset of R^. 

1. Show that, if u € if ^(11) and v G ifo(^)? 

{Dju\v)L2 = -{u\Djv)l2 for j G d}. 

2. Let (un)neN be a sequence in fi^(fl) that converges in to an 

element u G and such that, for each j G {1, . . . ,d}, the sequence 

{DjUn)neN converges in L^{Cl) to an element vj G Show that 

u G if^(fl), that (Un)neN converges to u in fi^(n), and that Vj = Dju 
for each j G {1, . . . ,d}. 

Hint Show that (w^)neN is a Cauchy sequence in if^(O). 

3. Let {un)nef^ be a bounded sequence in if^(O) that converges in 

to G Show that u G if and that there exists a subsequence 

{uuk)k€N such that 



lim 

fe— >+oo 



^no H + Ufik 

fc 4- 1 



= U 



in ifi(n). 

Hint Use the Banach-Saks Theorem (Exercise 16 on page 121). 
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4. Let elements of H^{Q.) having compact support. 

Prove that is a dense subspace of Hq{Q,). 

5. Show that the canonical injection from to L^(M^) is not com- 

pact. 

6. Suppose u e Show that there exists a sequence (un)nEN in ^(0) 

that converges to u in and is such that, for every j G {1, . . . ,d}, 

the sequence {DjUn)neN converges to Dju in (Convergence in 

^foc(^) defined in Exercise 19 on page 159.) 

7. Suppose that Q = (a, b) is a bounded interval in R. Show that the best 
constant in the Poincare inequality is {b—a)/n. 

Hint. Use Wirtinger’s inequality, Exercise 16d on page 137. 

8. The Meyers-Serrin Theorem. Let ft be an open subset of R^. Show that 

n is dense in 

Hint. Let be a family of relatively compact open subsets of ft 

covering and such that Qq = 0 and Qj C f2j+i for every j G N. 

Let be a partition of unity relative to the family of open sets 

\ (see Exercise 14 on page 267). Finally, take a smoothing 

sequence {Xn)neN on R^, an element u G and e > 0. Show that, 

for every j G N, there exists an integer Uj G N such that 

Supp(xn^*(¥7ju))cnj+2\nj and \\(xn*{<Pju))-(pju\\jj^^^^<e2-3-^. 

Then consider v = Xn^ * {<fju). 

9. The Poincare inequality in H^{rt). (This result generalizes Exercise 16b 
on page 137.) Suppose is a bounded and convex open set in R^. 

a. Show that the relation 

Tf{x)= f \x-y\^~^f{y)dy 
Jq 

defines a continuous linear operator T from L^(H) to L^(H). 

Hint. Use the Young inequality in R^ (see page 172 and also Exercise 
9b on page 182). 

b. Takeu G C^(H)nL^(ll), and put m{u) = — — j u{x) dx, S = d(Q). 

Show that, for every x e Q., Jci 

\u{x)-m{u)\ < 

Hint. Prove, then integrate with respect to y, the equality 
u{x)-u{y)= ( 

Jq f ~ 2/1 \ \y~^\J 

Deduce that 

|«(x) -m(u)| < / (f Ivu (x + fT^)| di) dz, 

volOy{^gK-^,|z|<«}Uo I V 1^1/ 1 / 
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where Vu is extended with the value 0 outside Then use Theorem 
3.9 on page 74 twice. 

c. Deduce the existence of a constant C > 0 such that 



u - m(w)||^ 2 (n) < ^111^^111^,2(0) for all u G {*) 



Hint Show this inequality for every u e (f2) Pi (D), then argue 
by denseness, using Exercise 8. 
d. Show that the norm | • [ defined on H^{Q) by 



I [ u{x)dx -h |||Vu||| 
\Jq 



lL2(n) 



is equivalent to the norm || • 

10. All functions considered here are real- valued. 

a. Suppose u G Show that there exists a sequence (iXn)neN in 

that converges to u almost everywhere and in L^(f2) and is such 
that, for every j G {1, . . . , d}, the sequence {DjUn)neN converges to 
DjU in (see Exercise 6). 

b. Let G G C^{R) satisfy 

G(0) = 0, lG'(t)| < M for all t G R. 

Show that, if u G then G o u G and 

Dj{G ou) = (G' o u)DjU 

for every j G {1, . . . , d}. In particular, ||G o n||^i < M\\u\\hi. 

Hint Take an approximating sequence (i^n)neN of u as in the first 
part of this exercise. Show that (G o Un)neN converges to G o it in 
L^(n) and, for every j G {1, . . . , d}, the sequence whose general term 
is Dj{G o Un) = (G' o Un)DjUn Converges to (G' o u)DjU in 

c. Show that, if G is as above and u G Hq{Q), then G o u G Hq{Q). 
Hint Consider again the preceding proof and notice that, if v G 

then Gove H^{^) (see exercise 4). 

11. All functions considered here are real- valued. 

a. Show that, for every n G N, there exists a function Gn € ^(R) such 
that \G'^{t)\ < 1 for alH G R and 

U if t > 0. 

b. Suppose u G Show that G H^{il) and that Dj{u'^) = 

'^{u>o}DjU for every j G {1, . . . , d}. 

Hint Compute the limits in L^(ft) of the sequence {Gn^u)neN and 
of the sequences {Dj{Gn o ^^))neN 5 for j G {1, . . . , d}, using Exercise 
10 for the latter. Then use Exercise 2. 
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c. 



Show that, if G 



— 0 for j G ■(1, . . . , d^. 



Hint Compute Dj{u~). 

d. Let u G Show that u~^ G Hq{Q). 

Hint Let (^n)neN be a sequence in ^{Cl) converging to u in Hq{CI) 
and almost everywhere. Then consider the sequence {Gn o ^n)neN- 

e. Assume either that u G H^{Q.) or that u G Hq{Q), Show that \u\ G 
H^{Q) or |u| G Hq{Q), respectively, and that 

Dj\u\ = l{u>o}DjU- l[u<o}DjU for j G d}. 

Deduce that |||^i||^i = 

f. Show that H^{Q) and Hq{Q.) are lattices. 

12. All functions considered here are real- valued. 

a. Let be a compact subset of R of Lebesgue measure zero. 

i. Show that there exists a sequence {^n)neN in Cc(M) such that, 

for every n G N, we have 0 < < L > <Pn+i and 

lim <fn{i) = t G M. 

n— >-|-oo 

ii. Take u G H^{Q.) and suppose ^n{^) = /o^^n(^)dt. Show that, 

for every n eN, e {^n o converges to 0 in 

ifi(O), and 



(This generalizes Exercise 11c.) 

Hint Use Exercises 2 and 10. 

b. Show that, if A is a Borel set in R with measure zero and u G 
we have Vu = 0 almost everywhere on u~^{A). 

Hint Use the fact that the Radon measure /i defined by 



is regular (see Exercise 5 on page 77). 

13. All functions considered here are real-valued. 

a. Let G : R — R be a Lipschitz function with Lipschitz constant M 
and satisfying G(0) = 0. Show that, if u G H^{Q.), then Gou G H^{fl) 
and \\G o u\\hi < M\\u\\jji. 

Hint Approximate G by functions 



^{u€K}DjU = 0 for j e {l,...,d}. 





and use Exercises 3 and 10. 
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b. Under the same assumptions on G, prove that u G 

GoueH^in). 

Hint Show first that u G ^(O) implies G o u G (see Exer- 

cise 4). Then use Exercise 3. 

14. Show that, if / and g belong to fl L^(0), so does the product 

fg^ and that 



Show that if, in addition, / and g belong to so does fg. 

Hint Using Exercise 10, prove first that, if /i G fl then 

G H^{Q) and Dj{h?) = 2hDjh (and similarly with Hq{^1) instead of 

15. Show that every positive element of i/o(n) is the limit in H^{Q) of a 
sequence of positive elements of ^(fi). 

Hint If u is a positive element of Hq (f^), there exists a sequence (^n)neN 
of real- valued elements of ^{Q,) that converges to u in H^{fl) and al- 
most everywhere. Show that there exists a sequence (Gn)neN in <^(R) 
such that, for every n G N, we have 0 < G^ < 1 and 



Exercise 11c). 

16. We wish to show that Go(f^)n/f^(0) C i/o(n). Takeu G Gq (f^)n^^(fi) 
and let be a function of class G^ on R such that = 0 on [—1,1] and 
(f = 1 on (— 00 , —2) U (2, Too). 

a. For n G N*, set Un = (p{nu)u. Show that Un G Pi Gc(r^). 

Hint Use Exercise 10. 

b. Show that the sequence (^/n)n€N converges to u in 
Hint Use Exercise 2. 

c. Complete the proof. 

Hint. Use Exercise 4. 

(Note that this exercise yields another proof of the result in the one- 
dimensional case.) 

17. Assume that d = 2 and that 



Djifg) = gDjf + fDjg for j e {1, . . . , rf}. 




Show that the sequence (Gn ° i>n)net^ converges to u in (use 



n = {a; € : 0 < |x| < 1}. 



Let (f be an element of ^(R) such that ip{t) = 1 if \t\ <1/2 and ^{t) = 0 
if 1^1 > 1. For n G N* and x G H, put 
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and u{x) = (f{2\x\). Show that Un € ^{Ct) for every n G N* and that 
the sequence {un)neN converges to u in H^{Q). Deduce that 

H^{n)nc{ii)(^Coin). 



18. The trace theorem in a half-space. Assume that d > 2 and that ft = 
(0,+oo) xM^-\ 

a. Show that the space ^(0) consisting of functions of class on ft 
with compact support, is dense in H^{ft). 

Hint Argue as in the proof of Proposition 1.5, choosing a smoothing 
sequence (Xn)neN consisting of elements of &{—fl). 

b. Take u G ^{fl). Show that, for every x G 




|u(xi,x)|^ + 






') 



dx\. 



Deduce that 

lh(o, •)|li2(ii{d-i) < IIwIIhho)- 

c. Show that there exists a unique continuous linear map 70 from {ft) 
to such that 



7 otA == u(0, • ) for all u G &{ft). 



d. Show that 



7oiA = u(0, • ) for all u G C(D) fl H^{ft). 

Hint. Show that every element of C{ft)C\H^ (ft) can be approximated 
in C{ft) and in H^{ft) by a sequence of elements of &{ft). 

e. Greenes formula in H^{ft). Suppose u,v ^ H^{ft). Show that 

(v, Dju)L2^n) = -{DjV, u)L 2 (fi) for all j G {2, . . . , d} 

and that 



{v,Diu)l2^^) ■= ~{DiV,u)l2{Q) - (7ow,7ot^>L2(R^-i)- 

Hint. Use the first part of the exercise, 

f. i. If u G denote by u the extension of u to having the 

value 0 outside fl. Show that, for every u G ker 7 o. 



du 

dxj 



du 

dXj 



for j G {!,..., d}. 



and so that u G H^{R^). 

Hint. Use the preceding question. 
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ii. Show that the space &{Q) is dense in ker7o (with respect to the 
norm MIhmo)). 

g. Deduce from these results that Hq{Q.) = ker7o and that 



(In this sense, we can say that Hq{Q.) consists of those elements of 
H^{Q) that vanish on the boundary of f2.) 

19. The maximum principle for the Laplacian in Suppose that fl is 

bounded. All functions considered will be real- valued. 

Ifue we say that u < Oon the boundary dil of fHf G 

(It was proved in Exercise 10 that G H^{Q) for every u G 

a. Show that, if u G and u{x) < 0 for every x G then 

It < 0 on in the sense defined above. 

Hint Use Exercise 16. 

b. Take u G Show that, if Au > 0 (that is, if Au is a positive 

distribution), we have 



where sup^^^ ^ gR:u — Z<0on dO,}. 

Hint Take / G R such that v = (u — l)'^ G Hq{Q.). Using Exercise 
10 show that Vv = 0 on {li — / < 0} and Vv = Vu on {u — I > 0}. 
Deduce that 



where infarx u = - sxxp qq{~u). 

d. Show that these results remain true if we replace the assumptions 
Au > 0 and Au = 0 by, respectively, Jfu > 0 and = 0, where 
is an elliptic homogeneous operator of order 2, that is, a linear 
operator on H^{tl) of the form 



with Oi^j G L^{^) for 1 < i,j < d, satisfying the condition that 
there exists a > 0 such that, for almost every x E ft, 



H^(Q) n C(f2) = {« e C(fi) n H\n) u(0, • ) = 0}. 



u(x) < sup u for almost every x € 
dU 




(using Exercise 15) and conclude the proof, 

c. Take u G H^{ft). Show that Au = 0 implies 



inf u < u{x) < supu for almost every x eft, 
an 




^ for all 
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20. Suppose that ft is a bounded interval in R. Show that the canonical 
injection of i?^(ft) in C(ft) is a compact operator. (This is a stronger 
result than Rellich’s Theorem in this case.) 

Hint Show that, if u G if^(ft) and G ft, 

lu(a;) -u(t/)| < \x-y\^^'^ 

(In other words, injects continuously in the space of 

Holder functions of order 1/2 on ft; see Exercise 5 on page 45.) Then 
use Ascoli’s Theorem or Exercise 5 on page 45. 

21. Suppose that ft is a bounded open subset of M^. Let (Un)nGN be a se- 
quence in Ho(ft). Suppose that the sequence {un)neN converges weakly 
in L^(ft) and that, for every j G {1, . . . , d}, the sequence {dun/dxj)neN 
is bounded in L^(ft). Show that the sequence {un)neN converges strongly 
in L2(ft). 

Hint By Exercise 10a on page 120, the sequence (Un)neN is bounded 
in Then use Rellich’s Theorem and Exercise 12 on page 121. 

2 The Dirichlet Problem 

We consider a bounded open subset fi of The space Hq{Q) is from now 
on given the Hilbert space structure defined by the scalar product 

d 

(« I 'v)h^ = {DjU I Djv)l2(u) = 

We denote by || • ||ffi the norm associated with this scalar product. 

If / G L^(ft), a solution of the Dirichlet problem on ft with right- 
hand side / is, by definition, an element u of Hq{Q.) such that 

Au = f. 

Classically, to impose a Dirichlet condition on the solution (in the ordi- 
nary sense) of a partial differential equation over ft means stipulating the 
value of the solution on the boundary of ft. In the present context, the 
condition u G Hq{Q.) is of this type, since it amounts, in a sense already 
discussed, to requiring that u “vanish on the boundary of ft” . 

The next proposition gives the so-called variational formulation of 
the Dirichlet problem, which underlies the Galerkin-type algorithms for 
numerical solution of the Dirichlet problem (see Exercise 1 on page 116). 

Proposition 2.1 If f E L^(ft), these statements are equivalent: 



/ 



Vu • Vvdx. 



- u e Hq{Q.) and Au = /. 
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- u e Hq{Q.) and {u \v)jji = -{/ 1 v)l^ for all v G 

Proof. If / G L^(n) and u G ifo(Q), we have the following chain of equiv- 
alences: 

Au = f 4=^ ( Au, (f>) = [f \ (p) 1^2 for all (p G ® (fi) 

d 

^^{DjU I Dj(p)i ^2 = — (/ I (p)i ^2 for all ip G &{Q) 

^ I =-{f\ for all ip G ^(O). 

The result follows because is dense in Hq{^1). □ 

This will allow us, in particular, to prove the existence and uniqueness 
of the solution of the Dirichlet problem. 

Theorem 2.2 For every f G the Dirichlet problem on D with 

right-hand side f has a unique solution u G Hq{Q). The operator 

A~^ : L2(fi) -> iJoi(ft) 
f ^ u 

thus defined is continuous and has norm at most C, the constant that ap- 
pears in the Poincare inequality (Proposition 1.6). 

Proof If / G 

|(/k)L^ < C\\f h 2 for all v € 

where C is the constant in the Poincare inequality. Thus, the map L : n i-> 
(^I/)l 2 is a continuous linear form on of norm at most C||/||l 2 . 

Therefore the existence and uniqueness of the solution u, together with the 
inequality ||u||/^i <(711/11^2, follow immediately (in view of the preceding 
proposition) from an application of Riesz’s Theorem (page 111) to the 
Hilbert space □ 

The Dirichlet problem can also be interpreted as a minimization problem: 
Proposition 2.3 Let f G L^{D). For every v G Hq{Q.)j put 

+Re(/|v)i,2. 

These statements are equivalent: 

- u e Hq{D) and Au — /. 

- u G H^{n) and Jf{u) = min„g^^(n) Jf{v). 
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Proof. Suppose h G Then 

Jf{u-\-h) = Jf{u)-\-Re[{f\h)L 2 + (n|h)^i) + |(H^llj^o) * 
Therefore, by Proposition 2.1, Au = f implies that 

Jfiu + h) = Jfiu) + i(||/i||Hi)" for all h € 

Thus Jf attains its minimum on Hq{Q.) at u and only at u. □ 

We now study the spectral properties of the Laplacian on Q. with “Dirich- 
let conditions”. More precisely, we will say that a complex number A is 
an eigenvalue of the Dirichlet Laplacian if there exists a nonzero 
u € Hq{Q) such that Au = Xu. Such functions u are the eigenfunc- 
tions associated with the eigenvalue A. The eigenspace associated with A 
is the space oi u G Hq{Q.) such that Au = Xu. 

Proposition 2.4 The operator 

T : H^(n) ^ H^in) 

V u such that Au = —v 



is an injective, compact, positive self adjoint operator on 

Proof. Let J : u ^ u be the canonical injection from Hq{Q) into 
Then T = — A“^ o J, so, by Proposition 1.2 on page 215, T is compact, 
because is continuous (Theorem 2.2) and J is compact (Rellich’s The- 
orem, page 355). 

On the other hand, if u G Hq{Q.) and Tu = w, we have Aw = —u. 
Therefore, by Proposition 2.1, 



{Tu \ v)ffi = {u \ v)i 2 for all u,v E Hq{Q.), 
which easily implies that T is selfadjoint, positive, and injective. □ 



It follows that we can apply to the operator T the results established in 
Chapter 6 concerning the spectrum of compact selfadjoint operators. Now, 
if A G C and u G i5fo(^) is nonzero, we have 



Au ~ Xu T{Xu) = —u 




and Tu 



-A 



It follows that A is an eigenvalue of the Dirichlet Laplacian if and only if 
A 7 ^ 0 and — 1/A is an eigenvalue of T, and that in this case the associated 
eigenfunctions are the same. Since T is not of finite rank (its image clearly 
contains &{Q)), we deduce from Theorem 2.2 on page 235 and Corollary 
2.7 on page 238 the following properties: 
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Theorem 2.5 1. The set of eigenvalues of Dirichlet Laplacian on 0 forms 
a sequence 0 > Aq > Ai > • • • > An > • • • tending to -oo. 

2. The eigenspace associated with each eigenvalue A has finite dimension 

rfA. 

3. Let (/in)n€N the decreasing sequence of eigenvalues of the Dirichlet 
Laplacian, where each eigenvalue A is repeated d\ times. There exists a 
Hilbert basis (un)nGN of Hq{D) such that 

Aun = for all 71 eN. 



Remarks 

1. By Proposition 2.1, 

(un I v)ffi = -/Xn(un | v)l^ for all n G N and v E Hq(Q). 

In particular, (||un||L 2 )^ = —^lp>n and {un\um)L^ = 0 if n / m. At 
the same time, the space is dense in (see the proof of 

Proposition 1.4), and a fortiori dense in L‘^{D). Since conver- 
gence in implies convergence in L^(0), the family (un), which is 

fundamental in is also fundamental in the closure of in 

L^{fl), namely in L‘^{Ct). It follows that the sequence Un)neN is 

a Hilbert basis for L^(n). 

2. For every n G N, we have Un G (see Exercise 8). Therefore Un 

satisfies the equation Aun = /in'^n in the ordinary sense. 

Using the sequence {un)neN and the eigenvalues (/in)neN, we will now 
describe the solutions of various partial differential problems with Dirichlet 
conditions. 



2A The Dirichlet Problem 

Proposition 2.6 Suppose f G L‘^{Q). The solution u of the Dirichlet 
problem on D, with right-hand side f is given by 

j-OO 

« = - (/ I Wn)L2 «n, 

n=0 

the series being convergent in Hq{Q). 

Proof By remark 1 above, (\/— /in ^n)neN is a Hilbert basis of T^(fl), so 



+00 

f ~ ~~ ^ ^ f^nif I 'O'Tii 

n=0 
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with convergence in In particular, 

-foo 

-fin |(/ I Wn)L2 1^ < +00 

n=0 

and, since the sequence (— Pn)n€N is increasing and thus bounded below 
by -/io > 0, 

- 1-00 

53 < + 00 . 

n=0 

Since the sequence (un)nGN is a Hilbert basis for it follows that the 

series 

-foo 

V — ^ ^ (/ I '^n 

n=0 

converges in Hq{Q). Since convergence in Hq{Q,) implies convergence in 
L^(f2), which in turn implies convergence in we deduce that, in 

- 1-00 

~ ~ ^ ^ f^nif I y>n)L’^ y>n 

n=0 

(by the definition of the sequence /Xn). Likewise 

- 1-00 

/= -5^/^n(/|^^n)L2 Un, 
n=0 

with convergence in It follows that Av = f and so that v = w, the 

solution of the Dirichlet problem on Q with right-hand side /. □ 

2B The Heat Problem 

Proposition 2.7 Suppose f G There exists a unique function u 

from (0, H-oo) to Hq{Q), differentiable in (0, +oo) and satisfying the follow- 
ing conditions: 

~ u\i) = Au{t) for all t> 0. 

- u(t) ^ f in 

This function u is given by 
- 1-00 

“W = 53 forallt>0, 

n=0 

the series being convergent in Hq{U), If we write u{t){x) = u{t,x)f we have 
^ ^ ~ ^ ~ ^ ^ ((0, H-oo) X D). 
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The function u is called the solution of the heat problem on with 
initial data / and Dirichlet conditions. 

Proof. Suppose u satisfies the conditions of the statement. Then 
= 2Re(«'(f)|«W)^, = -2(|K^)||„J^ 

by Proposition 2.1. It follows that the function t {\\u{t)\\L^)‘^ is decreas- 
ing and, in particular, that 

II^WIIl 2 < ||/ 11 l 2 for all t>0. 

Consequently, if / = 0, we have u{t) = 0 for all t > 0, which proves 
uniqueness. 

Regarding existence, it suffices to check that the given formula is good. 
This is easy if we take into account that /in ^ Mo < 0 for every n. □ 



2C The Wave Problem 

Proposition 2.8 Suppose f,g E There exists at most one func- 

tion u from R to Hq{Q)^ twice differentiable on R and satisfying these 
conditions: 



- n"(t) = Au{t) for all t G R. 

- u(0) = / and u'(0) = g. 

If the sequences (Mn(/ 1 Wn)//i)n6N and (ff I «n)ffi)neN lie in , 

such a function u exists and is given by 



/ 2 \ 

U{t) = V ( COs{y/-Hn t){f \ + . sin(v'-/in t) (ff | Un)jji ) 

n=0^ V-Mn / 



Un 



for all ^ G R, the series being convergent in Hq{Q.). 

Proof Let u satisfy the conditions of the statement. By Proposition 2.1, 

|(lKWIU0' = 2Re(«"(i)|w'W)^. 

= -2Re(u(<) ■ 

It follows that the expression (||'u'(t)||/, 2 )^ -f (||u(t)||/fi)^ does not depend 
on t. In particular, if / = ^ = 0, we have u{t) = 0 for ^ G R, which proves 
uniqueness. 

The proof of existence, as in the previous example, is straightforward. □ 
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Here again, if we write u{t){x) = u{t, x), we conclude that, under the as- 
sumptions made in the existence part of Proposition 2.8, the given function 
u is a solution in ^'(R x R^) of the equation 





u = 0. 



Note that 
wave u. 




is the sequence of fundamental frequencies of the 



Exercises 

Unless otherwise stated, is a bounded open subset of R^. 

1. A generalized Dirichlet problem 

a. Suppose are elements of L^(n). Show that there exists 

a unique element u in Hq (il) such that 

d 

Au = / + ^ ^ EjQj, 

j=i 

Show that, in addition, 

lllV«l|L.(n)<C'll/IU^(n) + Ell9ill^^(«)’ 

J = 1 

where C is the constant that appears in the Poincare inequality for 
the open set 

b. Suppose / G and g G Show that there exists a unique 

element u of such that 

Au = f and u-^Giifo(fi). 

Show that, in addition, 

l||V«|||^.,„,<C||/|U.,„, + 2|||Vs|||^,,„,. 

2. The Sturm-Liouville problem. All functions considered here will be real- 
valued. Let a^b G R be such that a < b and let p and q be elements 
of L°°((a, 6)). Suppose that q > 0 and that there exists a real number 
a > 0 such that p> a. 

a. Show that, for every / G L^((a, 6)), the equation 



(*) 



-{pu'Y +qu = f 
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has a unique solution u in HQ{{a,b)), and that this solution mini- 
mizes over ifo((a, 6)) the functional 

^ f {pv'^ -i- qv‘^){x) dx - f {fv){x)dx. 

2 J(a,b) j(a,b) 

Hint. Apply the Lax-Milgram Theorem (Exercise 1 on page 116) to 
the space //q ((a, b)) and to the bilinear form 

a{u,v) = {pu'\v')l 2 + {qu\v)L 2 . (♦♦) 

b. Show that the linear operator T from Jfo((a, 6)) to i^o((a, 6)) that 
maps each / E HQ{{a,b)) to the corresponding solution of (*) is a 
compact, injective, positive selfadjoint operator on the Hilbert space 
(/fo((a, h)), a), where a is defined by (**). 

c. Show that there exists a Hilbert basis (en)neN of ^))? ^tnd 

an increasing sequence (An)neN of positive real numbers with limit 
4-00 such that 



-{p^nY + Q^n = AnCn for all n € N. 

Show that the family is a Hilbert basis for L^((a, 6)). 

d. Show that, if p G C^([a, 6]) and q G C([a, 6]), we have 6 C^([a, b]) 
for every n G N. Compare Exercise 13 on page 224. 

e. Let 'fp be the set of p-dimensional subspaces of HQ{{a, b)). Show that 



A 



n 



min max 
we^r^+i few\{o} 




(see Exercise 11 on page 247). Deduce that, if a, /3, 7, and 5 are real 
numbers satisfying 0 < a < p < /3 and 0 < 7 < < 5, we have, for 

every n G N, 






Show that, in particular. 



Ao 



mm 



feHi{(a,b))\{0} 



f\pr+qf)dx 

Ja 

f fdx 
Ja 



and that this generalizes Wirtinger’s inequality (Exercise 16d on 
page 137). 
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A more general elliptic problem of order 2. Take elements (for 1 < 
i,j<d) and c in with c < 0. Let be the differential operator 

defined by 






E 

l<i,j<d 



dxi dxj 



+ cu. 



Suppose that there exists a > 0 such that, for almost every a; € ft, 



for all ^ G R^. 

l<ij<d 



(In this case the operator is said to be strongly elliptic or uni- 
formly elliptic.) We now restrict ourselves to real- valued functions. 

a. Show that ^ is well defined as a linear operator from 

^'(ft). 

b. Show that, for every / G L^(ft), there exists a unique u G Hq{H) 
such that — /. 

Hint Apply the Lax-Milgram Theorem (Exercise 1 on page 116) to 
the space Hq{Q.) and to the bilinear form 

a{v, w)= ^ {aijDjV | Diw)i2 - (cv | w)l 2 . (*) 



c. Show that, if the matrix {aij(x))ij is symmetric, the solution u G 
Hq{Q) of the equation Jfu = f is characterized by a certain mini- 
mization property. 

d. Suppose that the matrix {(iij{x))ij is symmetric. Show that the op- 
erator T on iifo(ft) that maps / G Hq{Q.) to the element Tf = u e 
Hq{Q.) such that —^u = / is a compact, injective, positive selfad- 
joint operator on the Hilbert space (Ho(ft), a), where a is defined 
by (*). Derive the existence of a Hilbert basis {un)neN of (Hq (ft), a) 
and of a decreasing sequence (/Xn)nGN of negative real numbers with 
limit — oc such that ^Un = pin'^n for every n G N. Deduce, in par- 
ticular, that Propositions 2.6, 2.7, and 2.8 extend immediately to the 
case where the Laplacian is replaced by the operator ^ and ( • | • )ff^ 
is replaced by a. 

e. Let i<p be the set of p-dimensional subspaces of Show that, 

for every n G N, 



-/^n == 



min max 
we^n+i /€VV\{o} 



g(/./) 

WfWh 



(see Exercise 11 on page 247). Deduce that 



(-A^n) > a(-/in(ft)) for all n G N, 

where {pin{^))neN is the sequence of eigenvalues of the Dirichlet 
Laplacian on ft. 
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4. A mixed problem. We maintain the hypotheses and notation of Exer- 
cise 3. Take elements bi E and let b be the bilinear form on 

H\n) defined by 



If / E we consider the following problem (P)/: Determine an 

element u E Hq{Q) such that 



a. Interpret (P)/ as a partial differential problem in 

b. i. Show that, for any e > 0 and any real numbers a and 



ii. Derive the existence of a real number B > 0 such that, for every 
£ > 0 and u E Hq{Q.), 



c. Deduce from this that, if the diameter of ft is small enough, the form 

b is coercive in so the problem (P)/ has a unique solution 

for every / E L^(D). 

(We make no assumptions on the diameter of D in the remainder of the 
exercise.) 

d. Show that there exists a constant Ao > 0 such that the bilinear form 
defined by 



is coercive on Hq{Q). 

e. Take / E Explain why there is a unique u E such that 

for every v E Hq{CI), 



Then prove that the operator T from to L^{Q.) defined by 

Tf = u is compact. 

f. Let E be the vector space of solutions of (P)o- 
i. Show that E is finite-dimensional. 




h{u,v)= I f{x)v(x)dx for all u E /fo(n). 



n 
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ii. Show that (P)/ has a unique solution for every element / E 
L^(fi) if and only if E = {0}. 

5. Neumann boundary conditions in dimension 1. We restrict ourselves to 

real- valued functions. Suppose that = {a,b), 

a. Show that, for every / E there exists a unique u E 

such that 

f {u^v^){x)dx-\- f {uv){x)dx= j f{x)v{x)dx for all v e 
J a J a J a 

Hint Use the Riesz Theorem in the Hilbert space 

b. Show that u is the element of that minimizes the functional 

‘^/(^) ^ \ f -\-v^){x)dx - ( {fv){x)dx. 

^ Ja Ja 

c. Check that, in this case, u' E and 

—u'^ ~^u = f. 

d. Deduce that, for every v E 

rb rb 

I u\x)v'(x) dx = u'{b)v{b) — u'{a)v{a) — / u”(x)v{x) dx 
J a J a 

(you might use Exercise 14 on page 360); then deduce that 
u' {a) = u'{b) = 0. 

e. Show that, for every function / E there exists a unique func- 

tion u E C^([a, b]) such that 

— tx" -f u = /, u\a) = u\b) = 0, 

and that if, in addition, / E C((a, 6)), then u E C^{{a,b)). 

6. A variational problem with obstacles. We restrict ourselves to real- valued 
functions. Fix / E L^{0,) and let x be a function on ft such that the set 

C = {n E Hq(Q.) :u>x almost everywhere} 

is nonempty. 

a. Show that there exists a unique u £ C minimizing over C the func- 
tional J defined by 

<^(^) = + if I for all V gC. 

Show that u is also characterized by the following conditions: 
u e C, 

f Vu -V{v — u)dx > — f f {v — u)dx for all t; E C. ^ ^ 
Jci Jn 

Hint. Use the Lions-Stampacchia Theorem, Exercise 2 on page 117. 
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b. Now suppose that x ^ C{Q), u G C(fi), and u satisfies (*). Show 
that u satisfies 

ueC, 

—Au -f / is a positive distribution on Q, (**) 

—Au -\-f — OonLO = {u> x}- 



Hint. Prove first the following facts: 

i. If G &{Cl) and > 0, then u-\- ip G C. 

ii. If G there exists rj > 0 such that u tp G C for every 

t G (-r/,7/). 

c. Suppose that u,x ^ C{Q) and that, DjU G L^(0) for every j G 

,d}. Show that, if u satisfies (**), then u satisfies (*). 

d. Suppose in this part that u and x belong to Co(n) and that u satisfies 
{*♦). Let V e C. 

i. Show that 

I Vu{x) • V(u - u)'^{x) dx > — f{x){v - u)^{x) dx 

Jq Jn 



(see Exercise 15 on page 360). 
ii. Show that 



I Vu-V{u — v)'^dx = I 
Jq J<jj 

[ f(u - v)~^dx = f 
Jq Juj 



Vu • V(u — v)'^dx, 
f{u — v)^dx. 



Hint. For the first equality, use Exercise 11 on page 358. 

iii. For n > 1, let Wn = {u — v — {l/n))'^. Show that Wn belongs to 

Hq{Q.) and that the support of Wn is contained in the set {u— x > 
l/n}. Deduce that {Wn)\uj ^ then that G Hq{uj) 

(see Exercise 4 on page 357). 

iv. Deduce that 



/ Vu • V(u - v)~^dx = - f{u - v)^dx. 
J {jj J (jj 



V. Conclude from the preceding results that u satisfies (*). 

e. Suppose again that u and x belong to Co{fl) and that u satisfies 
(**). Let V e C he such that —Av + / is a positive distribution 
on ft. Show that v > u. (Therefore, under the assumptions stated, 
u is also characterized as the smallest element v ^ C such that 
— Au + / > 0.) 

Hint. Show that A{u — v) is a positive distribution on lj and that 
u — u < 0 on 5a; in the sense of Exercise 19 on page 362. Then deduce 
from this exercise that v > u on uj. Conclude the proof. 
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7. Let and ^2 be disjoint open sets in and put Q. = Qi U 0.2- De- 
termine the eigenvalues {Xn{fl)) and the eigenfunctions of the Dirichlet 
Laplacian on as a function of the eigenvalues (An(fii)), (An(f^ 2 )) and 
of the eigenfunctions of the Dirichlet Laplacian on fii and f^ 2 - 

8. Let {Un)n£N be the Hilbert basis of Hq{Q) defined in Theorem 2.5, con- 

sisting of eigenfunctions of the Dirichlet Laplacian. Let (/in)neN be the 
corresponding sequence of eigenvalues. Denote by Ek the fundamental 
solution of the operator defined in Exercise 4 on page 313. We recall 
that, if 2fc > d + 1, Ek belongs to Moreover, we denote 

by Uft the function Un extended to R^ with the value 0 outside 0. 

a. Show that, if TJ^ denotes the restriction of {iin)^Ek * to then 

A<^{Un - Tfe") = 0 
in 

b. Using the fact that is hypoelliptic, prove that Un G 
if 2k > d 1. Deduce that Un G (fl). 

9. Let Ao be the first eigenvalue of the Dirichlet Lapl acian (t hat is, the 
smallest eigenvalue in absolute value). Show that y/—l/Xo is the best 
possible constant C in the Poincare inequality. 

10. We retain the notation of Theorem 2.5. 

a. Show that 

MUn) < -i^llv’llK>(n) for all <p e H^{n) 
and that equality takes place if and only if 

A(f = Xo(f. 

Hint Use the Bessel equality in the space Hq{Q) with the basis 
{un)neN and in L^(0) with the basis Un)neN- 

b. Let E be the Ao-eigenspace of the Dirichlet Laplacian on fl: 

E = G Hq(Q,) : — Ao<^}. 

Let Er be the set of real-valued elements of E, Show that \ip\ G 
for every ip e E^. 

Hint Use Exercise lie on page 359. 

c. Recall from Exercise 8 that the elements of E belong to Take 

(f e E]sl and let x e be such that (p{x) = 0. Show that, if p < 
d{x, R^\fi), then 




where Gp is the surface measure on the sphere of center 0 and radius 
p in R^. Deduce that v? = 0 on R(a;, d(x, R^\fi)). 

Hint Show that A(|(^|) < 0 and use Exercise 3c on page 346. 
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d. Suppose that U is connected. Show that a nonzero element of E 
cannot vanish anywhere on Q. Deduce that E has dimension 1 and 
that E is generated by a strictly positive function on ft. 

Show that no eigenfunction of the Dirichlet Laplacian associated 
with an eigenvalue other than Aq can have positive values every- 
where. 

e. What happens to the results of the previous question when ft is not 
connected? (You might use Exercise 7 for inspiration.) 

11. An asymptotic estimation of the eigenvalues of the Dirichlet Laplacian. 
If ft is a bounded open set in R^, denote by {pn{^))neN the decreasing 
sequence of eigenvalues of the Dirichlet Laplacian on ft, each eigen- 
value appearing as many times as the dimension of the corresponding 
eigenspace. Denote by A(ft) = {/Xn(ft)}n€N the set of eigenvalues of the 
Dirichlet Laplacian on ft. 

a. Suppose first that ft = (0,Z)^, where 0 < Z < -l-oo. 

i. Show that, for every p € (N*)^, the real number 



lies in A(ft). 

Hint Show that the function 

is an eigenfunction corresponding to Ap. 

ii. Show that A(ft) = {Ap}p^(i^*)d. 

Hint. Show that the family is a fundamental or- 

thonormal family in L^(ft). 

iii. Let r > 0. Show that the number of points in the ball 5(0, r) in 
R^ whose coordinates belong to N* is at least ujd{{r — 

and at most ujd,r^2~^, where uJd is the volume of the unit ball in 
R^. 

iv. Deduce that, for every n G N, 

< n + 1 . 

V. Deduce that there exist constants a, /? > 0 such that, for every 
n G N, 

(More precisely, /r„(n) ~ 
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b. Let Q. and O' be bounded open sets in Show that, if Ct C fi', we 
have 

^ l/^n(^^)| for all n G N. 

Hint Use Exercise 11 on page 247 and the fact that, using the 
same proof of Proposition 1.8, we can isometrically inject 
into 

c. Show that, for every bounded open set Q in R^, there exist two 
constants aa, > 0 such that 

for all n G N. 



12. Let u : (0, +oo) i-> Hq{Q.) be the solution of the heat problem 

u'{t) = Au{t) for alH > 0 

with initial condition limt^o^^(^) = / in Hq{Q.) (where / G Hq{Q,)). 

Show that, for every ^ > 0, 

where Aq is the first eigenvalue of the Dirichlet Laplacian (the smallest 

eigenvalue in absolute value). 

13. Heat semigroup. 

a. Suppose / G Hq{Q) and t > 0. Denote by Ptf the value at t of the 
solution of the heat problem on with initial data / and Dirichlet 
conditions. Show that 

+00 

n=0 

with Vn = Un (in the notation of Theorem 2.5), the series 

being convergent in L^(D). 

b. Deduce that, for every t > 0, Pt extends to a continuous linear 
operator from L^(fi) to L^(D) of norm at most We denote this 
operator again by Pf. 

c. Show the following facts: 

- Pt +5 = PfPs for all t, s > 0. 

- limt^o+ Ptf = / in L^(D) for all / G L^(D). 

d. Show that, if / G L^(0), the limit limt_^o+ (Pt/ — /)/t exists in L^(D) 

if and only if the series Yln=o converges. Show that, 

if this is the case. 



lim 

t^o+ 



Ptf-f 

t 



+CX) 

n=0 
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Prologue 

- Page ^ Ex. 1. a. No. b. Yes. c. Yes. 

- Page 5, Ex. 3a. D is the set of dyadic numbers: 

D = {k2~^ :n£N,keN,0<k<2^}. 

- Page 1, Ex. 9a-i. If (n, m) € /, then {n,m) + 1 = (n, m-fl). The limit points 
of I are the elements (n,0), for n € N*. 

- Page 11, Ex. 7. b. cq. c. cq. 

Chapter 1 

- Page 30, Ex. 1. With the notation of the proof of Proposition 1.1, 

Pn{f) — 

- Page 37, Ex. 2c-iii. Dn * f = Sn, Kn * f = (Z)j=o 

- Page 38, Ex. 3b-il Bn(l) = 1, Bn{X) = X, and Bn(X'^) = X'^ -\-X{l-X)/n. 

- Page 48, Ex. 1. [0, 1). 

- Page 40, Ex. 5b-ii. If m > n, then B{C‘^{[0, 1])) is not closed in C”([0, 1]). 

- Page 47, Ex. 7b-iii. Uniqueness does not hold in general, as can be seen from 
the example f{x,t) = v^jxf, for which (p{t) = 0 and (p{t) ~ t^/4 are solutions. 
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Chapter 2 

- Page 54, Ex. 1. b and c. (0, 1). d. Any infinite-dimensional Banach space: for 
example, C([0, 1]). 

- Page 54, Ex. 5b. The space R[X] with ||P|| = maXa.e[o,i] l^(^)l* 

Another ex 2 imple: Q. 

- Page 79, Ex. 8c. No. Suppi/ = {(x,x) : x 6 K}. 

- Page 91, Ex. 7d. X = R, = Sn, the Dirac measure at n. 

Chapter 3 

- Page 109, Ex. 2b. consists of the constant functions on [0, 1]. For f{x) = 
e^, we have d(f, F) = e — 1. 

- Page 109, Ex. 3. The orthogonal projection onto En is f 

- Page 120, Ex. 10b. Set E = P and let (xn)n€N be the sequence defined in 
Section 3B on page 115. It converges to 0 wezJdy and (xn | Xn) = 1 for all n. 

- Page 130, Ex. 3. a. A Hilbert basis for Ea is given by {cp}p^A, with ep{x) — 



c. The orthogonal projection onto Ea is given by / 

- Page 181, Ex. 4b. f ^ + |)(/ I 

- Page 132, Ex. 7b-i. (X^Ln) = 0 if A: < n; (X^,Ln) = (-l)^n!. 

Chapter 4 

- Page I 48 , Ex. 2c. If p = 00 , foo{x) = 1. If p € [l,oo), 



- Page 149, Ex. 3d. If K(x,y) = l/(x-fp), then ||T|| = tt/ sin(7r/p'). 

If K{x,y) = l/max(x,y), then ||T|| =p-f-p'. 

- Page 152, Ex. 7d. No — for exeimple, if X has a non ^^-measurable subset and 
the singletons of X are .^-measurable. 

- Page 155, Ex. Uc. Example: = {[A:2-^, (A: -h 1)2-”] : k e {0, . . . , 2” -1}}. 

- Page 159, Ex. 19b. If (ATn)nGN is a sequence of compact sets exhausting X, 

one can give the metric d{f,g) = 2~” inf(||lKn(/-^)l|p. !)• 

- Page 164, Ex. 4c. {£^{1))' can be identified with the vector space spanned 
by the family 

Chapter 5 

- Page 195, Ex. 4b. ev(T) = {At : z G N} 2 md (t{T) = ev(T). 

- Page 196, Ex. 9. If T is considered as an operator on L^{m), then ev(T) = 
{A G K : m({<p = A}) > 0} and cr(T) = <p(Suppm). 

- Page 197, Ex. 10. r(T) = tt/2. 

- Page 197, Ex. 11. ev{S) = ct{S) = {0, 1/5}. 

- Page 197, Ex. 12. ev(T) = (t\t) = {0, (4 + >/3T)/60, (4 - i/3T)/60}. 

- Page 198, Ex. 15b. r(T) = 0, (t{T) = {0}. 



6. Ei = Pz\A. 
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- Page 200, Ex. 20f. Let E = F,p e [1, oo] and T defin ed by (Tn)(0) = 0 and, 
for n G N*, {Tu){n) = u{n — 1). Then ev(T) = ev(T) = 0, 

a^v(T) = {A G K : |A| = 1}, a{T) = {A G K : |A| < 1}. 

- Page 208, Ex. 2. In the example, 

cj{T) = {A G K : |A1 < 1} U {A G K : |A - 1| < 1}. 

- Page 211, Ex. lie. Pf = \a\f, Uf = l(a^o}(a/|a|)/- 

- Page 212, Ex. 14- f{T)u = (/ o ip)u. 

Chapter 6 

- Page 221, Ex. 2. c. No. d. ev{TS) = {0} if there exists n > 1 such that 
An = 0; otherwise ev{TS) = 0. cr{TS) = {0}. 

- Page 223, Ex. 11. (t{T) = {0} U {((tt/ 2) -f : k G N}. 

- Page 224, Ex. 12d. Yes. 

- Page 227, Ex. 14 c. One can taJce /x = ]CneN , where (xn)n€N is a dense 

sequence in X. 

- Page 243, Ex. 4b. r{TT*) = 4/7^^ 1|T1| = 2/tt. 

Page 244 j Ex. Ob. T*he family with fn{x) = v^cos((7t/2 + 2ri7r)x). 

- Page 249, Ex. 12d. 

i. An = — n^TT^, (fo = 1, (pn = \Z2cos(n7Tx) if n > 1; 
ii. An = -((tt/2) -f (^n = V^cos(((7t/2) H- Ti7r)x); 

Hi. An = — (n + 1)^7T^, (pn = \/2sin((n -h 1)7 tx). 

Chapter 7 

- Page 264, Ex. 2. U h E then / G 

- Page 264, Ex. 3. The value of / at 0 is + 1)!. 

- Page 266, Ex. 9. limn-).-i-oo ^i/n = Z)^=i 

- Page 275, Ex. 2. The order of T is sup^^p^ \pn\- 

- Page 275, Ex. 3. Distribution of order 2. 

- Page 277, Ex. 8. (f x(^) dx)S. 

- Page 277, Ex. 9. a. 0. b. (2 /Q^°°(sinx/x) dx)^ = 7T(5. c and d. 6. 

- Page 277, Ex. 10. In ^'(R*) there is convergence for any sequence (an)neN. 

In ^'(R) there is convergence if and only if the series dk/k converges. 

- Page 277, Ex. 12. 6. 

- Page 278, Ex. 15b. No. 

- Page 279, Ex. 17. If D = R and Tn = n{Si/n - S), then, for every n G N*, Tn 
is of order 0 and the Hmit S' is of order 1. 

- Page 284, Ex. 2. No. Example: (p{x) = x in a neighborhood of 0 and T = S'. 

- Page 285, Ex. 4c. If SuppT = {xi, . . . ,Xr}, then 



where m is an upper bound for the order of T. 
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Chapter 8 



- Page 291, Ex. 76. T = To + Sjbez 

- Page 303, Ex. 6. SuppT = {(x,x), x e M}; T has order 0 and {dT)/{dxi) + 
{dT)/{dx 2 ) = 0. 

- Page 303, Ex. 7c. 



^fp(y(x)/x) = (-irmlfp 




- Page 303, Ex. (^i -h — 26. 

- Page 304, Ex. 9a. (df/dx) = —l{x^+y 2 <iyx{x'^ -f 
(df/dy) = -I{x 2 +y 2 <i)y{x^ + 

- Page 304, Ex. 11. a. Ag^ = e^{{df/dxf + {df/dyf){e^ + 
d. f(fidfi = 2f >p(0, y) |y| dy + 2f <p(x, 0) |x| dx. 

- Page 306, Ex. 15b-iv. Let H he a hyperpl 2 uie and n a normal unit vector. We 
set if*" = {x -\-tfi : X G H and f > 0} amd H~ = {x in : x G H and t < 0}. 
Take j £ {1, . . . , d} and let nj be the ^-th component of n. Finally, denote by 
cr Lebesgue measure on H (defined by introducing an orthonormal basis for 
H). Let / £ Lioc(K^) be such that the restriction toR^\H is of class and 
such that (df /dxj) £ LlodR^)- Suppose also that 

f+(x)= lim f{y) and /_(x) = lim f{y) 

h£H+,y—^x h€H , y->x 



exist at every point x of if . Then 



Al/l = 



'K' 

dxj_ 



+ rij{f+ - f-)cr. 



- Page 306, Ex. 16. a. xd^^^ = —jS*'^ h. —5/3. c.U = V = /i(— 

e.T= -(5/3) + \^/xY(x) + /x-/=xy(-x). 

- Page 312, Ex. 1. E{x) = {e^^ - e~^)Y{x)/^. 

- Page 313, Ex. 4b. = («d2*=-'(fc - l)!ll*=i(2j - 

- Page 314, Ex. 5. a-i. Djf = {{'fi'(r)/r) - (‘p(r)/r^))(xj/r), 



rj2. V''(r)x) 
^3J ~ ^ ».2 






(r) 




A/ = 



/'(r) 



a-ii. Af = — ^7T(p{0)S. 

6- If A > 0, then ip{r) = — (1/47t) cos \/Ar + C siny/Xr. 

If A == 0, then (p{r) = — (1/47t) + Cr. 

If A < 0, then ip{r) = — (1/47t) cosh + C sinh y/—\ r. 

c. E\(x) = — e"^'^^/(47rr). 



Chapter 9 

- Page 322, Ex. 3. a. Tx(x) = T(Ax). c. The degree of 6^^^ is -1 - fc. d. The 
degree of pv(l/x) is —1. The distribution fp(y(x)/x) is not homogeneous. 
e,T = XY{x) H- fiY{-x). g. (x‘^Y{x)) <S> S' has order 1 and degree 0. 
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- Page 323, Ex. 4- o.. is a fundamental solution of Dj = rijGJ 

h. D^{x^Y{x)) = p\Y{x). If p > 1, then x^~^Y(x)/(p — 1)! is a fundamental 
solution of D^. c. E = E\ ^ Ed with Ej{xj) = x^^ ^^{^j)/{Pj ~ !)• if 
Pj > 1 and Ej = 6 if pj = 0. 

~ Page 323, Ex. 5. T has order 2. 

Page 335, Ex. 1. Sx ^ 5y — Sx-\-y. 

~ Page 335, Ex. 2. P{D)S * Q{D)6 = {PQ){D)6. 

- Page 335, Ex. 5. b-^i. Q{X) = P{Xi ~ai, ..., Xd-aa). e^E. 

- Page 336, Ex. 6b. The sequence (Pn)nGN converges to 6. 

- Page 345, Ex. 2a. They are the distributions associated with functions of the 
form f g, where / is a convex function on E and g an affine function with 
values in C. 

- Page 348, Ex. 12.T = S”-\-S. T is locally integrable if and only if 5 6 (7^(E) 
and 5' is absolutely continuous on E. 

Chapter 10 

- Page 371, Ex. 3c. J(u) = with 



- Page 375, Ex. 7. If u G Hq (Q) , then An = Xu on Q if and only if, for z = 1 and 
i = 2, Ui = u\Q. G Po(f^i) satisfies Aui = Xui on Qi. Therefore {An(n)}nGN = 
{^An(f^l)}nGN U "{An(f^2)}nGN • 

- Page 376, Ex. lOe. Suppose for example that Q, is the disjoint union of two 
open sets fh and Q 2 , and let Ao(ni) and Ao(n 2 ) be the first eigenvalue of 
the Dirichlet Laplacian on and Q 2 , respectively. If Ao(ni) == Ao(f^ 2 ) (for 
example, if Q .2 is a translate of Qi), then Ao = Ao(ni) and E has dimension 2. 
If |Ao(f^ 2 )| > |Ao(ni)| (for example, if d = 1 and Q = (0,2) U (3,4)), then 
Ao = Ao(ni), P has dimension 1 and every element of E vanishes on 112. 



= 5 I DjV)L2 - ^{cv I v)l2 + (/ I v)l2. 



Page 372, Ex. 4a>. u e Ho{D.) and 
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abelian group, 85 
absolutely continuous 
function, 298 
measure, 91 
adjoint operator, 112 
affine transformation, 85 
Alexandroff compact ificat ion, 55 
algebra 

Banach, see Banach algebra 
with unity, 27 
Allahhverdief ’s Lemma, 246 
almost separable a-algebra, 154 
almost-zero sequence, 11 
approximate eigenvalue, 200, 208 
approximation 
of unity, 174 
property, 232 
area of unit sphere, 76, 83 
Ascoli Theorem, 231, 232 
in C{X), for X compact, 44 
in C{X)y for X locally compact, 57 
in Co(M), 46 

in Co(X), for X locally compact, 56 
atom, 152 

axiom of choice, 134, 164, 238 



Baire class, 59, 65, 66 

Baire’s Theorem, 22, 24, 54, 65, 187 

Banaeh 

algebra, 173, 179, 194 
space, vi 

Banach-Alaoglu Theorem, 19, 115 
Banaeh-Saks Theorem, 121, 356 
Banach-Steinhaus Theorem, 22, 120, 
167, 230, 231, 278, 285 
basis of open sets, 10 
Bergman kernel, 119 
Bernstein 
operator, 223 
polynomials, 37 
Bessel 

equality, 125 
function, 250 
inequality, 125 

Bessel-Parseval Theorem, 125 
Bienayme-Chebyshev inequality, 155 
biorthogonal system, 138 
bipolar, 110 

Bolzano- Weierstrass property, vi 
Borel 

cr-algebra, 59 
function, 59 
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measure, 68 
set, 124 
Theorem, 265 

Borel-Lebesgue property, vi 
bounded 
function, 52 
Radon measure 
complex, 89 
Teal, 88 
set, 18 
variation 

function of, 93, 95 
normalized function of, 94 
on [a, 6], 93 
on R, 93 

Browder Theorem, 121 

see smooth 
C‘'(A-),C(X), 27 
C2 ^(R),Co(R), 40 
C^{X), 53 
C^(X),Co(X), 52 
C" i^[0, 1]^ , for a > 0, 45 
C+(X), 53 

52 

cf(X), 53 
C^W,Cc(X),52 
C^{XICk(X),69 
canonical 

euclidean space, 98 
hermit ian space, 98 
injection, 260 
Cantor set, 14 
Cantor’s Theorem, 4 
Cantor-Bendixon Theorem, 11 
Cantor-Bernstein Theorem, 7 
Cauchy semigroup, 182 
Cauchy-Riemann operator, 311 
Chasles’s relation, 21, 72 
Chebyshev 

inequality, see Bienayme-Chebyshev 
polynomials, 131 

choice, axiom of, see axiom of choice 
Choquet, game of, 22, 54 
Clarkson Theorem, 158 
class, Baire, 59, 65, 66 
closed 

convex hull, 18, 111, 121 



graph theorem, vi 
coercive biUnear form, 116 
commutative 
algebra with unity, 27 
Banach algebra, 173 
compact 

abehan group, 85 
metric space, 8 
operator, 45, 213 
complete, conditionally, 151 
complex 

Fourier coefficients, 128 
Radon measure, 89 
scalar product space, 97 
conditional expectation 
operator of, 166 

conditionally complete lattice, 151 
conjugate exponent, 144 
conjugation, invgiriance under, 34 
connected metric space, 5, 45 
continuous 
measure, 69 

on Cf{X), hnear form, 87 
one-parameter group of operators, 
201 

convergence 
in Cc(X), 91 
in measure, 155 
narrow, 81 
of distributions, 272 
of test functions, 259 
strong, 115, 166 
uniform on compact sets, 57 
vague, 80, 91 
weak 

in LP, 166, 168 
in a Hilbert speice, 114 
of Radon measures, 91 
weak-*, 166 
convex 

function, 122, 304 
huU, closed, 18, 111, 121 
set, 18, 105, 108, 121, 122 
uniformly, 157 
convolution 
in F(Z), 178 
of distributions, 324, 327 
of functions, 170, 171 
of measures, 336, 337 
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semigroup, 181, 182 
convolvable, 171 
count measure, 99 
countable, 1 

Courant-Fischer formulas, 247 
critical value, 249 

258 

280 

d’Alembert’s Theorem, 192 
Daniell’s Theorem, 59, 67, 70, 77 
diagonal procedure, 12-14, 16, 18, 57 
differential operator, 307 
elliptic, 371 

differentiation of distributions, 292 
Dini’s Lemma, 29, 30, 67 
Dirac 

measure, 68, 74, 79 
sequence, 36, 174, 261 
normal, 174 
Dirichlet 

condition, 363, 368 
Laplacian, 365 
problem, 363 
distribution, 267 
differentiation of, 292 
division of -s, 289 
extension of, 271 
function, 74, 299 
positive, 269 
product of, 287 
restriction of, 271 
translate of, 332 
distributions 
convolution of, 324, 327 
division of distributions, 289 
domain of nullity, 281 
dual, see topological dual 
Dvoretzki-Rogers Theorem, 130 

257 

c^'(D), 283 
eigenfunction, 365 
eigenspace, 189, 365 
eigenvalue, 189 
approximate, 200 
of the Dirichlet Laplacian, 365 
elliptic differential operator, 362, 371 



equicontinuity 
at a point, 42 
uniform, 42 

equidistributed sequence, 39 
equiintegrable, 156 
ergodic theorem, 120 
essential support, 145 
euclidean 
scalar product, 98 
space, 98 

Euler’s equation, 323 
exhaust, 51 

expectation, conditional, 165 
extension 

of a distribution, 271 
theorem for continuous linear maps 
with values in a Banach space, vi 

Fejer’s Theorem, 36, 38 
finite 

mass, 70, 145 
on compact sets, 68 
part, 273, 274, 279 
rank operator, 213 
spectrum, 197 
finitely additive, 163 
first Baire class, 59, 65 
Fourier coefficients, 128 
Frechet space, vi 
Fredholm 

Alternative Theorem, 239 
equation, 239 
Fa set, 65 
F<r-measurable, 65 
Fubini’s Theorem, vii, 112 
function, see under qualifier 
fundamental 
family, 9 

solution of a differential operator, 
307 

theorem of algebra, 192 

Galerkin approximation, 116, 363 
game of Choquet, 22 
Gaussian 
quadrature, 132 
semigroup, 181 
Gs set, 23, 65 
gradient, 122 
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Gram determinant/matrix, 139 
Gram-Schmidt, set Schmidt 
Green’s 
formula, 361 
function, 225 

group of operators, one-parameter, 200 
Haar 

measure, 85, 86 
system, 134 

Hahn-Banach Theorem, vi 
Hankel operator, 229 
Hardy’s inequality, 177 
harmonic 

distribution, 332, 342 
function, 342, 344, 345 
heat 

operator, 310 
problem, 368 
semigroup, 377 

Heaviside function, 273, 293, 307, 323 
Helly’s Theorem, 16 
Hermite polynomials, 131 
hermitian 
operator, 113 
scalar product, 98 
space, 98 
Hilbert 
basis, 123 

completion, 105, 118, 133 
cube, 103 
space, 101 
Hilbert-Schmidt 
norm, 141, 247 
operator, 140, 216, 221, 247 
Holder 

function, 45, 214, 363 
inequality, vi, 143 
holomorphic function, 102 
homogeneous distribution, 322 
hypoelliptic operator, 341 

ideals in C(X), 31 

incompatible, 17 

index of an eigenvalue, 233 

infinite 

countable set, 1 
product of measures, 66, 84 
infinity, 52, 55 



initial segment, 17 

Injection Theorem, Sobolev’s, 339 

inner regular, 78 

integration by parts, 94, 292 

invariant metric, 23 

invertible operator, 187 

isolated point of the spectrum, 211 

isometric spaces, 129 

isometry, spectrum of, 196 

kernel of an operator, 214, 216 
Korovkin’s Theorem, 37 
Krein-Rutman Theorem, 226 
Kuratowski, 134 

L(E,F),L(E), 18 
L^(m), 58 
58 
79 

L^{A), 124 
98 

^P(m),»^P(m), 143 

r, 11 

r(/),^^(7), 12 
^P(/),7P(7), 99, 145 
LP(m),LP(m), 144 
159 

Laguerre polynomials, 132 
Laplace transform, 209 
Laplacian, 307 

with Dirichlet conditions, 365 
lattice, 32, 58, 88 
conditionally complete, 151 
Lax-Milgram Theorem, 116, 370, 371 
Lebesgue integral, vii 
left shift, 195 
Legendre 
equation, 249 
polynomial, 131, 250 
Leibniz’s formula, 258, 294 
length of a multiindex, 258 
Levy’s Theorem, 82 
lexicographical order, 7 
Lindelof’s Theorem, 11 
linear form 
on Cf{X), 87 

Lions-Stampacchia Theorem, 117 
Lipschitz 
constant, 32 
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function, 32-34, 43 
locally 
compact, 49 
convex, vi 
integrable, 63, 79 
lower semicontinuity, 64, 77 
Lusin Theorem, 78 

an+(A:), 69 
80 
70 

fm^(x), m^(x), 89 
mc(X), 92 
87 

mf(X), 88 

mass, 68 

maximal orthonormal family, 134 
maximum principle, 362 
mean value 
property, 344, 345 
theorem, vii, 74, 193, 272, 319 
theorem, second, 94 
measure 

convergence in, 155 
of finite mass, 145 
of the unit ball, 83 
space, 63, 143 
metric, invariant, 23 
Meyers-Serrin Theorem, 357 
Minkowski inequality, vi 
modulus of uniform continuity, 37 
monotone class, 64 
morphism of Banach algebras, 179 
multiindex, 258 
multiplication, see product 
Muntz’s Theorem, 139 
mutually singular measure, 92 

narrow convergence, 81 
Neumann conditions, 373 
Neumann, J. von, 159 
normal 

Dirac sequence, 174, 261 
operator, 120, 208, 211, 234, 244 
normalized function of bounded 
variation, 94 
nuclear, 247 

obstacle problem, 373 



one-parameter group, 200 
open 
basis, 10 

mapping theorem, vi, 187 
operator, see under qualifier 
operators, space of, 112 
order of a distribution, 268 
orthogonal 
family, 123 
projection, 107 
projector, 107 
space, 101 
subsets, 101 
vectors, 101 

orthonormal family, 123 
maximal, 134 
outer regular, 78 

parallelogram identity, 101 
partition of unity 
262 

continuous, 53 
Peano’s Theorem, 47 
periodic function, 98, 124 
piecing distributions together, 276 
Poincare inequality, 354, 357 
Poisson equation, 348 
polar, 110 

decomposition, 211, 246 
polynomial 
Chebyshev, 131 
Hermite, 131 
Laguerre, 132 
Legendre, 131 
positive 

distribution, 269 
function, ix 

linear form, 59, 69, 160 
operator, 30, 195, 225, 226 
Radon measure, 69, 71, 77 
of finite mass, 70 
selfadjoint, 114 
pre-Hilbert space, 97 
precompact, 14 

primitive of a distribution, 298 
principal value, 272, 291 
probability measure, 66 
product 
distance, 13 
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of distribution by function, 287 
of measures, infinite, 66, 84 
projection, 105, 120 
spectrum of, 196 
theorem, 105 

Pythagorean Theorem, 101 

Rademacher system, 136 
Radon measure, 71, 144 
bounded real, 88 
complex, 89 
positive, 69, 77 
positive of finite mass, 70 
real, 86 

Radon-Nikodym Theorem, 165 
Radon-Riesz Theorem, 69 
rank, 213 
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bilinear form, 97 
convex set, 24 
operator, 113 

Taylor formula, 264 
tend 

to infinity, 55 
to zero at infinity, 52 
tensor product of distributions, 320 
test functions, 257, 259 
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